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The Standard Model of Particle Physics

Particles Generations
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e Hadron physics C particle physics: physics of strongly interacting particles

(“hadrons”)

e Built from quarks and gluons:

Baryons (three quarks)
ex: proton (uud)

[-Xe)

Mesons (quark anti-quark)

ex: pion (ud)

@@
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The paradigm of QED: perturbation theory

Fundamental vertices of Feynman diagrams (visual representations of
particle interactions) o< e (aem, = €2/4m = 1/137)

a) emission b) absorption ¢) annihilation d) production

Perturbation theory: expand amplitudes in powers of aey,!

: .ol
Leading order: ay,,

e.g. e"e” — ete” (Bhabha scattering, 1935)

e Corrections of order a?2,,: “loops”
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vacuum polarisation
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Quantum chromodynamics (QCD)

¢« QCD is a quantum field theory with similarity and differences with respect to
QED describing the electromagnetic interaction

o Quarks have a new type of charge called color (red blue,green)

e Quarks combine to form colorless hadrons Q‘

Strong Electromagnetic
Current theory QCD QED
Charge types 3 color charges electric charge (e)
Acts on color charged objects: quarks and gluons  electrically charged particles
Mediators gluon (g) photon ()
Relative strength 102 1
Range (in m) 1018 00

Fundamental vertices:
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Vacuum polarisation in QCD (I)
o Gauge-field theories are typified by the feature that nothing is constant
e Couplings and masses are renormalized via processes involving virtual particles

e Such effects make these quantities depend on the energy scale at which one
observe them

Wi WG TR ¢

e running coupling constant in QCD:

: as(1?)
al(Q?) = : \
’ 1+ %W (1IN, — 2N log &

N, = 3: number of colours; Ny = 6: number of "flavours”
nobel prize in physics 2004 for Gross, Politzer, Wilczek
e compare QED:
(11N, —2N;) — —4

— opposite sign 524



Vacuum polarisation in QCD (II)

o Asymptotic freedom at high-energies:
— “like QED”, but only at high energies
(perturbative QCD regime Q > 1 GeV)
In such regime quarks and gluons
appear to be “quasi-free”
+ Confinement at low-energies (Q < 1 GeV):

— The gluons bind the quarks together
to form the hadrons (the particles we
observe in nature)

— Perturbation theory in o, at
low-energies: impossible!
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Mass [MeV]

QCD: open questions

T >Me

o Particle spectrum: 10001
why these states? I

¢ Interactions: T ——
scattering, decays of hadrons? 500~

— (perturbative) QCD does

not answer any of these questions! Lo
0

mesons baryons
¢ Quark models give gross structure of hadron spectrum

e Need non-pertubative approaches to describe these hadrons rigorously:
Dispersion theory
Remedies:

o Effective Field Theories: symmetries, separation of scales
v

e Dispersion Theory: unitarity, analyticity, crossing symmetry

o Lattice QCD: approach to solving a discretized Effective field theories Lattice QCD
version of QCD on a computer 7/ 24




Case of study: the pion vector form factor

o photon conversion into two pions

W8 i (IO = il — P ). (1)
o J,(0) = %ﬂ’yuu — %J’md — %Efyus is the electromagnetic current
e [:(s) contain the s dependent response of the 7w to J,(0)

o Key object in many hadronic reactions, e.g. muon (g — 2)

Hadrons

o Good pedagogic advent towards the challenges in the description of
low-energy QCD
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Chiral perturbation theory calculation

J. Gasser, H. Leutwyler, Nucl.Phys.B 250 (1985)

e 0 ™ K rd rd 0
WW‘.< - WW< + w@< + + M/v\:<
T T T T T
K

owh) 2Lg (1) 5 g 1 )
FW(S)|XPT 1+ F,% s — 967T2F72 AW(SHLL )+ 5AK(S7/‘L ) 3
m2  8m% 5 1 m2
Ap(s?) = og T+ -2 o (og (ZEED) L op() =y [1-aT2
w2 s 3 op(s)—1 s
Drawbacks: 2 . XPTat O(p*)
— limited energy range o Belle data (2008)
NI - )
— [FE(9)I 8 oc s vs |FE(s)ep o 1/s P
— Non-predictive: ) .
. S " 20 ]
divergent calculations =
10 . e
'__¢4~ﬁ-'.' ------------------- Tee ®***ectc00000a
o Remedy: Dispersive approach (no need of a Lagr‘?‘:x%gian) 05 [é°vz] 18 20
s [Ge 9/24



