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Experiments

A “beam” and a “target” collide

Other particles are created

Each particle has a 4-vectors

p,u — (Eapxapyapz) — (Eaﬁ)

They depend on the frame

On their mass shell:

Notations:  p., + Py, —=> Py T+ P T ... T D, pl.2=E.2—]_5i2=m

l

2

l
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Frames

Need to specify which particle

or group of particles is at rest and two axes. The third one Is given by ? Xz

The laboratory frame (or Lab frame) The center-of-mass frame (or CoM frame)
=0 p,+p,=0

Z is parallel to the beam p, Z is parallel to the beam p,

y is pointing “upward” y is pointing “upward”

—0 0 © 0

yL xL yCM XCM
L 43 L

LCM
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Dimensionality

2-final particles

Conservation of = = _ R -
energy-momentum Pa + Ppr = P1 + P>
Choose a (rest) frame = ()

2 degrees of freedom
* Total energy in CoM

Choose an orientation (if possible)

o Scattering angle

n-final particles

0

ﬁa_l_l—?)b:ﬁl_l_“‘_l_ﬁn : : :
For n-particles in the final states:

3n+2)—10=3n—-4 3n — 4 degrees of freedom
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Two-particles Final States

Standard frames:

CoM frame and Lab frame

In both frames,
the scattering happens in the x-z plane

Z is parallel to the beam p,,

yisparallelto p, X p; «=p 6" €[0,7]

9 Only cos 8" needed

The two frames are related by
a boost along the 7 axis
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Two-particles Final States

_|_
T
Data in Lab frame but physics in CoM L
> P
@ ---—=====a
+ T e
y A ]T yL Xy
e ) sy
p n
xt
Resonance spin determine CoM angular distribution / 0"
VA < &

Lo Vi g%)| # |Vt gb)]| n g

3
The true intensity involves D2(¢*, 6*,0) but we’ll see that later...
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Boost between Lab and CoM

Only the energy and z component change

()= ) ()

Inverse relation

(5)-(2, ) ()

k E>I<
with g=2 yp =L
my, my,

Exercise: check that it brings the target at rest

Lab
a b
—_—e

Vincent Mathieu

Lorentz Transformations 8



Events

Events are collected in a detector-fixed frame XY/

Every event will lie in a different plane in the fixed XYZ frame

The orientation of the blue plane in the fixed frame only matters if either beam or target is polarized
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Rotations

Under a rotation, the energy is conserved, only the spacial components change

(E.p) = (E.popyp.) ==  R[E.D)| = (E.P) = (E.pp)p)

Any rotation can be decomposed into rotations around the z and y axes

cosw —smw 0 cosw 0 smw
R(w)=|sinw cosw O R (@) = 0 1 0
0 0 1 —smw 0 cosw
| 0 0
For completeness: R(w)=]0 cosw —sinw

O sihnw CcoSsw
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Active rotations

Under an active rotation, the momentum is changed and the axes are fixed

Example:
a momentum of unit length forming an angle @ with the z axis

Prx sin @
py — 0 4 o’ ]—5
P, cos 6 P —~ 0
................... =>
After a rotation of w around y, it forms an angle 6 + w with the z axis
/ . Ycm Xcm
Px Px sin(@ + w) | /_'
Py|=R@|P[=] 0 o
pZ’ pz Sin(6’ + 60)

Exercice: check the result of the rotation
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Example 1

File: Two-Particles-1.dat Format: Ea, Payx> Pay» Paz

The data are in the lab frame Ep pl,x, Pl,ya Pl,z
Es, D2 s Poys Do Boost to the CoM and
ST Compute and plot

the cos 6 distribution
Compute and plot the cos 8" distribution

600
E 350+
500; 300F
400 f 250
300 | 200;
| - 150 |
200 :
| 100 |
100} |
| 50

0! 2 O: y

-1.0 -0.5 0.0 0.5 1.0 10 _05 0.0 0.5 1.0

Cos 6" Cos 6"
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Computing angles

First method:
Perform appropriate Lorentz transformations

Extract angles from scalar and vectorial products

Polar angles € [0,x] require only cos
Azimuthal angles € [0,27x] require cos and sin

1
Alternative method: . b )HL
Extract Lorentz invariants .\ N
Compute angles from Lorentz invariants L XL 2
..
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Mandelstam variables

Iwo variables:  Total energy Epy,

Scattering angle 6%, 6"

2

l

The mass shell p? =m

Lorentz invariants:
s = (P, +pp)> = (p1 + Py’ f

t=(p,—pP1)° = (Pp— P’ v~ N

Py —— — P
U = (Pa—P2)2=(Pb_P1)2 0y < ¢ !

