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The Standard Model of Particle Physics
Particles Generations
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photons (γ) electromagnetic

W ±, Z0 weak

• Hadron physics ⊂ particle physics: physics of strongly interacting particles
(“hadrons”)

• Built from quarks and gluons:
Baryons (three quarks)
ex: proton (uud)

Mesons (quark anti-quark)
ex: pion (ud̄)
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The paradigm of QED: perturbation theory
• Fundamental vertices of Feynman diagrams (visual representations of

particle interactions) ∝ e (αem = e2/4π = 1/137)
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• Perturbation theory: expand amplitudes in powers of αem!
• Leading order: α1

em • Corrections of order α2
em: “loops”

e.g. e+e− → e+e− (Bhabha scattering, 1935)
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The paradigm of QED: perturbation theory

• each vertex ∝ e,

e2

4π
= α =

1

137
fine structure constant

• perturbation theory: expand amplitudes in powers of α!

• leading order: α1 • corrections of order α2: "loops"
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Quantum chromodynamics (QCD)
• QCD is a quantum field theory with similarity and differences with respect to

QED describing the electromagnetic interaction
• Quarks have a new type of charge called color (red,blue,green)
• Quarks combine to form colorless hadrons

5/13/23, 2:01 PM

Page 1 of 1https://upload.wikimedia.org/wikipedia/en/1/16/Quark_Colors_with_white.svg

Red

Green Blue

Strong Electromagnetic
Current theory QCD QED
Charge types 3 color charges electric charge (e)
Acts on color charged objects: quarks and gluons electrically charged particles
Mediators gluon (g) photon (γ)
Relative strength 102 1
Range (in m) 10−15 ∞
Fundamental vertices:

Quantum electro- and chromodynamics

QED QCD

matter fields charged particles quarks +gluons!

force carriers photon gluon

acts on electric charge colour charge: red, green, blue

diagrams
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• gluons carry colour charge ̸= photons: electrically uncharged

• necessary consequence of 3 colour charges red, green, blue
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Vacuum polarisation in QCD (I)
• Gauge-field theories are typified by the feature that nothing is constant
• Couplings and masses are renormalized via processes involving virtual particles
• Such effects make these quantities depend on the energy scale at which one

observe themVacuum polarisation in QCD (1)

• running coupling constant in QCD:

αs(Q
2) =

αs(µ
2)

1 + αs(µ2)
12π (11Nc − 2Nf ) log Q2

µ2

Nc = 3: number of colours; Nf = 6: number of "flavours"

nobel prize in physics 2004 for Gross, Politzer, Wilczek

• compare QED:

(11Nc − 2Nf ) → − 4

−→ opposite sign

From QCD to Hadron Physics I – p. 6
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Vacuum polarisation in QCD (II)

• Asymptotic freedom at high-energies:
— “like QED”, but only at high energies

(perturbative QCD regime Q ≫ 1 GeV)
— In such regime quarks and gluons

appear to be “quasi-free”
• Confinement at low-energies (Q < 1 GeV):

— The gluons bind the quarks together
to form the hadrons (the particles we
observe in nature)

— Perturbation theory in αs at
low-energies: impossible!

9 

IMPORTANT FEATURES OF QCD 

� Confinement and asymptotic freedom 

� Asymptotic freedom :  
- At short distances the effective coupling 

between quarks decreases logarithmically 
- Under such conditions quarks and gluons 

appear to be quasi-free 
- Perturbative QCD regime Q2 >> 1 GeV  

Coupling constant 

Energy scale 

Distance Large distance Short distance 

� Confinement :  
- For Q2 < 1 GeV  
- For Distance ~ 1fm (typical size of hadrons) 
- Particle we observe in nature are in the 

regime of non-perturbative QCD 
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QCD: open questions
• Particle spectrum:

why these states?
• Interactions:

scattering, decays of hadrons?
−→ (perturbative) QCD does

not answer any of these questions!

QCD: open questions
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• particle spectrum:
why these states?

• interactions: scattering,
decays of hadrons?

• nuclear physics ↔ QCD?

−→ (perturbative) QCD does
not answer any of these
questions!

Remedies:

• lattice QCD: numerical simulations of discretised path integral

• quark models (systematic model uncertainties??)

