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Outline

2

Following SU Chung, Spin formalisms, https://suchung.web.cern.ch/spinfm1.pdf

See also Weinberg, the quantum theory of fields, vol I

https://suchung.web.cern.ch/spinfm1.pdf
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p

Alice

Bob
Charlie

Alice, Bob and Charlie are different observers, in relative motion

The intrinsic properties of a particle must be identical for all observers

What is a particle?

I’m observing a proton

Group of symmetries of the space-time is the Poincaré group

It has two invariant quantities: mass and spin

 GeVM ≃ 1

S =
1
2
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States

p′￼x

p′￼y

p′￼z

= R(α, β, γ)
px
py
pz

Lorentz group include boosts and rotations

3x3 matrix

|m′￼⟩ =
J

∑
m=−J

DJ
m,m′￼

(α, β, γ) |m⟩

Lorentz group has other representations

A spin J has 2J+1 component −J, …, J

p′￼m′￼
=

1

∑
m=−1

Rm,m′￼
(α, β, γ)pm

Spelling out the matrix form

Explicit form

DJ
m,m′￼

(α, β, γ) = e−imαdJ
m,m′￼

(β)e−imγ

Convention d1
1,0(β) = −

sin β

2
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States at Rest

States are tensorial product

| ⃗p, m⟩ = | ⃗p⟩ ⊗ |m⟩
Implicit dependence on M, s

The spin projection  is defined by  axism z

Let’s first consider state at rest ⃗p = 0⃗ ⃗p = 0⃗
m z

⃗p = 0⃗

m′￼

z

Under a rotation, 
the spin projection  changesm

|m′￼⟩ =
J

∑
m=−J

DJ
m,m′￼

(α, β, γ) |m⟩

|m′￼⟩ =
J

∑
m=−J

dJ
m,m′￼

(β) |m⟩



Vincent Mathieu Helicity formalism 6

Boosted States ⃗p0 = 0⃗
z

How do we boost from  to ?0⃗ ⃗p

| ⃗pz⟩ = Lz(p) | 0⃗⟩
⃗pz z

| ⃗p⟩ = R(ϕ, θ,0) | ⃗pz⟩
⃗p

z
(θ, ϕ)

⃗p0 = 0⃗
z

| ⃗p⟩ = R(ϕ, θ,0)Lz(p) | 0⃗⟩

⃗pz z

| ⃗pz⟩ = Lz(p) | 0⃗⟩

⃗p

z
(θ, ϕ)

| ⃗p⟩ = R(ϕ, θ,0) | ⃗pz⟩

⃗p0 = 0⃗
z

| 0⃗⟩ = R−1(ϕ, θ,0) | 0⃗⟩

| ⃗p⟩ = R(ϕ, θ,0)Lz(p)R−1(ϕ, θ,0) | 0⃗⟩
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Rotation of States

Helicity states

| ⃗p, λ⟩ = R(Ω)Lz(p) | 0⃗, λ⟩ | ⃗p, m⟩ = R(Ω)Lz(p)R−1(Ω) | 0⃗, m⟩

Canonical states

R(Ω′￼) | ⃗p, m⟩ = R(Ω′￼)R(Ω)Lz(p)R−1(Ω) | 0⃗, m⟩

= R(Ω′￼⋅ Ω)Lz(p)R−1(Ω′￼⋅ Ω) R(Ω′￼) | 0⃗, m⟩

= ∑
m′￼

Ds
m′￼,m(Ω′￼) | ⃗p′￼, m′￼⟩

With ⃗p′￼ = R(Ω′￼) ⃗p

Under a rotation, the spin projection changes

= R(Ω′￼⋅ Ω)Lz(p) | 0⃗, λ⟩

Under a rotation, the helicity is conserved

Helicity is the spin projection on ⃗p

R(Ω′￼) | ⃗p, λ⟩ = R(Ω′￼)R(Ω)Lz(p) | 0⃗, λ⟩

= | ⃗p′￼, λ⟩ With ⃗p′￼ = R(Ω′￼) ⃗p



Vincent Mathieu Helicity formalism 8

Boosting States
⃗p0 = 0⃗

z
Consider two different frames

| ⃗p⟩ = B( ⃗p ← 0⃗) | 0⃗⟩
⃗p′￼

z

| ⃗p′￼⟩ = B( ⃗p′￼ ← 0⃗) | 0⃗⟩
⃗p

So the spin projection rotates as well!

