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Finite-volume symmetry: Recap

<latexit sha1_base64="aC1wqiM9CLIHVt+MfBk2KTf6UrI="></latexit>

A1 A2 E T1 T2

J = 0 1
J = 1 1
J = 2 1 1
J = 3 1 1 1
J = 4 1 1 1 1

...
...

...
...

...
...

So, how does angular momentum subduce into  irreps? O

<latexit sha1_base64="kGESv4WnlH4Ir08f/Ymx7tQTEQI="></latexit>

⇤ Dimension J
A1 1 0, 4, . . .
A2 1 3, 5, . . .
E 2 2, 4, . . .
T1 3 1, 3, . . .
T2 3 2, 3, . . .

We can invert the table 

# Rows
1
3
5
7
9
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Finite-volume symmetry: Recap

Symmetry operations on the octahedral group  O

<latexit sha1_base64="RtC+MzoDpjajgrJmnx1Nuxhz7KI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHirVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzmYz/</latexit>

24

<latexit sha1_base64="G3ZVEmfntkdnNAB0z6mc4QtsP30="></latexit>

Operation No. Class Label

identity 1 1
90

�
about axes through centres of opposite faces 6 C4

180
�
about the same axes 3 C2

4

120
�
about diagonals connecting opposite vertices 8 C3

180
�
about axes through centers of opposite edges 6 C2

<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

Character table 
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Finite-volume symmetry: In-flight lattices

<latexit sha1_base64="AJjH9vPVA/Q266LfuNaVe0aWgoM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF29WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rY/6pcrbtWdg/wlXk4qkKPRL3/2BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiUnVhmQMFa2pCFz9edERiOtJ1FgOyNqRnrZm4n/ed3UhJd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLf0nrrOrVqrW780r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1hPPsvDnvi9aCk88cwi84H98kKI25</latexit>

Oh

 is the symmetry group of a lattice at rest, onlyOh

Lattice in flight (momenta  0) have different reduced symmetry groups (subgroups of )≠ Oh

<latexit sha1_base64="3KzEmdNEmFZVKTOTbOW2BrIpyOs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahQim7ItWLUPTisYJtlXYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g5aOEkVok0Q8Ug8B1pQzSZuGGU4fYkWxCDhtB6Obqd9+okqzSN6bcUx9gQeShYxgY6XH+KosK27FPe0VS27VnQEtEy8jJcjQ6BW/uv2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvAEnVilj8JI2ZIGzdTfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjMyrYELzFl5dJ66zq1aq1u/NS/TqLIw9HcAxl8OAC6nALDWgCAQHP8ApvjnJenHfnY96ac7KZQ/gD5/MHpBiPAw==</latexit>

p = (n, 0, 0)
<latexit sha1_base64="5NUp/Enk01Y6EzHdk5qeXDKtMFE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcqMSHUjFN24rGAf0g4lk2ba0CQzJBmhDP0KNy4UcevnuPNvTNtZaOsJgcM593LvPUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ79VtPVGkWyQczjqkv8ECykBFsrPQYX5flmX2nvWLJrbgzoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n84WnqATq/RRGCn7pUEz9XdHioXWYxHYSoHNUC96U/E/r5OY8MpPmYwTQyWZDwoTjkyEptejPlOUGD62BBPF7K6IDLHCxNiMCjYEb/HkZdI8r3jVSvX+olS7yeLIwxEcQxk8uIQa3EEdGkBAwDO8wpujnBfn3fmYl+acrOcQ/sD5/AFhD49/</latexit>

p = (n, n, n)

<latexit sha1_base64="UHrcd2Z51yg62YsYT44jOxoL6h0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaAh6JXDxiIh8JbEi3dKHSbTdtl4Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328ltbe/s7uX3CweHR8cnxdOztpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004waSz8zpQqzaR4NLOY+hEeCRYygo2V2o1BWpnOB8WSW3aXQJvEy0gJMjQHxa/+UJIkosIQjrXueW5s/BQrwwin80I/0TTGZIJHtGepwBHVfrq8do6urDJEoVS2hEFL9fdEiiOtZ1FgOyNsxnrdW4j/eb3EhLd+ykScGCrIalGYcGQkWryOhkxRYvjMEkwUs7ciMsYKE2MDKtgQvPWXN0n7puxVy9WHSql+l8WRhwu4hGvwoAZ1uIcmtIDAEzzDK7w50nlx3p2PVWvOyWbO4Q+czx9g2Y8F</latexit>

C4v
<latexit sha1_base64="u0GXnrYA5iNylAk6J1QzgOFmiK8=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAx6JXDxiIh8JbEi3dKHSbTdtl4Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328ltbe/s7uX3CweHR8cnxdOztpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004waSz8zpQqzaR4NLOY+hEeCRYygo2V2o1BWpnOB8WSW3aXQJvEy0gJMjQHxa/+UJIkosIQjrXueW5s/BQrwwin80I/0TTGZIJHtGepwBHVfrq8do6urDJEoVS2hEFL9fdEiiOtZ1FgOyNsxnrdW4j/eb3EhLd+ykScGCrIalGYcGQkWryOhkxRYvjMEkwUs7ciMsYKE2MDKtgQvPWXN0m7Uvaq5erDTal+l8WRhwu4hGvwoAZ1uIcmtIDAEzzDK7w50nlx3p2PVWvOyWbO4Q+czx9dzY8D</latexit>

