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Correlation Functions & Lattice QCD

In previous lectures , we have learned about how

to describe reations with non-portunitive scating
theory , and also how to compute low-energy hadronic
obscrubbles from con-putubative QCD, namely latice QCD .

In these lectures
,
we will comet the static energy

spection of hadians in a box to scatering systems

via a non-putubtive mapping , the so-called

Lischer formalism
.

Lous firstReview some aspets of Latice QCD

calculations. Latice GID is a numerical technique
to stockadically estirte QCD caretation functions

.

To accomplish this , QCD is formalded in a discrete
,

Endidea spacetime which is bonded in a finite

volume subject to some bouday conditions. Nate
that both the Enclidea & finite volume nature of

spacetime febids any
nation of computing scating dynamics

directly from Lafice QCD
,
Since Endidea spectives

do not have real time evolutions & finite volumes

do not allow free asynteic states .



However, we can circummen these issues by examining
the behavio of the scaling ofthite volume corrections

to corresponding infinite volume correlation fandios
-

Since the LSE formalism relates OFT correlation

functions to scating auditudes , these corrections allow

one to relate fite-volume energies to scattering .

Essentially ,
C
,
(P) =Cp(p) +SC,(P)

Finite-volume Write-volume correction tha
corretar correlate cornets Fu
(LQCD) (LSz= Scatuing) & IV

Or objectives we as follows :

- Examine the Spectral up of I-poit correlators
- Defernie the scaling relation for Stable hades

- Compute the FV corrections to free

two-particle correlators
- study weakly iterating systems & driving
the Lischer qualization condition

- Extracting resonances from LQCD



Preliminaries

We work in a continuous b +1 Minkowski spective,

diagy =(1-7, -7, -1) , which is cented in a

cubic volume 23 & infinite temporal extent,
TzO

. The spotic volume is subject to

periodic boundary conditions (PBCs)

Xi = Xj + Lej , j= 1
,
2
,
3.

·The spectrum of a ↑

confined system is W
L

disorde
, En , neNo

-

-

↓

&Since the Hamiltonia k
L -

is Heritan, At= A) , -

A eigenstate /En
,
27 has real energies ,

EnER

HIE_
,
2) = En 1En ,L

The energies are dedepudet of the spacetime signture,
-Ent - Er T

-t - it - e -> e
- Endidea fire

So
,
we will work in Mihorshi time



· We assure spactive latice disardization

cros are negligible , this work with

continuous spective .

· Most practical special calculations use

ciseropic latices , TLSL , so we

again assure thaflibe T effects are

negligible , this T->0

·Spatial PBCs impose qualization conditions

on the monatur
.
Consider a field operator 0.

PBCs enforce

O(t,) = Olt, Y + (e)

Introducing theForin transform
,

Oct, ) = Sate
we fund

i . (5 + 25)(t
,9)Set =

- 3
=> e= 1 E p =

zin ,
ne



Nike the Famir transform par conventions

E(p) = F(f(x) = to axe
Y

f(x)
--

f(x = F(E) =&e
**Ep

Inflite volume Flite Volume

Sti [ 3 &

2πS(p=p > 2 Sip

A key concent we will use on relating In & Fr

physics is the Poisson Sarration Formula
,
which

we wride in the far

↓ [fip =[23 g



The PSF is the key we need in relating
EV & IV qualities .

Les define the

sun-iegot operation

= [EE-J]F-

By the PSF , we have

↑- =e f(p)