Only two independent Pp —— — [

Check that s + 1+ u = m§+m§+m12+m22, using p, +p, = p; + P,
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Example 1

File: Two-Particles-1.dat Format: Ea, pa,x, pa,y, pa,z
The data are in the lab frame Ela PLX, pl,y’ pl,z

Ly, Dy s Pays Pay

t distribution s = (E*)? distribution
2000} o .- .
; 500/
1500 :
| 400}
1000} 300!
- 200!
500 :
' 100+
Ty 0.0 0 1.2 1.4 1.6 1.8 20 22

2
t/GeV? s/GeV
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CM Kinematics %

Every frame dependent quantities I 0
is expressed with Mandelstam variables a /3
 ———— 4—19
p, = (E¥00, |p¥|) p =&} |pF|sin€*0, |p¥*|cosO*) 2/
Ycm Xcum
pbz(E*a()aOa_ ‘l_?)?;l) pZZ(E*a_ ‘ﬁT‘Siné’*,O,— ‘]_?)ik‘COSH*) |£
iCM
nvariant: s = (Ef + Ef)” = Eg,, t = (p, —p)* = m; +m{ —2EFE* + 2| p¥ || p*| cos 6%

s+m22—m12

2y/s
1/2 2 2
And \ﬁf | = \/(E;k)2 — ml2 = A (s, mi, ) With A(a, b, ¢) = a* + b* + ¢* — 2(ab + bc + ca)

2y/s

From p12 = (lp, +p,] — p2)2 we obtain E;k —
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CoM Kinematics %

|
t:m§+m12—2EjEf<+2\ﬁ;‘<\\ﬁf\cosé’* /'6’>I<
- b
Angles are physical: —1 < cosf* <1 2/
Ycm Xcym
tmin,max — m T ml ZE*E* + 2 ‘p;k ‘ ‘pik ‘ L LCM

1 , 2 Notethatr,, =0,7, = —4|p*|*
. 2 2 min max
_Z_S[(ml_ma) +(m2_mb)] +(‘p ‘+‘p ) if m, = m, and m, = m,
(elastic scattering)

Equivalent expression for the scattering angle in the CoM

t—t,. S(t —u)+ (m — mb)(ml 22) Exercices:

2| p¥] \p | M2(s, mz2, m2)AV2(s, m?, ms) - Check all reIatioLns
- Compute cos 6~ as a function of s, ¢, u

cosf* =1 +
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Three-particles Final States

Peripheral production Yp — lf]ﬂ()p

Annihilation ete - KTK—Y
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Three-particles Final States

Peripheral production Yp — lf]ﬂ()p

Mesonic resonances produced on a nucleon target

X = Clo,ﬂ'l,az, oo > NTT

Corresponds to S,P,D,... waves

Need to study the angular distribution in the nx rest frame

Vincent Mathieu Lorentz Transformations 19



Relevant variables

There are 5 independent variables 5 Mandelstam variables: s, 1, Uz, $;,, $53
A
¥\
a 1 > 512
\ 2
: b 3)
"
i3
(6;, ¢;): Angles of 1in (12) RF s;i = (p; _|_pj)2
_ 2
S12 = (P +P2)2 s = (p, +Pb)2 t; = Py — D))
N2
iy = (P —P3)2 (0,, P)) < (11,523) u; = (pp — ;)
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Relevant variables

There are 5 independent variables 5 Mandelstam variables: s, 1, Uz, $;,, $53

4}
\) > S
23
b (839 §b3)
U |
(0, ¢,): Angles of 1in (12) RF (65, 3): Angles of 3 in (23) RF

553 =(Py+p3)*  s=(p,+ D)
Sy = (pl +p2)2 ¢ — (pa+pb)2 23 — 2 3 a b

s = (py, _P3)2 (0,, 1) < (1, $3) h =P, —p1)2 G ¢3) < (u3,512)

How to get angles from Mandelstam variables?
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Gottfried-Jackson Frame

(12) Rest Frame (12RF)

pP,+Pp=DP3+ (P + D)

_—

-

0

The reaction plane is x — Z with

- - -

Y (prxpa

12RF

Z axis along the beam (a)

— —

Z X

“112RF

‘0
*
*
‘0
*

Note that &, ¢ € [0,x] always, why?