C2v
<latexit sha1_base64="KbToalJbnxzo2HOQ9EagnmQIIbo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqQY9ELh4xkY8ENqRbulDptpu2S0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY1+d+e0KVZlI8mmlM/QgPBQsZwcZKrXo/vZ7M+sWSW3YXQOvEy0gJMjT6xa/eQJIkosIQjrXuem5s/BQrwwins0Iv0TTGZIyHtGupwBHVfrq4doYurDJAoVS2hEEL9fdEiiOtp1FgOyNsRnrVm4v/ed3EhLd+ykScGCrIclGYcGQkmr+OBkxRYvjUEkwUs7ciMsIKE2MDKtgQvNWX10nrquxVy9WHSql2l8WRhzM4h0vw4AZqcA8NaAKBJ3iGV3hzpPPivDsfy9ack82cwh84nz9fU48E</latexit>

C3v

<latexit sha1_base64="lCpZCDsYN9N8ZKTayTEz7rKy/PQ=">AAAB8nicbVDLSgMxFM34rPVVdekmWIQKUmZEqhuh6MZlBfuA6VAyaaYNzSRDckcoQz/DjQtF3Po17vwb03YW2npI4HDOvdx7T5gIbsB1v52V1bX1jc3CVnF7Z3dvv3Rw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Ubz8xbbiSjzBOWBCTgeQRpwSs5Cc3FfccS/vOeqWyW3VnwMvEy0kZ5Wj0Sl/dvqJpzCRQQYzxPTeBICMaOBVsUuymhiWEjsiA+ZZKEjMTZLOVJ/jUKn0cKW2/BDxTf3dkJDZmHIe2MiYwNIveVPzP81OIroOMyyQFJul8UJQKDApP78d9rhkFMbaEUM3trpgOiSYUbEpFG4K3ePIyaV1UvVq19nBZrt/mcRTQMTpBFeShK1RH96iBmogihZ7RK3pzwHlx3p2PeemKk/ccoT9wPn8AsKePlQ==</latexit>

p = (0, n, n)
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Finite-volume symmetry: In-flight lattices

Let’s take a look at the little group C3v

<latexit sha1_base64="5NUp/Enk01Y6EzHdk5qeXDKtMFE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcqMSHUjFN24rGAf0g4lk2ba0CQzJBmhDP0KNy4UcevnuPNvTNtZaOsJgcM593LvPUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ79VtPVGkWyQczjqkv8ECykBFsrPQYX5flmX2nvWLJrbgzoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n84WnqATq/RRGCn7pUEz9XdHioXWYxHYSoHNUC96U/E/r5OY8MpPmYwTQyWZDwoTjkyEptejPlOUGD62BBPF7K6IDLHCxNiMCjYEb/HkZdI8r3jVSvX+olS7yeLIwxEcQxk8uIQa3EEdGkBAwDO8wpujnBfn3fmYl+acrOcQ/sD5/AFhD49/</latexit>

p = (n, n, n)

<latexit sha1_base64="KbToalJbnxzo2HOQ9EagnmQIIbo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqQY9ELh4xkY8ENqRbulDptpu2S0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY1+d+e0KVZlI8mmlM/QgPBQsZwcZKrXo/vZ7M+sWSW3YXQOvEy0gJMjT6xa/eQJIkosIQjrXuem5s/BQrwwins0Iv0TTGZIyHtGupwBHVfrq4doYurDJAoVS2hEEL9fdEiiOtp1FgOyNsRnrVm4v/ed3EhLd+ykScGCrIclGYcGQkmr+OBkxRYvjUEkwUs7ciMsIKE2MDKtgQvNWX10nrquxVy9WHSql2l8WRhzM4h0vw4AZqcA8NaAKBJ3iGV3hzpPPivDsfy9ack82cwh84nz9fU48E</latexit>

C3v

<latexit sha1_base64="YGfnxrQgP+EqGilMmKdC3KOyLJs="></latexit>

Operation No. Class Label

identity 1 1
120

�
about diagonals connecting opposite vertices 2 C3

Plane of symmetry 3 �v

6

<latexit sha1_base64="zB+yv+fA6KvvuAgK3zuBveWDlHo="></latexit>

C3v E 2C3 3�v

A1 1 1 1
A2 1 1 �1
E 2 �1 0

Simpler character table
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Finite-volume symmetry: In-flight lattices

Different combinations of momenta and corresponding irreps

Lattices in flight do not preserve parity, they mix both positive and negative combinations

<latexit sha1_base64="aH5qfPzuMA1PuQuTCignvN4CugY="></latexit>

p Little Group Irreps
�
⇤
P
�

(0, 0, 0) Oh A1, A2, E, T1, T2

(n, 0, 0) C4v A1, A2, B1, B2, E
(n, n, 0) C2v A1, A2, B1, B2

(n, n, n) C3v A1, A2, E
(n,m, 0) C4 A1, A2

(n, n,m) C4 A1, A2

(n,m, k) C2 A
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Finite-volume symmetry: Subductions/reductions

There are an infinite number of irreps  in the continuum, but just a few on a lattice J

To identify which continuum states can occur in a particular irrep note that  is a subgroup of O SO(3)

Restricting the irreps of  labelled by  to rotations allowed by the lattice generates representations 
that are reducible 

SO(3) J

We generate these representations by subducing  into  irreps O(3) Oh

  is reducible under  or J O Oh

How? 
<latexit sha1_base64="3s8p/sUEe/0MrAuqeWQeSd5FfEo="></latexit>

n(↵)
J =

1

NG

X

k

nk�
(↵)
k �(J)

k

Number of operations
Irreducible

Reducible
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Finite-volume symmetry: Subductions/reductions

How? 