• effective field theory

From QCD to Hadron Physics I – p. 8

q q̄

g

Experiment

Lattice QCDPhenomenology

+

Experimental dataDispersion theory

E�ective field theories

• Quark models give gross structure of hadron spectrum
• Need non-pertubative approaches to describe these hadrons rigorously:

Remedies:
• Effective Field Theories: symmetries, separation of scales
• Dispersion Theory: unitarity, analyticity, crossing symmetry
• Lattice QCD: approach to solving a discretized

version of QCD on a computer 7 / 24



Case of study: the pion vector form factor
• photon conversion into two pions

=

π−

π0 π0

π−

+

π−

π0
π, K

π, K

+

π0

π−

+

π0

π−
−→ ⟨π+(p)π−(p′)|Jµ(0)|0⟩ = i(p − p′)µFπ(s) , (1)

• Jµ(0) = 2
3 ūγµu − 1

3 d̄γµd − 1
3 s̄γµs is the electromagnetic current

• Fπ(s) contain the s dependent response of the ππ to Jµ(0)
• Key object in many hadronic reactions, e.g. muon (g − 2)

µ µ

Hadrons

• Good pedagogic advent towards the challenges in the description of
low-energy QCD
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Chiral perturbation theory calculation

=
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π0 π0
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+
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+

π0
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J. Gasser, H. Leutwyler, Nucl.Phys.B 250 (1985)

Fπ(s)|O(p4)
χPT = 1 +

2Lr
9(µ)

F 2
π

s −
s

96π2F 2
π

(
Aπ(s, µ2) +

1
2

AK(s, µ2)
)

,

AP (s, µ2) = log
m2

P

µ2 +
8m2

P

s
−

5
3

+ σ3
P (s) log

(
σP (s) + 1
σP (s) − 1

)
, σP (s) =

√
1 − 4

m2
P

s
,

• Drawbacks:
— limited energy range

— |F π
V (s)|O(p4)

χPT ∝ s vs |F π
V (s)|QCD ∝ 1/s

— Non-predictive:
divergent calculations
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• Remedy: Dispersive approach (no need of a Lagrangian)
9 / 24



Dispersive framework
• Model independent and non-perturbative resummation of final-state

interactions (FSI), based on:
— Unitarity (∼ probability conservation) gives rise to the optical theorem:
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interactionsno interactions∑
f

Probi→f =
∑

f

|⟨f |S|i⟩|2 = 1 ⇒ SS† = S†S = 1 (S = 1 + iT ) ,

discTfi = Tfi − T ∗
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Figure 3.1: Qualitative illustration of the unitarity equation (3.19) for a T -matrix element
describing the transition of an x-particle initial state to a y-particle final state. The depicted
intermediate states are representative for the sum over all possible intermediate states. The
unitarity cut is indicated by the red dashed line.

in other words, a field theory without loops does not conserve probability. The on-shell
condition encoded in d⇧n is illustrated by the dashed unitarity cut. This last statement
can be understood at the example of a scalar propagator, whose imaginary reads [70]

Im
1

p2 �m2 + i✏
= �⇡ �(p2 �m2). (3.23)

Thus, the propagator obtains a non-vanishing imaginary part only if the particle goes
on-shell. Phrased differently, the imaginary part of a propagator is determined by its
singularity. As an immediate consequence, unitarity, which demands intermediate states
to be on-shell, implies poles setting in at the production threshold for the lowest-lying
intermediate states. The resulting structure of singularities that generates the discontinuity
of the scattering amplitude is called branch cut. If the total energy of the system is large
enough, additional singularities occur for each new set of intermediate states.
Finally, we note that Eq. (3.19) can be proven analytically with the residue theorem. As
shown by Cutkosky [97], the discontinuity of a loop can be evaluated by cutting through the
diagram in each way that sets the propagators on-shell without violating four-momentum
conservation. Replacing each cut propagator by

1

p2 �m2 + i✏
! �2i⇡ �(p2 �m2) (3.24)

and summing over all possible cuts yields the discontinuity. This procedure is referred to
as cutting rule. An illustration for such a cut is given in Fig. 3.1. Note that the word cut
refers very efficiently to branch cuts, cutting rules, and Cutkosky’s name at the same time.