Vincent Mathieu

Lorentz Transformations 22



Rotation of momenta

p = |p|(sin@cos ¢, sin G sin ¢, cos O)

0
p=IpIR(d) - RO (o)
]

O
p=I|pIR($) - R0): Rz(if) - (O)
1

lrrelevant rotation

0
1_5 — ‘]—?)lR(¢9 Ha 7/) ) (O) Conventions:or Yy — — ¢

1
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Gottfried-Jackson Frame

Momenta in the (12)-GJ frame T GJ |

lllllllllllllllllllllllllllllll

| p1 | (sin @, cos @, sin O, sin ¢, cos O )

- -

— P

S
]

iw
\9)
1

l_?)a ‘ﬁa‘(()a()al)

-------- >
S S . . <GJ
pb= ‘pb‘(_SIIléaOa_COSé:) p3

""""""" Pb
Py = |ps3](=sine,0,—cose)
N > 5 e .
Momentum |p;| =1/ E — m; ¥ Do
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Gottfried-Jackson Frame

Calculating energies using p; + p, = 0

uy = (p, — p3)° = ([py + pol — p)*

All 5 energies depend only on s, §;,, U3

Exercice: Compute the other energies £, E;, E,, E;
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Gottfried-Jackson Frame

Polar angle from p, - p,
t = (Pg—P1)
=m;+m; —2E,E, +2|p,||p,|cosO

Azimuthal angle from p, - p,

$53 = (py + P3)°

—21p|ps] [sinesin@GJcos (7 + COS € COS HGJ]

Exercice: Compute the other angles cos £ and cos €
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Helicity Frame

Z Is opposite to the recoll, 7 x — p; Helicityl /EkyH

Gottfried-Jackson and helicity frames
are related by a rotation of angle w around y

cotO;;

COt ¢hy; = COS € COt P57 — SIN €—
S111 ¢G]
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Decays into Two Particles

Momentum fixed

S S 1
[Py =1p2| = Wﬂ”z(Mz m;, my)

Particle O has mass M

Angular dependence fixed by the spin of ()

Only z axis matters if not polarized

Intensity depends on & only

dl’
Example  —— o | Y1(0, )" < | P"(cos O) |
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Decays into Three Particles
The three momenta determine a plane _% S12 = m12
The orientation of the plane is determined by > Sh3 = m23
three Euler angles a, f, ¥

The orientation of the plane
does not matters if not polarized

o B
The decay Is described by two variables 55, $53 |
L . b =
Representation in a Dalitz plot o V>

dr X
dSlzdS23 Z
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Dalitz Plot

Every event is a point (scatter plot

pp — KSK"—LJZ“_“
2 — Jlw K™ p

Crystal Barrel, Phys. Rev. D57 (1998) 3860
LHCDb, Phys. Rev. Lett. 115 (2015) 072001

2
({l— L e L
% 26 -
9 i -
> 7 a24r G
O £ 2o |
ﬁ -
Q\I\ i
s 7 20—
18
0.5 - i
16—,
2
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Dalitz Plot

Each CoM breakup momentum depends
on only one invariant

s =(P1+Pr+p3—p3)° =M +m}—2ME}

(M, 0)
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Decays into Three Particles

2

. . o S12 — m12
Angle between particles 1 and j from s;;
]

> 23 = My,

(M? + m? —sk)(M2+m — 5,;) + 2M*(m? +m — 5;7)

k —
€05 Hlli - A2(M2, m S ) A2(M2, m Skz)
L (123)RF
Exercice: check cos (9;"2
There are 2 independent angles,
corresponding to 2 independent invariants
.............. >
3k 3k % — 2
6’12 + 923 + 6’31 2T

Exercice: check that relation using §{5 + $53 + §31 = M? + ml2 + m22 + m32
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Dalitz Plot: kinematics

Each CoM breakup momentum depends
on only one invariant

ﬂ 1/2(M2, m22, S31) NS |

P51 = M

The Mandelstam invariants obey  S{5 + Sy3 + 831 = M* + ml2 + m22 + m32
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Dalitz Plot: kinematics

Each CoM breakup momentum depends
on only one invariant

1/2 2 2
‘ﬁ*‘_/l/(Mamla‘SlZ)
: 2M
‘]—5* o /11/2(M29 m229 S31) Ng
. 2M
1/2 2 2 -
55 = A M 510) =

The Mandelstam invariants obey  S{5 + Sy3 + 831 = M* + m12 + m22 + m32
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Dalitz Plot: kinematics

Each CoM breakup momentum depends
on only one invariant

2
1/2 2 2 (M —my)?
5% | = A (M=, mi, s1,) W= s
: 2M
o AR
: 2M '
132
‘1_5* ‘ B AI/Z(MZ, m32’ S12) ol Lnl]_tn_?:sl" E
30 oM :
my,