Suppose Figh is a smooth function in (physical

Fip= Tere ) Ful
l=0 N= -l

spheric harontes

Recal plane-wove expansion

i.L
=& YesT2

me= -l

-

Spherich Bessel functions



Insating expansionso sur-ideged, & coveting
themeasure to spherical cordings,

↳ Eig =E ei.Lf(,
T

[= d infea
8

YesTeresa
Sie Sive

= [  ilyn de pie e
+

O

Consider 150 mode min
, jo pull = Send

=> itMap sf
G

Consider a futia like Force = str
,
120

-

↳
2

X 3

- 12
* integration



the
,

E integrad even under

I = Soup psinspl + p- - p

g
p2+12

==
L iX
5x = Ine

Consider Candy Heren : fodz f(z) =o
u if f(z) adific in

donah bonded by 2

Spendi P= reio
y - A

↓

: O it eipch
+ bi Ri do e

z 2-0 f R2012
M I

Unishes 250
in R ↳&

O

2 3

⑨ I jo
poles o

-it ⑧

p2+12 = (p + it)( -il) = 0



By residue there,

fods + cer = ziRes(p = in]p2+12
j

=zi(
*

))
p = it

= i(e +1)
=Tie
n

So
,
we find theofege I is

I= I as
ipuL
2

pa+12
-A

-u12
= In (Tie +1)) = e

Therefre , sun-dieged different (for our examde) is

↳ o it T-
-41L

= Eye
45042

expaatially suppressed scaling in box volume L



This illustrates on importantproperty we will exploit
12 19 Fiel be the fu quality of invest.↳
the
,

↳Ef =Jfi
, S

This is fr correction

to IV fen

if Fip, is smooth , the byPSF

-L

↳ fir wer
m = lightestmass salea theory
i.e
, n= m+ i

QCD.

Iffip has sore non-andytic behavio
, eg, poles/cuts ,

Then this needot be so , & at word the correction

sides like /23.



A correct about regularization. Recall in GFTs ,
oneften needs to introduce a regularization scheme

to fare UV divegences . This is true for Fu

quartific , as well, e.g,
↳ Some regularization scheme

20, Pauli-Villas

↳F-fp
Looking of the curation, i.e, the sun-integra difference

R

fi=Fip-a
↑

- e

But, notice that as-

↳[fi-S-
T ↑T

cutoffs charntrizing divigne

=> the EV correction is independent of the

regularization scheme !



Spectral Decomposition
The primary objects

of interest in LQCD calculations

are correlation functions
,

or correlators. Here

we focusan I-poit correlators ,
X = (t

,Y)

(() = <Ota)
-

X ↑
some scalar operator (siudicityfinite volume

time-ending operator
Consider Famier transform

,

C
,
(4) = (d

"
xe
+ +
c
, (x)

P= (E,j)v L

= faux eit TO Otcol
L

Let us first conside to time ordering

↑O(xOta = 0(x0to@(t) + 00(x)fl-t)

So,
2 (4) =JatfeeiP x zowia + (t()

o L



Next
,
we inset a complete so of energy egenstates
HIEF

,
LY = Enki, LI /E ,

CT
,
<>

n

so
,
with normalization <Eur .PicIELT = SinSpip

the resolution of identity is

1 = [[IEP
.
LCE
,
P
,
LI

a p

We will suppress all other quarter numbers
So
,
fund

(() =[deM

iP . x iP . x
under spacetive transitions ,

O = e Ocase

with i = (, )

Toasure convergene in t
-> 0
,
we lo -> F-iz

with EtOf inficit . they
- iP - X - i(E

.
-ie)t iPX

e (EP;l) = e e /E.:



We find,

i(E-En+ it)t

<(4) =Eate
~ fa-

.
LECiLIK + LECO)

2

Where En, 1) = <01 OcalE,P , LL

- iC5-i.
vor
, jae = So

2

i(E-En+ i)t A

& at eiLE-Eni = -Entitl 1
.

=+it
So
,
we find

C() =&+

Considering the to ten gives a pole of the form
E+ En-iE

=> C41 =[reie,1



So
,
the andytic structure of FV carers is

a sequence o poles in EC Car E) .
Recall the

Cete-f-mimatur (CM) Frame
,

50%

=> EP= E2 2 = ph
A
2

LE
M

· ⑧ C
--n e

For IV correlates
,

we ca follow the sure

idea
,
& drive the Killen-Lehman spetre

representation ,

Co(p) = dixe
***
CTOOtL

-

=25 p2-o + it
Oth

X ↑
Possible Stable/bond stores scatering continuum

M 2
P

& ⑧ minuum

m ? ... m Of brand cut



The mastic statue is different for IV correctors

& FV cardios. To FV correction is

C(p) = Co(p) + SC , (P)

↑ ↑ ↑

poles cuts polas & cuts

By LSE there, can go access to ampitutes il

in Co . From latice QCD
, got access to En .

there
,
can relate En- iM via Fr Curation

& (P)
. To do so

,
we will use a

all-orders approach in QFT to content a

diagramatic representation for these objects . We

will show that the results an good , independent
on

my particular GFT .