Λ( ⃗p ← ⃗p) | ⃗p′￼, λ⟩ = ∑
λ′￼

Ds
λ′￼,λ(ΩW) | ⃗p, λ′￼⟩

Related by a Lorentz transf. Λ( ⃗p ← ⃗p′￼) | ⃗p′￼⟩ = | ⃗p⟩

The rest states  can differ by a rotation!| 0⃗⟩

Λ( ⃗p ← ⃗p′￼)B( ⃗p′￼ ← 0⃗) = B( ⃗p ← 0⃗)R(ΩW)

B(0⃗ ← ⃗p)Λ( ⃗p ← ⃗p′￼)B( ⃗p′￼ ← 0⃗) = R(ΩW)

Consider the cycle  0⃗ → ⃗p′￼ → ⃗p → 0⃗

 is called the Wigner rotationΩW
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Wigner Rotations

Λ( ⃗p ← ⃗p′￼) | ⃗p′￼, λ⟩ = ∑
λ′￼

Ds
λ′￼,λ(ΩW) | ⃗p, λ′￼⟩

Under a Lorents boost, states undergo a Wigner rotation

R(ΩW) = B(0⃗ ← ⃗p)Λ( ⃗p ← ⃗p′￼)B( ⃗p′￼ ← 0⃗)

The Wigner rotation is determined by the boosting chain

The boosts depend on the quantification!

B( ⃗p ← 0⃗) = R(Ωp)Lz(p)

B( ⃗p ← 0⃗) = R(Ωp)Lz(p)R−1(Ωp)

Helicity states

Canonical states

 different for helicity and canonicalΩW
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A Concrete Example https://halldweb.jlab.org/DocDB/0048/004829/004/coordinates.pdf

GlueX coordinates systems

zL

xL
yL

θL
γ p

ρ

p′￼

π+

π−

xGJ

p′￼

γ

p

π−

yGJ

GJ
π+ zCM

xCM
yCM

θ*γ
p

ρ

p′￼

π+

π−
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Transformations of States

Helicity states

| ⃗p, λ⟩ = R(Ω)Lz(p) | 0⃗, λ⟩

Canonical states

R(Ω′￼) | ⃗p, λ⟩ = | ⃗p′￼, λ⟩

Under a rotation, the helicity is conserved

With ⃗p′￼ = R(Ω′￼) ⃗p

Λ( ⃗p ← ⃗p′￼) | ⃗p′￼, λ⟩ = ∑
λ′￼

Ds
λ′￼,λ(ΩW) | ⃗p, λ′￼⟩

If  and  are parallel, the helicity is conserved⃗p′￼ ⃗p

| ⃗p, m⟩ = R(Ω)Lz(p)R−1(Ω) | 0⃗, m⟩

R(Ω′￼) | ⃗p, m⟩ = ∑
m′￼

Ds
m′￼,m(Ω′￼) | ⃗p′￼, m′￼⟩

Under a rotation, the spin projection changes

Λ( ⃗p ← ⃗p′￼) | ⃗p′￼, m⟩ = ∑
m′￼

Ds
m′￼,m(Ωc

W) | ⃗p, m′￼⟩

In the NR limit, the helicity is conserved
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Transformations of Helicity States

| ⃗p, λ⟩ = R(Ω)Lz(p) | 0⃗, λ⟩

R(Ω′￼) | ⃗p, λ⟩ = | ⃗p′￼, λ⟩

Under a rotation, the helicity is conserved

With ⃗p′￼ = R(Ω′￼) ⃗p z

⃗p
⃗p′￼

λ = λ′￼

Λ( ⃗p ← ⃗p′￼) | ⃗p′￼, λ⟩ = ∑
λ′￼

Ds
λ′￼,λ(ΩW) | ⃗p, λ′￼⟩

⃗p′￼

z

⃗p λ ≠ λ′￼

If  and  are parallel, the helicity is conserved⃗p′￼ ⃗p

⃗p′￼

z

⃗p λ = λ′￼
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θs

ρ+

n

p γ

s-channel

Helicity Frame

θs

ρ+
n

p

γ

s-channel

The scattering amplitude depends  
on helicities (which are frame dependent)

ϵ

ρ+

n

p

γ

z

Helicity

θH

ϕH

zH

xH ⃗p1

⃗p3

⃗pa
⃗pb

⃗p2

yHHelicity

In the helicity frame, the resonance 
has the same helicity as in the CoM

CoM = s-channel
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Helicity Frame

θs

ρ+n

p

γ

s-channel

ϵ

ρ+

n

p

γ
The scattering amplitude depends  
on helicity (which are frame dependent)

z

HelicityIn the helicity frame, the resonance 
has the same helicity as in the CoM

∑
m

Aλγ,λ,λ′￼,mY1
m(θ, ϕ)

I(θ, ϕ) ∝ ∑
λγ,λ,λ [∑

m

Aλγ,λ,λ′￼,mY1
m(θ, ϕ)] [∑

m′￼

Aλγ,λ,λ′￼,mY1
m′￼

(θ, ϕ)]
*

= ∑
m,m′￼

ρm,m′￼
Y1

m(θ, ϕ)Y1*
m′￼

(θ, ϕ)