Dispersive framework

e Model independent and non-perturbative resummation of final-state
interactions (FSI), based on:

— Unitarity (~ probability conservation) gives rise to the optical theorem:

P T« 0 0q P q
P2 q2 P2 q2 p2 Q2
H H = ; + H :

Pn Gn Pn n Pn n

no interactions interactions

> Probiny =Y [(fIS|) =1=9ST=515=1 (§=1+iT),
f f

P q1 pP1 ' q1

T~ . AN .

e ( >@< ) : @9® L discTy =Ty — Tjy = ZZ / 1L, 6" (P, — K,) Tt T
Pz qy Dz ! n

dy

— Analyticity: Dispersion relations reconstruct the whole amplitude with
knowledge about discontinuity
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Pion vector form factor, dispersive approach

e Full loop calculation
(p)
M= / d4l Tl (s, 21)(q — 20) u Fr ()
m(v) 2 —m2 +iel[(g — 1) — m2 +ie]’

m(q—1)

7(q)
(I)

o Cutkosky rule: propagators yield Im parts on-shell ——r— — —2mid(p* — M?)

o Calculation of the discontinuity (unitarity)

7T

/ (%) 7 (2m)3(1% = m2)(2m)8((q — 1)* = m7) Tar(s, 20)(q — 20),uFr(s)

DN | .

(p — p')udiscFr(s) =
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Calculation of the discontinuity
o Momentum integration

d*l = di®Pd)i|dsy

(q—l)z—mfrl—> s —24/s1°,
where d2; is the solid angle of the w7 subsystem

/ . ) 12d|1|d)
(b~ P)udise ' (s) = <57 () / B 5o — 2 a)TE: (s 2)(a — 2,
o using |I|d|l| = 19dI°, with (1°)* = 1% + m2

(p—p)pdiscFr(s) = 161772 Fr(s) / V(192 — m2di®dy5(s — 24/s10)TE: (s, 2)) (q — 20) 0

(p = p')udiscFr(s) = 64%%(8)1*%( )/szTI*(S z1)(q — 20

e Check! 1
/dQlTiﬂ(s, z2)(q =20, =27(p—p)u / dz; le,{,r (s,21) .

1



Calculation of the discontinuity
o Using:
— the partial-wave expansion of the w7 scattering amplitude
T! (s,2) =327 Z(% + DtL(s)Pu(z1),
£=0

t1(s) is the amplitude of the ¢-th partial wave
— the orthogonality condition
1
(2€ + 1)/ leP[(ZZ)Pg/ (zl) = 2(5@[( s
—1
Note: Py(z) =1, Pi(z)==z2

e Only ¢ =1 is projected out, we arrive at:

discF (s) = 2ioq(s)Fy (s)t1*(s)0(s — 4m?2) ,
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Discontinuity and Watson’s theorem

o Rewriting #](s) via the P-wave 7 scattering phase shift §1(s)

1 A
ti(s) = () sin 5%(8)616%(5) ,
o We arrive at the final result!
iscF. ‘
ImF7(s) = dlSC2(S) = [F+(s)sin 6%(8)6_15%(8)0(8 —4m?2),
i
e Watson’s theorem [Watson, Phys.Rev. 95, 228 (1954)]:
ImF.(s) = |Fr(s)|e”"® sin (5%(8)6_2'6%(5)0(8 —4m?2),

= Op(s) = bi(s)



Dispersion relation
o Let’s derive an analytic solution for F.(s)!