3.2 | Analyticity

As a complement to unitarity, analyticity provides the second fundamental physical princi-
ple dispersive analyses are based on. We start with the physical motivation of analyticity
as a mathematical consequence of causality. A constituent of the S-matrix, which we so far

– 33 –

— Analyticity: Dispersion relations reconstruct the whole amplitude with
knowledge about discontinuity
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Pion vector form factor, dispersive approach

• Full loop calculation
π(q − l)

π(l)

γ(q)

π(p)

π(p′) M = i

2

∫
d4l

(2π)4
T I∗

ππ(s, zl)(q − 2l)µFπ(s)
[l2 − m2

π + iε][(q − l)2 − m2
π + iε] ,

• Cutkosky rule: propagators yield Im parts on-shell 1
p2−M2+iε

−→ −2πiδ(p2 − M2)

• Calculation of the discontinuity (unitarity)

disc[ ] =

π(q − l)

π(l)

π(p)

π(p′)

π(p)

π(p′)

(p − p′)µdiscFπ(s) = i

2

∫
d4l

(2π)4 (2π)δ(l2 − m2
π)(2π)δ((q − l)2 − m2

π)T I∗
ππ(s, zl)(q − 2l)µFπ(s) ,
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Calculation of the discontinuity
• Momentum integration

d4l = dl0l2d|l|dΩl ,

(q − l)2 − m2
π

l2=m2
π−→ s − 2

√
sl0 ,

(2)

where dΩl is the solid angle of the ππ subsystem

(p − p′)µdiscFπ(s) = i

8π2 Fπ(s)
∫

l2d|l|dΩl

2l0 δ(s − 2
√

sl0)T I∗
ππ(s, zl)(q − 2l)µ , (3)

• using |l|d|l| = l0dl0, with (l0)2 = l2 + m2
π

(p − p′)µdiscFπ(s) =
i

16π2 Fπ(s)
∫ √

(l0)2 − m2
πdl0dΩlδ(s − 2

√
sl0)T I∗

ππ(s, zl)(q − 2l)µ , (4)

(p − p′)µdiscFπ(s) =
i

64π2 σπ(s)Fπ(s)
∫

dΩlT
I∗
ππ(s, zl)(q − 2l)µ (5)

• Check! ∫
dΩlT

I
ππ(s, zl)(q − 2l)µ = 2π(p − p′)µ

∫ 1

−1
dzl zlT

I
ππ(s, zl) . (6)
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Calculation of the discontinuity
• Using:

— the partial-wave expansion of the ππ scattering amplitude

T I
ππ(s, zl) = 32π

∞∑
ℓ=0

(2ℓ + 1)tI
ℓ (s)Pℓ(zl) , (7)

tI
ℓ (s) is the amplitude of the ℓ-th partial wave

— the orthogonality condition

(2ℓ + 1)
∫ 1

−1
dzlPℓ(zl)Pℓ′(zl) = 2δℓℓ′ , (8)

Note: P0(z) = 1 , P1(z) = z

• Only ℓ = 1 is projected out, we arrive at:

discFπ(s) = 2iσπ(s)Fπ(s)t1∗
1 (s)θ(s − 4m2

π) , (9)
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Discontinuity and Watson’s theorem
• Rewriting t1

1(s) via the P-wave ππ scattering phase shift δ1
1(s)

t1
1(s) = 1

σπ(s) sin δ1
1(s)eiδ1

1(s) , (10)

• We arrive at the final result!

ImFπ(s) = discFπ(s)
2i

= Fπ(s) sin δ1
1(s)e−iδ1

1(s)θ(s − 4m2
π) , (11)

• Watson’s theorem [Watson, Phys.Rev. 95, 228 (1954)]:

ImFπ(s) = |Fπ(s)|eiδFπ (s) sin δ1
1(s)e−iδ1

1(s)θ(s − 4m2
π) , (12)

⇒ δFπ (s) = δ1
1(s) (13)
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Dispersion relation
• Let’s derive an analytic solution for Fπ(s)!
• Invoke Cauchy integral

sth

Fπ(s) = 1
2πi

∮
γ

Fπ(s′)
s′ − s

ds′ , (14)

• Assume Fπ(s) → 0 when Λ2 → ∞
• Only the integral over the cut remains

Fπ(s) = 1
2πi

∫
cut

Fπ(s′)
s′ − s

ds′ = 1
2πi

{∫ ∞

4m2
π

Fπ(s′ + iε)
s′ − s

ds′ −
∫ ∞

4m2
π

Fπ(s′ − iε)
s′ − s

ds′
}

,

Fπ(s) = 1
2πi

∫ ∞

4m2
π

discFπ(s′)
s′ − s

ds′ ,

(15)