Single Patches

We will first examte fr corrections to single

particle states. To be concrete
,
conside real

scalar 29t theory ,
# mass paranor

Cho Mphys)
L

2 =1 240y-trig -By

Our results are guady QFT independent, so we

use a particular are , on a garalized EFT , as
a catalyst .

Recall the Feyran diagram expansion for the

fully dressed propagator . First , co-volume

Co(p) = &

= - + 0- + -0-0- +...

=- + -O

t
Can show

, self-urgy iTT (P (apIl

Co(P) =+π(P)



the physical mass is given by

COPY=tit

+ iS(P2)

↑ regular cortPEn
>

with

mass-m2 +T (m) = o

The self energy is of the for,

&
iTa = + + +- - -

-

Oct) Oct (

At O(t)
iTp" = - ita C

M

diverget, needs some regulator

example : Parli-Villars ,
... then randize

,
blah blah ...

↓ -> ↓ +[
42- n2+ it 42-m2+ it Y 42- 13 + it

↳ as to be determined & 1j - as at and

↳ to keep degre of drangere low



Repeating the same excrose in the FV
,
we fund

C
,
(P) =n+i

,
(PV)

with it = + + ..

E AV loops

=

- it e

+ O(x)

The FV pole position is Ph = m ? (No necessarily miss!

m .
"
- mi +T

,
(mi) = 0 mc = E(L)

Now , take my-Mons,

Sm
,

"
= mi-mas = -[,(i) - Tcmis)]

Le us assure &1 = (M) = Thm)
mL



So
, Sm = - [TyCrai) -# Copin 1]

=+ i-fait
↓

going to implicitly assume regularization
& rnardizatio program

Lis first do tempard idegral

S
i 2

= 1
·

dini
- Untit)(4 + wa - it) 2Wh

-
6 -

1 40

- Wat it

X

7 >

X

Wh- it WuO
=> sm = iSz
Ca show

,
vie PSF

,
the

↑ sport uti.

Swin en +Oletary



So
,
we find the

mi = Mos + 12 Mon

In QCD
,
the light was scale is the pion , met

So
,
the Fr correction to a hadion mass my is

EP(L) = m + O(ENTy

In protica calculations
,
wat to keep I sufficially

large to suppress these effects
,
2.g ., m.. L ~ 4

gives -1 % Corretia
,
which we hope to ignore

The ergy
of theLoved Se is a garic moving frame

is singly

E
.
(5,2) = + 5 + 0( mT))

=n + (i) + 0(e m+ y



Two Particle systems

In Describing excited states
,
wenus address the

most hadious are resuances of scating processes . Thus,

to rigorously describe excited Ses
,
we mus

access the scatering argitule with LQCD
.

Lo us first consider non-iterating two particles

Non-Interating Two-Parice Spectrum

Let's again conside real scalar 29 theory . We

construct a loca operator as

O(x) = 3 Jay /xiz A(y,z)((x+y)((x +z)
11L -

some local function
associded I wavespart, fatr, m= fution f zuputich Sie

So, cased by OctiP . X

<(4) = Jaxe ITOuOGL
L

iP. X
= jaxe Jay fateJa Jarz Alia Act, z

L L L L 2

Y (Ty(x +y
+(((x + z)y(y)((z))



Diagramatically,

(T((x +y+ ((x + z)y(y)((z))
x+ y

= -y
o

-

- - 9t +

a
Z
· e ·

X+ z -

So
,
we write "garded feyurn als"

,
/Discreted

P-l
-

o + of fo
Does in

C
,
(P) = W contribute
~ (Drop)
-

u

Au
,
Pl- All

with i (P-h) . z

Acc4) = Jai, Jane ethy e A(y
,
z)

LL

The corresponding IV correlator is
E P-h

o↳Cp(P) = o
Tu

=hA4 mtie An,P)



Let's examine the spectrum vin FV correction

5 <(P) = G(P1 - Cr(P)

= -JeA
We will again assure some UV regulator & assure

Alk
,
4) is sufficiently smooth in he

,
i . e
., non-singular -

Li perform li itegie .
Poles at

(u
2
-n+ it)((P-4) m + iz) =0

=> (4- Un + ie)(4 + Un - it) (E-4 Westie) (E-4 + -py- it)

~ Wh=E
-

Won = (h" + 15-512

M 4:

-We + it E-sph + it
X

X

I X

7

X
(
>

U

i Wu-it E+Wor - it :