<latexit sha1_base64="aC1wqiM9CLIHVt+MfBk2KTf6UrI="></latexit>

A1 A2 E T1 T2

J = 0 1
J = 1 1
J = 2 1 1
J = 3 1 1 1
J = 4 1 1 1 1

...
...

...
...

...
...

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="3s8p/sUEe/0MrAuqeWQeSd5FfEo="></latexit>

n(↵)
J =

1

NG

X

k

nk�
(↵)
k �(J)

k

Number of operations
Irreducible

Reducible

J=0 1 1 1 1 1 

J=1 3 0 -1 1 -1 

J=2 5 -1 1 -1 1 
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Finite-volume symmetry: Subductions/reductions

 Clebsch-Gordan coefficientsSU(3)

Old friend

Subduction/reduction coefficients

How? 

Start with the meson operator in the continuum 

Subduce it according to the irrep 

<latexit sha1_base64="I8Rjl+00sINtPqVhJY4j/W9Ct6I="></latexit>

O
Jm
F⌫ (~p, t) =

X

~x

ei~p·~xC

✓
3 3 F
⌫1 ⌫2 ⌫

◆

SU(3)

 ̄µ(~x, t)�
Jm(t) µ(~x, t)

Group projection formula 

<latexit sha1_base64="jyfbmll49JcnRTDmPwKGCR+AqFo="></latexit>

O
⇤,µ;[J]
F⌫ =

d⇤
gG

X

R2G

�⇤µ
M (R)

X

M 0

RMM 0O
JM 0

F⌫

<latexit sha1_base64="24ID41o+D6yLuVN/weG2jiK7pP4="></latexit>

O
⇤,µ;[J]
F⌫ =

X

M 0

S
⇤,µ;[J]
M 0 O

JM 0

F⌫ S
⇤,µ;[J]
M 0 =

d⇤
gG

X

R2G

�⇤µ
M (R)RMM 0
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Finite-volume symmetry: Subductions/reductions

Group projection formula 

Irrep d

order (24/48) Representation of R in Λ

Trivial example,  into  irrep: J = 0 A1

<latexit sha1_base64="LAvXmqEJiZp8s04D87hP0Is5tZA=">AAACE3icbVDLSgMxFM34rPU16tJNsAitizIjUt0IRV2IUKjFPqCdDpk004ZmHiQZoQzzD278FTcuFHHrxp1/Y9oOoq0HLpyccy+59zgho0Iaxpe2sLi0vLKaWcuub2xubes7uw0RRByTOg5YwFsOEoRRn9QllYy0Qk6Q5zDSdIaXY795T7iggX8nRyGxPNT3qUsxkkqy9aOaHVdgpRt3Qk49kiTnV0r4ecJK0o3zN4UkXyvYes4oGhPAeWKmJAdSVG39s9MLcOQRX2KGhGibRiitGHFJMSNJthMJEiI8RH3SVtRHHhFWPLkpgYdK6UE34Kp8CSfq74kYeUKMPEd1ekgOxKw3Fv/z2pF0z6yY+mEkiY+nH7kRgzKA44Bgj3KCJRspgjCnaleIB4gjLFWMWRWCOXvyPGkcF81SsXR7kitfpHFkwD44AHlgglNQBtegCuoAgwfwBF7Aq/aoPWtv2vu0dUFLZ/bAH2gf39lFnYE=</latexit>

RMM 0 = D(J)
M 0M (R)Where 

Semi-trivial example,  into  irrep: J = 1 T1

<latexit sha1_base64="guwfxdCT3nJWOM/OdT61+l82SmE="></latexit>

O
A1,µ;[0]
F⌫ =

1

24
⇥ 24⇥ 1OJM 0

F⌫ = O
JM 0

F⌫

(α, β, γ)

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="jyfbmll49JcnRTDmPwKGCR+AqFo="></latexit>

O
⇤,µ;[J]
F⌫ =

d⇤
gG

X

R2G

�⇤µ
M (R)

X

M 0

RMM 0O
JM 0

F⌫

<latexit sha1_base64="24ID41o+D6yLuVN/weG2jiK7pP4="></latexit>

O
⇤,µ;[J]
F⌫ =

X

M 0

S
⇤,µ;[J]
M 0 O

JM 0

F⌫ S
⇤,µ;[J]
M 0 =

d⇤
gG

X

R2G

�⇤µ
M (R)RMM 0
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Finite-volume symmetry: Subductions/reductions