• We know discFπ(s), we can reconstruct Fπ(s) in the whole complex plane! 15 / 24



Omnès equation

• We begin with the following manipulations:

disc f(s) = 2if(s + iε) sin δ1
1(s)e−iδ1

1(s) , (16)

f(s + iε) − f(s − iε) = f(s + iε)
(

1 − e−2iδ1
1(s)
)

, (17)

f(s + iε) = f(s − iε)e2iδ1
1(s) , (18)

disc log f(s) = = 2iδ1
1(s) , (19)
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Omnès equation
• Write a dispersion relation for log f(s)

log f(s) = 1
2πi

∫ ∞

4m2
π

ds′ disc log f(s′)
s′ − s

, (20)

= 1
2πi

∫ ∞

4m2
π

ds′ (s′ − s + s − s0)disc log f(s′)
(s′ − s0)(s′ − s) , (21)

= 1
2πi

∫ ∞

4m2
π

ds′ disc log f(s′)
s′ − s0

+ s − s0
2πi

∫ ∞

4m2
π

ds′ disc log f(s′)
(s′ − s0)(s′ − s) , (22)

= log f(s0) + s − s0
π

∫ ∞

4m2
π

ds′ δ1
1(s′)

(s′ − s0)(s′ − s) , (23)

• Omnès solution [Omnès, Nuovo Cimento 8, 316 (1958)]

Ω1
1(s) = f(s)

f(0) = exp
{

s

π

∫ ∞

4m2
π

ds′ δ1
1(s′)

s′(s′ − s)

}
, (24)

17 / 24



Omnès equation
• Diagrammatic interpretation

π

π

= +

π

π

π

π

π

π

+

π

π

+ · · ·

π

π

π

π

• Solution: depends solely on the P -wave phase shift of ππ

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)

��� ��� ��� ���
�

��

���

���

���

----

⋯⋯

––

��� ��� ��� ��� ���
-�

-�

�

�

�

�

18 / 24



Polynomial ambiguity
• Most general solution: Fπ(s) = P (s)Ω1

1(s)
• Polynomial P (s), not fixed by unitarity: matched to EFT, or fitted to data
• To find the constraint on P (s), we need lims→∞ Ω1

1(s) (excercise)
• Assume δ1

1(s > Λ2) = nπ

Ω1
1(s) = exp

{
s

π

∫ Λ2

4m2
π

ds′ δ1
1(s′)

s′(s′ − s) + s

π

∫ ∞

Λ2
ds′ δ1

1(s′)
s′(s′ − s)

}
, (25)

= exp
{

− 1
π

∫ Λ2

4m2
π

ds′ δ1
1(s′)
s′ + n

∫ ∞

Λ2
ds′
(

1
s′ − s

− 1
s′

)}
, (26)

= exp
{

constant − n log
(

Λ2 − s

Λ2

)}
⇒ lim

s→∞
Ω1

1(s) ∝ s−n , (27)

(28)

• Assume lims→∞ Fπ(s) ∝ sm ⇒ order of P (s)
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Dispersive pion form factor

• P (s) = 1 + αs, with α = 0.11 GeV−2 due to inelasticities
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Beyond the elastic region

• P (s) = 1 + αs, with α = 0.11 GeV−2 due to inelasticities
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Beyond the elastic approximation

• Built an effective phase:
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Beyond the elastic approximation

• Fit to data:
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S.G-S and P. Roig, Eur. Phys. J C79, 436 (2019)
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Summary
• Low-energy (“strong”) QCD not-well understood, perturbative treatment

impossible (αs ≳ 1)
• Study this regime by using fundamental principles: analyticity, unitarity

and crossing symmetry ⇒ Dispersive formalism:
— Model-independent
— 2-particle Final-State Interactions
— Input: phase shifts, e.g. ππ scattering δ1

1(s) for Fπ(s)
— Predictive power (subtraction constants), experimental data well described

• Formalism can be extend to 3-particle FSI (Khuri-Treiman equations)

Motivation

different decay processes that decay into ⇢⇡ final states
effects of the ⇢ described by Omnès function [Omnès; 1958]

include full rescattering effects
Khuri–Treiman equations [Khuri, Treiman; 1960]

in which process at what energy are rescattering effects observable?

Dominik Stamen (HISKP) 3⇡ rescattering effects 15.11.2022 2 / 16
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