Assuming Negrand is well-behaved at h -> 0
,

we have

Jacifluil = Sodliticis = [Res [fil ; li = hin)
- A Y

We pick up two poles, Finding

An,4,4)S((P) =3(JAW Wat

+ ten or 60= Ethoph - it

For physical argins , p T0, EL Im
We find (exercises the the second for does not

have any singularitiesa physical Ef region

=> Er correction is of Oletl)

& Sigule in EA
Further

, -wistie zen-tetit)
I

↓

en(E- wa + wx - it)

M&

non-singular in Et



So, we have

*

Alwa,h,P)5((P) = /) entie
+ O(en)

Now
,
introduce partic waves for Alwa,P) . How ?

So far
, fixed 1E 2 patidos on mass-shell . Fixing

the second gives (is pain (M framel

24 = g 25

where

qt = m
&
Er

this polt is equichet to Where E= Wa + Wow

So
, expand about this poin

Act
,
4) = A(g* 55, 4) + [A(p) - Algois,4)]

=A(gt?4) + 2452gaz)A
+ O(br

= g0293)

= A(54) + SA(h,P)



Ters by are on more SA165,PS we suppressed

asaith like before since there is no singleity
*

= s(p) =/App):A4)2w2Wp(E-wy-Westie]

+ 0(e-h)

Can now PW expand

A (550,4)= AP) (
T

Barrier factors to regulde
corficial singularity of Yer

induced by expansion

So,

SC
,
(P) = [[A (PS iF 14

, 2) A(P) +Ocely
is eve

eve I'v
, Ive

Where F is purely generic & humatic

= IP =/-in e-1



the surrud/Integrand has a pole that is

physically associded with on-shall 2-puticle &des ,
We cannot use psf as before

,
so the FV

coration Scales like /L
:

The FU function FCP
,
1) characterizes the ditations

induced by the periodic volume
.

It contains information

a both theFU energies & IV continuum . To see

this
,
first consider the Imaginary pat of FLD,L),

this cores only from the Negrat ter,

FrF (4
,
1) = 3 YYeE) SCENTlivi, Ive

Going to CM Frame
,
we find

InF 14,1) = Gad Sie Sheeif,l-

=

& SieGive two-sid, phase-space



The real part carchs information ot the FV poles,

wod exis o <(P) = SCICP) =0

= doTf" (r,1)] = 0
Matrix in (lime-space

the solution of this gives

E = Wa + wa
-

=th + (an + (π-2)2
-

=JanIz

where , EX"

this is exacting the FV spective of 2 free particles
-

=
10
,00

-
:

- (1
,01 & [0, 1)

2m
(h,m? ) =20,07

>

u2



Diagramatically, we dete SCL as
P-k
-

SC(P) = auto - =P

T

E·e
↑ Er "cut"

=> intermediate statesa-shell

= A4) .iF (P,L) . <M

↑
Matrices on Grel-space



Iterating Two-Patides

Lo us now turn a iterations
, focusing on " theory -

there wewat to use our tools to dorite

scateling amplitudes. It us faces o the clagra

2-2 scating angitude ill , & sit-
on energy range of interes to the elastic region .

↓ doing so
, we syttentically have full control

over the matic structure without approximation
Ea
?

M

focus here

·mus
·is

(2n> [3m)
3

From S-matrix mitcrity , we know the

MereEt = Sin Give Me LED ratiat invince

unch

Me = Keipke
↓
2) 2 K-marix



thel-matrix cuties all short-distance interations

not constrained by unitarity. Ca rate to phase

&lifts viz

ke" = plotSe
So
,
alsomow Me=ec DesiR

there I use typical relativisticmondization,

1818) = (20. 978:-57
So that =

For a weakly interacting system near threshold
,

Effective rege parantization is useful .