Group projection formula 

Irrep d

order (24/48) Representation of R in Λ

Trivial example,  into  irrep: J = 0 A1

<latexit sha1_base64="LAvXmqEJiZp8s04D87hP0Is5tZA=">AAACE3icbVDLSgMxFM34rPU16tJNsAitizIjUt0IRV2IUKjFPqCdDpk004ZmHiQZoQzzD278FTcuFHHrxp1/Y9oOoq0HLpyccy+59zgho0Iaxpe2sLi0vLKaWcuub2xubes7uw0RRByTOg5YwFsOEoRRn9QllYy0Qk6Q5zDSdIaXY795T7iggX8nRyGxPNT3qUsxkkqy9aOaHVdgpRt3Qk49kiTnV0r4ecJK0o3zN4UkXyvYes4oGhPAeWKmJAdSVG39s9MLcOQRX2KGhGibRiitGHFJMSNJthMJEiI8RH3SVtRHHhFWPLkpgYdK6UE34Kp8CSfq74kYeUKMPEd1ekgOxKw3Fv/z2pF0z6yY+mEkiY+nH7kRgzKA44Bgj3KCJRspgjCnaleIB4gjLFWMWRWCOXvyPGkcF81SsXR7kitfpHFkwD44AHlgglNQBtegCuoAgwfwBF7Aq/aoPWtv2vu0dUFLZ/bAH2gf39lFnYE=</latexit>

RMM 0 = D(J)
M 0M (R)Where 

Semi-trivial example,  into  irrep: J = 1 T1

<latexit sha1_base64="guwfxdCT3nJWOM/OdT61+l82SmE="></latexit>

O
A1,µ;[0]
F⌫ =

1

24
⇥ 24⇥ 1OJM 0

F⌫ = O
JM 0

F⌫

(α, β, γ)

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="jyfbmll49JcnRTDmPwKGCR+AqFo="></latexit>

O
⇤,µ;[J]
F⌫ =

d⇤
gG

X

R2G

�⇤µ
M (R)

X

M 0

RMM 0O
JM 0

F⌫

<latexit sha1_base64="7st3IZ1vlSIRMniGaz3wOa1ciQU="></latexit>

ST1,µ;[1]
M 0 =

0

@
1 0 0
0 1 0
0 0 1

1

A

<latexit sha1_base64="24ID41o+D6yLuVN/weG2jiK7pP4="></latexit>

O
⇤,µ;[J]
F⌫ =

X

M 0

S
⇤,µ;[J]
M 0 O

JM 0

F⌫ S
⇤,µ;[J]
M 0 =

d⇤
gG

X

R2G

�⇤µ
M (R)RMM 0
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Finite-volume symmetry: Subductions/reductions

Group projection formula 

<latexit sha1_base64="24ID41o+D6yLuVN/weG2jiK7pP4="></latexit>

O
⇤,µ;[J]
F⌫ =

X

M 0

S
⇤,µ;[J]
M 0 O

JM 0

F⌫ S
⇤,µ;[J]
M 0 =

d⇤
gG

X

R2G

�⇤µ
M (R)RMM 0

ALTERNATIVE METHOD: combine lower momenta to produce the higher subduction coefficients 

<latexit sha1_base64="so+ETVPhtl9sPIyfAbjg4FHbGxM="></latexit>

SJ,M
⇤,� = N

X

�1,�2

X

m1,m2

C

✓
⇤ ⇤1 ⇤2

� �1 �2

◆

O

SJ1,m1

⇤1,�1
SJ2,m2

⇤2,�2
hJ1,m1; J2,m2 | J,Mi

<latexit sha1_base64="38lUEanMzJFJoTQl6vqQJJ5KHAM=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaZIdVl048JFBfuATimZNNOGZpIhuaOUoZ/hxl9x40IRt935N6YPRVsPBA7nnEvuPUEsuAHX/XSWlldW19YzG9nNre2d3dzefs2oRFNWpUoo3QiIYYJLVgUOgjVizUgUCFYP+ldjv37PtOFK3sEgZq2IdCUPOSVgpXbu1L+x4Q5pe9hXwCNm8LdSxL7m3R4QrdXDj5rLuwV3ArxIvBnJoxkq7dzI7yiaREwCFcSYpufG0EqJBk4FG2b9xLCY0D7psqalktgVWunksCE+tkoHh0rbJwFP1N8TKYmMGUSBTUYEembeG4v/ec0EwotWymWcAJN0+lGYCAwKj1vCHa4ZBTGwhFDN7a6Y9ogmFGyXWVuCN3/yIqkVC16pULo9y5cvZ3Vk0CE6QifIQ+eojK5RBVURRY/oGb2iN+fJeXHenY9pdMmZzRygP3BGX6+Qn5Y=</latexit>