The Mandelstam invariants obey  S15 + Sy3 + S31 = M= + mf + mzz T m§
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Dalitz Plot

d
Spin provides angular modulations — | Y0, ) |° o< | P¢"(cos 6) |

Spin-0

O 3TTTI]TTIIITTIT]IITI]TIT1ITTIT

lllllllllllllllllllllllllllll[—

—t
&)
TIT[]TT[IITIIIIIIITIIIIIIIIITI

J

lllllllllllllllllllllllllllll

OO

0.5 1 15 2 2.5

2
mab

w

€2

Spin-1

YITIIITIT]TTIT]IITI]TTTI]TTIT

lllllllllllllllllllllllll[—

IITI'lllllllllllllllllll]lllll

L1 1 1l

llllllllllllllllllllllllllllll

0 0.5 1 1.5 2 2.5 3

2
mab

Spin-2

0.5

—t
&)
IITI'lll][lllllllll'llll]lllll

TITT]ITTT[TTYT]I‘TI]TTT1ITITT

¢ PR
, Vi %
o
)

R
lllllllllllllllllllllll

llllIllllllllllllllllllllllllr

O°

1

1.5 2 2.5

2
mab

w
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Decays into Three Particles )12 = mi,

Kinematics in the (12) rest frame
same as 2-to-2 kinematics with p; = — p; = (—E;3, — p3) > Sy3 = m23

Crossing: 0—-14243 &= 0+3—>1+2

12)RF
2 2 2 (
I - Sptmp—m; r S0+ ms —M
1 = 3 =
2\/5'12 2\/5‘12
2 2
I s —mi +my M =5 —mg
) = —

2,/512 24/512

In the (if) rest frame, the angle 6. is between p; and —p;

Vincent Mathieu Lorentz Transformations 37



Dalitz Plot Boundaries % |

Boundaries of §,; = (Pz T P3)2
from p, + p3 = (E, + E3, py + p3) /
2

RPP, section 47 Kinematics

S23.min = (En + E;)* — (\/ E22 — mz2 T \/E32 — m32 )

523 max — (E2 E3)2 o (\/E22 _ m22 B \/E32 - m32)

S12—m12+m22 M2—S12—m32

E2: E3:

i | | | | | | | lgl | | | | | | | | | | | | | | | :
2./81> 24/512 %0 1 2 3 4 5
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Exercice 2

File: Three-Particles-1.dat Format: Ed’ P a,x’ P a,y? P a,z
Which reaction is it?

The data are in the lab frame What resonances are included?

Ly, P2y Doy P2 What is the spin of the resonances?
The file Three-Particles-flat.dat E Davs Dave P
has no dynamics, only phase 3> F3.x0 I3,y 3,2
i I | | | f T | | | | L ssooo [ 000 ..
20000 i il _ _
12} i ] ; 30000 |
150005— Sl 2 100005_ S23 _ 25000 ¢ S3 1 :
i : %000 ¢ o | 20000 | -
| 10000 ? 6000 L | o _
_ = Al e =i TWW ﬂl |
| : ] : : 5000 | -
| ol Il | o 0 e e e B R R R
8 0 2 4 6 8 10 SR D PR e
gl
| 40000 —— . ] ] . . . 3 ey . . . . , , I , ] ]
| i ! 30000 | : 25000 |
il 30000 | l- 25000 l- ] 20000 | M
| | 1 ) 20000 | 2 i 3
| 20000 : ol _ 15000 |
2 | 3 10000 Lo
| 10000 | 1 :
' 5000 | I 5000 |
e . ... . . . | plE= [ _.—1—9——|—|_|_|_|_'_'_'_ DS SR s o I | ]
0 2 4 6 8 10 14 -12 -10 8 -6 -4 -2 0 6 5 4 3 -2 4 o0 25 200 =15 -il00 =05 00
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http://jpac.nucleares.unam.mx/schools.html#tim

Dalitz and VanHove Plots

Lecturers: Tim Londergan and Vincent Mathieu

e Videos: Lectures I (Londergan), Lectures II (Londergan), Lectures III (Mathieu)

e Material: Slides I, Slides 11,
Events Plab = 3 GeV plain text ROOT format
Events Plab = 6 GeV plain text ROOT format
Events Plab = 9 GeV plain text ROOT format
Events Plab = 12 GeV plain text ROOT format
ROOT files:

o The model: BreitWigner.cc

o Generating events: generatePhysics.cc
o Configuration file: Dalitz4.cfg

o Print events in text files: extractEvents.c

Mathematica file
Results

In the text files, the 4x3 first columns correspond to (E,px,py,pz) of particles 1(Eta), particle 2(P1) and particle 3(P). The last two
columns are s12 and s23. Units are GeV. The events are in the center-of-mass frame of the reaction. The Mathematica notebook reads
the data from the text files, displays the Dalitz and Van Hove plots, performs cut in the Van Hove angle and show the mass projections

with and without the cut.
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