o Invoke Cauchy integral

1 Fr(s
Fi(s) = *}{ () st (14)
Y
o Assume F(s) — 0 when A2 — oo
e Only the integral over the cut remains

/ [e'e) / . [e'e) ! s
Fr(s) = ! Fr(s )dS’ _ {/ Mds/ _/ Fﬂ(szs)ds,}’
4 4m2

271 Jeut 8" — S 271 m2 8 —s s’ —s
(15)

00 3 !
Fo(s) = 1 / discF (s )ds/,
4

270 Jam2 8’ — s

o We know disc/(s), we can reconstruct F(s) in the whole complex plane! 15,24



Omnes equation

e We begin with the following manipulations:

disc f(s) = 2if(s+ ic)sinél(s)e™1(s) (16)

f(s+ie)— f(s—ie) = f(s+ie) (1 - e‘zié%(s)) , (17)
f(s+ie) = f(s— 2-5)621'6}(3) , (18)

disclog f(s) = =2idi(s), (19)
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Omnes equation

o Write a dispersion relation for log f(s)

1 e disclog f(s)
log f(s) = mAm;dSM’ (20)
_ i /Oo d /(5/ —S+s5— SO)diSC lOg f(sl) (21)
270 Jam2 (s' — s0)(s' — s) '
1 o disclog f(s')  s—so [ isclog f(s'
E—— / ds/dlsc,o_gf (s) 4 5= / ds' ‘,hic ng,(i) . (22)
270 Jam2 s' = s0 210 Jam2 (8" —s0)(s" — 9)
s—s0 [* ., 51 (s")
= 1 d 2
o8 f(s0) + =0 [ (23)

e Omnes solution [Omnes, Nuovo Cimento 8, 316 (1958)]

s s [ L(s
Q%(s) = ;EO; = exp {ﬂ AmQ ds,s’?;’(—)s)} , (24)



Omnes equation

o Diagrammatic interpretation

T ™ ™ T
vwv<:wvvv< +vm/v\<><
™ ™ T ™

e Solution: depends solely on the P-wave phase shift of 7

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)
200 T T T

s) [degree]

a1

-4
00
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Imaginary
Modulus 4

0.5
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Polynomial ambiguity
« Most general solution: ) (s) = P(s)Q1(s)
o Polynomial P(s), not fixed by unitarity: matched to EFT, or fitted to data

« To find the constraint on P(s), we need limg_,o, Q1(s) (excercise)

o Assume 0{(s > A?) =n7

A2 1( 00 1(!
51 (s") s 01(s")

0l _ f/ r_0\s) 7/ r_91\8) 9
1(s) exp{7r o ds I —3) + e ds =9 [ (25)
1Nl e 11
= exp{—/ ds’w—l—n/ ds’( - — ,>} , (26)

s 4m?2 S A2 s — S S
A% — 5 . 1 .
= exp < constant — nlog e = slggo Qy(s) ox s ™, (27)
(28)

o Assume limg_, oo F(s) o s™ = order of P(s)



Dispersive pion form factor

e P(s) =1+ as, with a = 0.11 GeV~2 due to inelasticities

40t — P(s) x Q(s) p(770) .
—— Qs)

30f - xPTatO(ph) -
N
% o Belle data (2008)
LT.:: 20+
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Beyond the elastic region

e P(s) =1+ as, with a = 0.11 GeV~2 due to inelasticities

&
©
&
~
L)
- xPTatO(p") + T+
001 & Belle data (2008)
0.0 05 10 15 20 25 3.0
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Beyond the elastic approximation

o Built an effective phase:

200 ¥ atson’s theorem: ap ab 037
¢(S) = 57r7r4)7r7r(5) . §§§§§ T_ ______

L1 !

= 150} ‘“

& Models:

&

2. 100} ZQBW(S)

=

< 50¢f

° 1.0 15 %0

Vs [GeV]
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é(s) [degree]

Beyond the elastic approximation

« Fit to data:

200
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S.G-S and P. Roig, Eur. Phys. J C79, 436 (2019

— p(770)
10k 1
p(1450)
1 s
| * Belle data (2008)
— Our analysis
0.010F
0.001F 1
00 05 1.0 15 2.0 25 30
s [GeV?

23 /24



Summary
o Low-energy (“strong”) QCD not-well understood, perturbative treatment
impossible (ag = 1)
o Study this regime by using fundamental principles: analyticity, unitarity
and crossing symmetry = Dispersive formalism:
Model-independent
— 2-particle Final-State Interactions
— Input: phase shifts, e.g. 77 scattering 01 (s) for Fy(s)
Predictive power (subtraction constants), experimental data well described

o Formalism can be extend to 3-particle FSI (Khuri-Treiman equations)

4@+ + + ..

24 /24