⇤1 ⌦ ⇤2 ! ⇤

Clebsch-Gordan

<latexit sha1_base64="cVaiznS1pjR2ClRDfoTZNHibiZI=">AAAB7HicbVBNT8JAEJ3iF+JX1aOXjcQEL6RVgx6JXryJ0QIJNGS7bGHDdtvsbk1Iw2/w4kFjvPqDvPlvXKAHBV8yyct7M5mZFyScKe0431ZhZXVtfaO4Wdra3tnds/cPmipOJaEeiXks2wFWlDNBPc00p+1EUhwFnLaC0c3Ubz1RqVgsHvU4oX6EB4KFjGBtJO/hrnJ+2rPLTtWZAS0TNydlyNHo2V/dfkzSiApNOFaq4zqJ9jMsNSOcTkrdVNEEkxEe0I6hAkdU+dns2Ak6MUofhbE0JTSaqb8nMhwpNY4C0xlhPVSL3lT8z+ukOrzyMyaSVFNB5ovClCMdo+nnqM8kJZqPDcFEMnMrIkMsMdEmn5IJwV18eZk0z6purVq7vyjXr/M4inAEx1ABFy6hDrfQAA8IMHiGV3izhPVivVsf89aClc8cwh9Ynz+H+Y3d</latexit>

SO(3) Clebsch-Gordan
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Questions? — Some water?

Next: The GEVP!!
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<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

Euclidean time

We determine these energies from fitting the 
temporal evolution of the system

5 10 15 20 25 30
t

0.075

0.080

0.085

0.090

meff

5 10 15 20 25 30
t

0.2

0.4

0.6

0.8

1.0

C(t)

<latexit sha1_base64="mYQm7IbfWkFJdmhECk1BXzTRxGU=">AAACIHicbVDJSgNBEO1xjXGLevTSGIQEIcyIGi9CMBePEYwKmSH0dGqSxp6F7hoxDPMpXvwVLx4U0Zt+jZ3l4Pagisd7VXTX8xMpNNr2hzUzOze/sFhYKi6vrK6tlzY2L3WcKg5tHstYXftMgxQRtFGghOtEAQt9CVf+TXPkX92C0iKOLnCYgBeyfiQCwRkaqVuqh93MRbjDDIIgz+kJlXGfuhIC7FA3UIxnzQpW81Hfc6o5dZXoD9Drlsp2zR6D/iXOlJTJFK1u6d3txTwNIUIumdYdx07Qy5hCwSXkRTfVkDB+w/rQMTRiIWgvGx+Y012j9GgQK1MR0rH6fSNjodbD0DeTIcOB/u2NxP+8TorBsZeJKEkRIj55KEglxZiO0qI9oYCjHBrCuBLmr5QPmEkFTaZFE4Lz++S/5HK/5hzVDs8Pyo3TaRwFsk12SIU4pE4a5Iy0SJtwck8eyTN5sR6sJ+vVepuMzljTnS3yA9bnF5QaopU=</latexit>

me↵ = log


C(t)

C(t+ 1)

�
Ground state

Single exponential

Multiple exponentials
<latexit sha1_base64="ca3m4JNAX50EQfbwloWCy7gl33o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpqIVJdFN90IFewD2hgm00k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jxcLrsCyvo3Cyura+kZxs7S1vbO7Z+6X2ypKJGUtGolIdj2imOAhawEHwbqxZCTwBOt445up33lkUvEovIdJzJyADEPuc0pAS65ZZg/pKccNDO7tWX/kEZm5ZsWqWjPgZWLnpIJyNF3zqz+IaBKwEKggSvVsKwYnJRI4FSwr9RPFYkLHZMh6moYkYMpJZ7dn+FgrA+xHUlcIeKb+nkhJoNQk8HRnQGCkFr2p+J/XS8C/clIexgmwkM4X+YnAEOFpEHjAJaMgJpoQKrm+FdMRkYSCjqukQ7AXX14m7fOqXavW7i4q9es8jiI6REfoBNnoEtVRAzVRC1H0hJ7RK3ozMuPFeDc+5q0FI585QH9gfP4AnF2Tiw==</latexit>

e�iHtM/~

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="leFcRiDetjuuMqpuil4+094Y5DE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8uMSHUjVEVwWcE+oB2HTJq2oZnMkNwRytiFv+LGhSJu/Q13/o1pOwttPXDJ4Zx7uTcniAXX4Djf1tz8wuLScm4lv7q2vrFpb23XdJQoyqo0EpFqBEQzwSWrAgfBGrFiJAwEqwf9q5Fff2BK80jewSBmXki6knc4JWAk3949b+kk9CW+MMXu06Nr88LQtwtO0RkDzxI3IwWUoeLbX612RJOQSaCCaN10nRi8lCjgVLBhvpVoFhPaJ13WNFSSkGkvHd8/xAdGaeNOpExJwGP190RKQq0HYWA6QwI9Pe2NxP+8ZgKdMy/lMk6ASTpZ1EkEhgiPwsBtrhgFMTCEUMXNrZj2iCIUTGR5E4I7/eVZUjsuuqVi6fakUL7M4sihPbSPDpGLTlEZ3aAKqiKKHtEzekVv1pP1Yr1bH5PWOSub2UF/YH3+AIZXlSk=</latexit>

=
X

n

Ane
�Ent

Lets study the temporal evolution of a single particle

Pions on the lattice
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Generalized eigenvalue problem

What is a pion??
<latexit sha1_base64="+eQV1YnjW5fy0heTYiT+7+NWhQg="></latexit>

u�5d̄ u�0�5d̄ u�5�d̄ |"ijk| |"klm|u�jrlrmd̄

All of these combinations couple to the “pion state”

What is the optimal combination of states to create a pion?