ρm,m′￼
= ∑

λγ,λ,λ

Aλγ,λ,λ′￼,m(Aλγ,λ,λ′￼,m′￼
)*With  is the same in the helicity frame and s-channel!ρm,m′￼

CoM = s-channel
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np

γ
π0

π+

ρ+

Gottfried-Jackson frame

Consider the reaction

n̄

p γ

ρ+

The crossed reaction is

The t-channel is  
the CoM of the crossed reaction

θs

ρ+γ

n

p

t-channel

ϵ ρ+
γ

p

z

GJ

n

In the GJ frame,  
the resonance has the same 
helicity as in the t-channel
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np

γ
π0

π+

ρ+

T-channel frame

Consider the reaction

n̄

p γ

ρ+

The crossed reaction is

θs

ρ+γ

n

p

t-channel

ϵ ρ+
γ

p

z

GJ

n

π+
π+

ρGJ
m,m′￼

= ∑
λγ,λ,λ

AGJ
λγ,λ,λ′￼,m(AGJ

λγ,λ,λ′￼,m′￼
)*

At
λγ,λ,λ′￼,m ∝ δλ,λ′￼

δλγ,m

Only  is non-zero!ρ1,1 = ρ−1,−1

In the GJ frame,  
the resonance has the same 
helicity as in the t-channel
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Frames in Meson Production

np

γ
π0

π+

ρ+

θs

ρ+
n

p

γ

s-channel

ϵ

ρ+

n

p

γ

z

Helicity

In beam fragmentation:

Helicity frame:  is opposite to recoil nucleonz

GJ frame:  is parallel to beamz

ρH
m,m′￼

= ∑
λ,λ′￼

dJ
λ,m(ϵ) ρGJ

m,m′￼
dJ

λ′￼,m′￼
(ϵ)

Rotation of  between framesϵ
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Baryon Production

pp

γ K+

K−

Λ
In target fragmentation:

Helicity frame:  is opposite to recoil mesonz

Gottfried-Jackson frame:  is parallel to targetz

ρH
m,m′￼

= ∑
λ,λ′￼

dJ
λ,m(ω) ρGJ

m,m′￼
dJ

λ′￼,m′￼
(ω)

Rotation of  between framesω



Vincent Mathieu Helicity formalism 19

Wigner Rotation for Helicity states

Helicity is the spin projection along the momentum

Λ( ⃗p′￼ ← ⃗p) | ⃗p, λ⟩ = ∑
λ′￼

ds
λ′￼,λ(ω) | ⃗p′￼, λ′￼⟩

The plan including  and  is the  plane⃗p ⃗p′￼ x − z
⃗p′￼

⃗p

Then rotate to align the  to the future directionz
The spin projection changes

First boost to rest frame
Helicity becomes spin projection along the former momentum

⃗p′￼

⃗p

ω

⃗p′￼

⃗p

Finally boost to the final momentum

The Wigner rotation is the angle between the two direction,  
as seen from the particle rest frame
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Computing Wigner Rotation
Boosting from (23)RF to (123)RF will (Wigner) rotate the helicities of 2 and 3 (but not 1)

 is the Wigner rotation of 3 from (23)RF to (123)RFω3|1

 is the Wigner rotation of 3 from (31)RF to (123)RFω3|2
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Source: https://www.cloudylabs.fr/wp/kaoninteractions/

Kaons
G.D. Rochester and C.C. Butler (1947) 
discovered two “V” tracks in cloud chamber

50 mμ

R. Brown et al (1949) 
discovered “K” tracks in cloud chamber
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p

π−

Λ0 → p + π−

Unexpected long life-time τ ∼ 10−10 s

τ ∼ 10−23 s

 baryonΛ0

Λ0
Observation from cosmic rays of the decay

Resonance typical life-time
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Phys. Rev. 92 (1953) 833

Source: https://www.fuw.edu.pl/~ajduk/hyperakw.pdfM. Gell-Mann 
1929 - 2019

Long life time, appear in pair, etc

 baryonΛ0

Long list of new particles with “strange” properties

K±, K0, K̄0, Λ0, Σ±, Σ0, Ξ−, Ξ0, …

19 listed resonances in 1957, 26 in 1963

https://www.fuw.edu.pl/~ajduk/hyperakw.pdf
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Phys. Rev. Lett. 10 (1963) 371

ϕ → K+K−

ϕ → π+π−

ϕ → π+π−π0

 mesonϕ

Exp. collaboration becomes larger 
Use of kaon beam 
~ 40 events in a single experiment 
Don’t seem to decay into pions
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Rotation in 3 real dimensions: angular momentum

Rotation in 2 complex dimensions: isospin
Both are mathematically equivalent!