Consider S-wave scatering

&cotSe=o = -1 + 0(go2
as

new threshold , End

Me = o = - Imo + Dig



Within QFT , the urpitude is
given by

applying LSE to carrettors. To all orders
,
we

can write the carrelator as

ColP) = o-& &

fully dressedJ & off shell 2-2 auditude
propagate

the artitude is iM =i iMcwu ;P)
an-shell

=A - 4
a-shell -

44 Fu
The Fully dressed propagator
is defined of mit residue ,

iS(n) = 2 + iS(4Y
u2h2+it

↑

non-singula
The alogous FU correlate is & == e2

(4) =ooo--
② ⑧

her
,
call that mc-ma =Oleny

=> (-) = 1= (0 +0(
-2)

- drop



We have introduced iM y as the FV analogue
& the off-shell amplitude ,

im = (*)
-

his exarive the strutue of the FV correction
,

S<(4) = (((P) - Cp(P)

=do-go
-oto-o

= and & sustrat useful zoes

:

= oo
+o++ off
+

her
, O = ALP) :F(P,2) :** 14, 2) us bife

,

this any has ne-iterating poles



We have introduced the FV correction to the

"ampitude" ,

=(), -()·
-> iSMi = iM)-iM

Cleary , this is key to going reliinship between

FV & IV objects .

He's firs look of weak couping expansion ,

iM = - 2x +O())

by
,
ill = -it +O(4 too

,
so

Sr = 0 + 0(t)

=> this gives no info an itrating energies .

To see this
,
consider poles of SC



So
, S& goes like

scal-ofo + of oc
= A(p) . iF (P,1) .A

*

(P)

+ A(P)-iF(P
,
1) · C-i)] iF(P1) -A4) + OctY

where,

Mi = SieSire Ifdcuso Perosol (-it + 044)mee

=

-
it GoSn + 0(42)

So
,
infinite-dimensiona marix is tructed of S-Wave

,

SC,(P) =A(P)iF(,c) (1 + +F
>
(
,u]Ap +Oxy

with

F (4,2) = From (4, 2) = 2[te-face-up+ i)

Poles in C
,
we same as poles in SC

.

Recall that F14
,
1) gave free stores



But
,
we ran into an issue . Consider systems
I 25

,
B =:

Poles in SC , we o TFe,
= 0

- 1

=> [1 + +3 FCE-2) + Ent ters] = O

Thi
, again, only has poles offre eugies !

A truncated expansion does not yield informin

aiteadily argies , due to the fat the E-In = O(),
&we have egleted terrs in the expansion.

Le us consider amplitude of Oct ,
2

OM = -ix +Fill i i

+ (t
,
u) +0x)

-X+ ++ + O()

Fu Mitde
"

iM ,
= - is - die it

+ (t
, u) + OGY



Examine SML,

SM = - It-tJim i
- E

↑ (t
,
u) + O( ")

the to & n-channel ter have no singularities

in In E*C 3m
.
Caclude

Sr,1 - Oceri

Further
,
the 3-chanal ter is exactly like who we

Considered for the F-futio
,

=> SM
,
= - lif

,
(P
,
2) + O(t)

As we have seen, It is enough to look of poles -

SM2 . But, again , find myrrritating poles .

What is going on ? Dole structures energe any
When sunning the infinite series of ineations.



Conside the Dysan-Schwinge eg for ill,

=+O
-- --

I -+...
-- ①

& 241 Bette-Solte herel

Q = X + (% +)%...

This is an itaged equ . For iM,

=Minip) = iBbip + Jah iRulius M,

Simila expressions exits for iMc .

Suppse we truccle its = -it +Oct) ,
but sun the infinite s-channel series · We find

for SMc
,

Suc = -it
--in (P,)



Now
, poles o SM, we o

1 - 1 F
,
(PL) =0

Let =8
,
& conside near threshold die,

1 - - acts as + (at) = 0

=> E
.
-zm= + O(2

But, M = - = -Since o theshold

So,
Er-2n = YπGo t Oca? )
-

m(3

The presence of itrations shifts the every levels
!

· Easto
-

2
>

u2



We can expand thisargument to allorders in t
& arrive of a non-probative relation between

the scating amplitude & FU spectrum
The result is

SM
,
= [MIP · (iF,iMcD]

"

h = 0

= iM(4):F,4 .MIP)M

I
morix in Hivel space

So
, poles exists when

det[1 + F(P, 1) .M(P)) =0

I
inChmetspace

This is the Lische quartization condition
.
It links

the IV scating unitude & Fo spetrue . It

has been used to access scatering amplitudes &

resonance physics from LQCD .



Outlook

We have only just touched on the basics of

accessing ampitudes via LOCD. Curat State

& the at includes :

& em reductive transitions
--

· 373 processes

· resonance furn-factors

& e two-plate trisitions