The one that flattens the effective mass calculation the most

The faster we reach plateau, the more precise it is

On the same lattice, the same operator couples to different states

<latexit sha1_base64="qKDWKAfAug6N/nfQ1ddD2LDVeus=">AAACHHicbVC7SgNBFJ31bXxFLW0Gg2AVdlWipWhjp4J5QDaGu5ObdXB2dp2ZFcKaD7HxV2wsFLGxEPwbJ8kWmnhg4HDOucy9J0gE18Z1v52p6ZnZufmFxcLS8srqWnF9o6bjVDGssljEqhGARsElVg03AhuJQogCgfXg9nTg1+9RaR7LK9NLsBVBKHmXMzBWahf3fQEyFEh9NPBA/QjMDQORnfev/Q6EISr6QF1f5SGJd9RtF0tu2R2CThIvJyWS46Jd/PQ7MUsjlIYJ0LrpuYlpZaAMZwL7BT/VmAC7hRCblkqIULey4XF9umOVDu3Gyj5p6FD9PZFBpHUvCmxysLwe9wbif14zNd2jVsZlkhqUbPRRNxXUxHTQFO1whcyIniXAFLe7UnYDCpixfRZsCd74yZOktlf2KuXK5UHp+CSvY4FskW2ySzxySI7JGbkgVcLII3kmr+TNeXJenHfnYxSdcvKZTfIHztcP9nShRw==</latexit>

h⌘|O†
|0i 6= 0

<latexit sha1_base64="fLdcmHEGqhCKcShWb/zIgnYamag=">AAACHXicbVC7SgNBFJ31bXxFLW0Gg2gVdiVEy6CNnRFMImRjuDu5WQdnZ9eZWSGs+REbf8XGQhELG/FvnCRb+DowcDjnXObeEySCa+O6n87U9Mzs3PzCYmFpeWV1rbi+0dRxqhg2WCxidRGARsElNgw3Ai8ShRAFAlvB9fHIb92i0jyW52aQYCeCUPI+Z2Cs1C1WfAEyFEh9NLB7R/0IzBUDkZ0OL/0ehCEqekddX+UpiTfU7RZLbtkdg/4lXk5KJEe9W3z3ezFLI5SGCdC67bmJ6WSgDGcChwU/1ZgAu4YQ25ZKiFB3svF1Q7pjlR7tx8o+aehY/T6RQaT1IApscrS8/u2NxP+8dmr6h52MyyQ1KNnko34qqInpqCra4wqZEQNLgClud6XsChQwYwst2BK83yf/Jc39slctV88qpdpRXscC2SLbZI945IDUyAmpkwZh5J48kmfy4jw4T86r8zaJTjn5zCb5AefjC2F8oXg=</latexit>

h⌘0|O†
|0i 6= 0
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<latexit sha1_base64="m2w6nf6zdVrVrBpI/QegtKhHgLg="></latexit>

Cij(t) =
X

n

h0 |Oi(0)|ni hn |Oj(0)| 0i e
�Ent

Generalized eigenvalue problem

<latexit sha1_base64="C6nxu7cSXoPUoPd7as+gco4p8u8=">AAACEXicbVDLSgMxFM3UV62vqks3wSIUkTIjUt0IBTfuWsE+oDMdMmnahiaZIckUyjDgF7jxV9y4UMStO3f+jeljoa0HLhzOuZd77wkiRpW27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCUmdRyyULYCpAijgtQ11Yy0IkkQDxhpBsObid8cEaloKO71OCIeR31BexQjbSQ/X3SrnPRRR1y7KuY+hSOfdhLhnp2m0OVIDzBiSTX1qZ8v2CV7CrhMnDkpgDlqfv7L7YY45kRozJBSbceOtJcgqSlmJM25sSIRwkPUJ21DBeJEecn0oxSeGKULe6E0JTScqr8nEsSVGvPAdE6OVIveRPzPa8e6d+UlVESxJgLPFvViBnUIJ/HALpUEazY2BGFJza0QD5BEWJsQcyYEZ/HlZdI4LznlUvnuolCpPMziyIIjcAyKwAGXoAJuQQ3UAQaP4Bm8gjfryXqx3q2PWWvGmkd4CP7A+vwBWAWdxA==</latexit>

⌦n =
X

i

vn ⇤
i Oi

<latexit sha1_base64="RiSyWXVWrtggKUM1q58dw+S3Pls="></latexit>⌦
0
��⌦n(t)⌦n †(0)

�� 0
↵
=

X

n

h0|⌦n(0)|ni
⌦
n
��⌦n †(0)

�� 0
↵
e�Ent =

X

n

��⌦n
��⌦n †(0)

�� 0
↵��2 e�Ent

First, given N operator, we produce the NxN matrix containing all possible combinations

Remember

Our goal is to construct an ideal operator that couplings mostly to the state of interest

Linear combination of operators

The modulus of this operator can be calculated as

If 
<latexit sha1_base64="wGUIaiWCbGm6zWxrEx5p+0b7gbY="></latexit>��⌦n

��⌦n†(0)
�� 0

↵��2 = �nm
<latexit sha1_base64="QYYRCtDq9pz5P9Du6whqCSuYZgQ="></latexit>⌦
0
��⌦n(t)⌦n†(0)