The eightfold way

What about rotation in 3 complex dimensions?

⊗ ⊕=

3* × 3 1 + 8

“Flavor” is the generalization of isospin K+K0

K̄0K−

π+π−

π0

ηη′￼

S = + 1

S = 0

S = − 1

Q
=

+
1

Q
=

−
1

Q
=

0

<latexit sha1_base64="FQ0JnXkblKyBm2MyTNpodSNeeZI="></latexit>

I = 0

<latexit sha1_base64="GR+N+sxiIMKW3j8qxx6h0C9UaFc="></latexit>

I = 1/2

<latexit sha1_base64="yFphedc+WAFxyfc/wcKOhPcU0iE="></latexit>

I = 1
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The eightfold way

Mesons split into a singlet and an octet

⊗ ⊕=

3* × 3 1 + 8

K+K0

K̄0K−

π+π−

π0

ηη′￼

S = + 1

S = 0

S = − 1

Q
=

+
1

Q
=

−
1

Q
=

0

<latexit sha1_base64="FQ0JnXkblKyBm2MyTNpodSNeeZI="></latexit>

I = 0

<latexit sha1_base64="GR+N+sxiIMKW3j8qxx6h0C9UaFc="></latexit>

I = 1/2

<latexit sha1_base64="yFphedc+WAFxyfc/wcKOhPcU0iE="></latexit>

I = 1
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pn

Ξ0Ξ−

Σ+Σ−

Σ0

Λ

S = 0

S = − 1

S = − 2

Q
=

+
1

Q
=

−
1

Q
=

0

<latexit sha1_base64="FQ0JnXkblKyBm2MyTNpodSNeeZI="></latexit>

I = 0

<latexit sha1_base64="GR+N+sxiIMKW3j8qxx6h0C9UaFc="></latexit>

I = 1/2

<latexit sha1_base64="yFphedc+WAFxyfc/wcKOhPcU0iE="></latexit>

I = 1

The baryon octet

Gell-Mann - Okubo mass relation

mN = m0 + 3mu

mΣ = m0 + 2mu + ms mΛ = m0 + 2mu + ms

mΞ = m0 + mu + 2ms

mΣ + 3mΛ = 2mN + 2mΞ
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The baryon decuplet 

Mass difference = 153 MeV

Mass difference = 148 MeV

<latexit sha1_base64="FQ0JnXkblKyBm2MyTNpodSNeeZI="></latexit>

I = 0

<latexit sha1_base64="GR+N+sxiIMKW3j8qxx6h0C9UaFc="></latexit>

I = 1/2

<latexit sha1_base64="yFphedc+WAFxyfc/wcKOhPcU0iE="></latexit>

I = 1

I = 3/2

Δ− Δ0 Δ+ Δ++

Σ*+Σ*− Σ*0

Ξ*0Ξ*−

Q
=

+
1

Q
=

−
1

Q
=

0

S = 0

S = − 1

S = − 2

Ω−

Mass difference ~ 150 MeV

Prediction of a double strange baryon,  
with a negative electric charge and 
a mass around 1680 MeV 
by Gell-Mann in 1962
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Discovery of the  baryonΩ− Barnes et al Phys. Rev. Lett. 12 (1964) 204

Can you spot the  baryon?Ω−

Strange cascade:

Neutral particles (dashed lines) 
don’t leave a track
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pn

Ξ0Ξ−

Σ+Σ−

Σ0

Λ

S = 0

S = − 1

S = − 2

Q
=

+
1

Q
=

−
1

Q
=

0

<latexit sha1_base64="FQ0JnXkblKyBm2MyTNpodSNeeZI="></latexit>

I = 0

<latexit sha1_base64="GR+N+sxiIMKW3j8qxx6h0C9UaFc="></latexit>

I = 1/2

<latexit sha1_base64="yFphedc+WAFxyfc/wcKOhPcU0iE="></latexit>

I = 1

(ddu) (duu)

(uds) (uus)

(dus)
(dds)

(dss) (uss)
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Δ− Δ0 Δ+ Δ++

Σ*+Σ*− Σ*0

Ξ*0Ξ*−

Q
=

+
1

Q
=

−
1

Q
=

0

S = 0

S = − 1

S = − 2

Ω−

(uuu)(uud)(udd)(ddd)

(dds) (uds) (uus)

(dss) (uss)

(sss)

u
d
s

I S ℬ ec
1/2
1/2
0

0
0

−1

1/3
1/3
1/3

+2/3
−1/3
−1/3

Three flavor of quarks