�� 0
↵
/ e�Emt

Desired behavior
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Generalized eigenvalue problem

The modulus of this operator can be calculated as

If 

Desired behavior

Our local minima in the vector space of linear combinations produce the desired operator

Note that

The must normalize our states so that

<latexit sha1_base64="nEEHZ9DY3oTpwysycyQop/0b/ik="></latexit>X

i,j

vn ⇤
i h0 |Oi (t0)Oj(0)| 0i v

n
j = Nn

<latexit sha1_base64="YpQIyL8Wj1B0oF26yFcb+UddurI="></latexit>��⌦n
��⌦m†(0)

�� 0
↵��2 = �nm

<latexit sha1_base64="cqzBDVFjacU4H06tLV1uiycQ/bA="></latexit>⌦
0
��⌦m(t)⌦m†(0)

�� 0
↵
/ e�Emt

<latexit sha1_base64="02DwbW97yCn118f8Iyg6rqnsXNQ="></latexit>��⌦n
��⌦m†(0)

�� 0
↵��2 � 0

<latexit sha1_base64="wesCgKzLocCj6MUVookHhgClYDU="></latexit>⌦
0
��⌦m(t)⌦m†(0)

�� 0
↵
=

X

n

h0 |⌦m(0)|ni
⌦
n
��⌦m†(0)

�� 0
↵
e�Ent =

X

n

��⌦n
��⌦m†(0)

�� 0
↵��2 e�Ent
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Generalized eigenvalue problem

Therefore we have an optimization problems with constraints  Lagrange multipliers→
<latexit sha1_base64="rGjcLV7BM5PlFM2e8NdtYTakFgo="></latexit>⌦
0
��⌦n(t)⌦n †(0)

�� 0
↵
=

X

i,j

vn ⇤
i h0 |Oi(t)Oj(0)| 0i v

n
j =

X

i,j

vn ⇤
i Cij(t)v

n
j

<latexit sha1_base64="nEEHZ9DY3oTpwysycyQop/0b/ik="></latexit>X

i,j

vn ⇤
i h0 |Oi (t0)Oj(0)| 0i v

n
j = Nn

Minimize

Constraint

These are functions of  and t t0

<latexit sha1_base64="rnL3ZWp0w0ChIVKdZ3ftFtBMaMA="></latexit>

0 = @⇤
@vn ⇤

i
=

P
j [Cij(t)� �nCij (t0)] vnj

Minimize with respect to the coefficients to get

<latexit sha1_base64="/93ICjqf97Oxs30bwpQXKMNsty4=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoQeqMSHUjFLtxWcE+oNOWTJppQzOZIblTKKWf4cZfceNCEbfd+Temj4VWDwQO55zLzT1+LLgGx/myUmvrG5tb6e3Mzu7e/oF9eFTTUaIoq9JIRKrhE80El6wKHARrxIqR0Bes7g/KM78+ZErzSD7CKGatkPQkDzglYKSOfVHOQR4P2/LWE2aqS9oyB+fQcfK47AkWQM5wT/FefxHr2Fmn4MyB/xJ3SbJoiUrHnnrdiCYhk0AF0brpOjG0xkQBp4JNMl6iWUzogPRY01BJQqZb4/lhE3xmlC4OImWeBDxXf06MSaj1KPRNMiTQ16veTPzPayYQ3LTGXMYJMEkXi4JEYIjwrCXc5YpRECNDCFXc/BXTPlGEgukyY0pwV0/+S2qXBbdYKD5cZUt3yzrS6ASdohxy0TUqoXtUQVVE0RN6QW/o3Xq2Xq0P63MRTVnLmWP0C9b0G5ghnko=</latexit>

C(t)vn = �n(t, t0)C (t0) v
n

<latexit sha1_base64="Bh8bXhTR4F2nRQTE93NABir0kIs="></latexit>

⇤ (vn1 , · · · , vnm, · · · ,�n) =
X

i,j

vn⇤i Cij(t)v
n
j � �n

2

4
X

i,j

vn⇤i Cij (t0) v
n
j �Nn

3

5 =
X

i,j

vn⇤i [Cij(t)� �nCij (t0)] v
n
j

+�nNn

<latexit sha1_base64="Bh8bXhTR4F2nRQTE93NABir0kIs="></latexit>

⇤ (vn1 , · · · , vnm, · · · ,�n) =
X

i,j

vn⇤i Cij(t)v
n
j � �n

2

4
X

i,j

vn⇤i Cij (t0) v
n
j �Nn

3

5 =
X

i,j

vn⇤i [Cij(t)� �nCij (t0)] v
n
j

+�nNn
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Properties of the GEVP

<latexit sha1_base64="XesnL1RQMGWJKLjFmWa+ugpn3Vw="></latexit>

Cij(t) = h0 |Oi(t)Oj(0)| 0i =
X

n

Zn⇤
i Zn

j

2En
e�Ent

Lets move back to the spectral decomposition of the correlates

Using the GEVP equivalence

Sums of exponentials

<latexit sha1_base64="k6KHasetdANQp8pOndF8gKPEfD4="></latexit>

C(t)vn ⇠ A0e�Ent +A1e�Emt

Assume that our projection onto the desired state is almost perfect

We have our main exponential plus some small contamination

<latexit sha1_base64="mxP68lhvKZnQhxG4H537qidZPHU="></latexit>

Cij(t)v
m
j =

X

n

1

2En
Zn⇤
i Zn

j v
m
j e�Ent = �m(t, t0)Cij (t0) v

m
j =

X

n

1

2En
Zn⇤
i Zn

j v
m
j �m(t, t0)e

�Ent0
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Properties of the GEVP

<latexit sha1_base64="DbDn//b+O1hpyzgTfSGAptaawys="></latexit>

A0e�Ent +A1e�Emt = �n(t, t0)(A0e�Ent0 +A1e�Emt0)

Using again the GEVP relation

<latexit sha1_base64="yY45YgEgVHrzBjjgeGwXmy92H3A="></latexit>

�n(t, t0) =
A0e�Ent +A1e�Emt

A0e�Ent0 +A1e�Emt0

We get

<latexit sha1_base64="jq43PUuqdeBJHh5TQCi4ZSX75ds="></latexit>

�n(t, t0) =
A0e�Ent +A1e�Emt

A0e�Ent0 +A1e�Emt0
⇠ (1�A0

1)e
�En(t�t0) +A0

1e
�Em(t�t0)

Remember now that A1 < < A0

Where (homework)

Contamination term decreases exponentially with t0

<latexit sha1_base64="Qq3PqfpJYKp1xIJMAnQZHrxba3o="></latexit>

A0
1 =

A1

A0
e�(Em�En)t0
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GEVP optimized operators

<latexit sha1_base64="gYBKUubmzZPFyud/UrPtYUefqzY=">AAACEXicbZDLSsNAFIYnXmu9RV26CRahq5KIVDdC0Y0rqWAv0MQwmU7aoZNJnJkUypBXcOOruHGhiFt37nwbJ20W2vrDwMd/zmHO+YOEEiFt+9tYWl5ZXVsvbZQ3t7Z3ds29/baIU45wC8U05t0ACkwJwy1JJMXdhGMYBRR3gtFVXu+MMRckZndykmAvggNGQoKg1JZvVlOf3LMLN+QQqXHOmXLFA5fKjaAcIkjVTabNzDcrds2eyloEp4AKKNT0zS+3H6M0wkwiCoXoOXYiPQW5JIjirOymAicQjeAA9zQyGGHhqelFmXWsnb4Vxlw/Jq2p+3tCwUiISRToznxNMV/Lzf9qvVSG554iLEklZmj2UZhSS8ZWHo/VJxwjSScaIOJE72qhIdThSB1iWYfgzJ+8CO2TmlOv1W9PK43LIo4SOARHoAoccAYa4Bo0QQsg8AiewSt4M56MF+Pd+Ji1LhnFzAH4I+PzB8JvnuQ=</latexit>

un
i =

vnip
Nn

Although the should be constants in time, in practice, our vectors exhibit some noise around the plateau

We first must fit these values to a constant, once our problem has converge to the plateau region

We can then define our optimized operator as

<latexit sha1_base64="1+tA47CjwnSjeYi6nZwskfbb/Ps="></latexit>

⌦n = e�Ent0/2
X

i

un⇤
i Oi

We remove the residual  dependencet0
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Properties of the GEVP

In theory, if  is large enough thent0 Blossier et al. (2009) 0902.1265

<latexit sha1_base64="wv5qI7xWSXS39EdvBg++8c7pu7Y="></latexit>

Ee↵
n (t, t0) = a�1

log
�n

(t, t0)

�n (t+ a, t0)
= En +O

�
e
��EN+1,nt

�

<latexit sha1_base64="DRtL0IP4ciBLTNEYwSwqwHBWqHw="></latexit>

Ee↵
n (t, t0) = En + "n (t, t0)

<latexit sha1_base64="kvyQjeVQ/n/p/l/cSw7Dlk9WSlc="></latexit>

"n (t, t0) = O
�
e
��EN+1,nt

�
�Em,n = Em � En

Given N contiguous states in our basis of operators, the contamination should come from higher up 

The mass can therefore be obtained with a very high degree of accuracy

In practice, if the basis of operators is pretty large (redundant) then results should not depend much on t0
<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

<latexit sha1_base64="CUIO2UmsDbbj8ls7+8ICuhoTcac=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwemjaY=</latexit>

t0

<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

<latexit sha1_base64="CUIO2UmsDbbj8ls7+8ICuhoTcac=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwemjaY=</latexit>

t0
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Solving the GEVP

<latexit sha1_base64="7tvoVYMjKIfTEVW1888hUYIf06E="></latexit>

Q (t0)
�1 C (t)Q† (t0)

�1 vn = �n (t, t0) v
n Q (t0)Q

† (t0) = C (t0)

1- First, assume  is positive definite, we then defineC(t0)
<latexit sha1_base64="7tvoVYMjKIfTEVW1888hUYIf06E="></latexit>

Q (t0)
�1 C (t)Q† (t0)

�1 vn = �n (t, t0) v
n Q (t0)Q

† (t0) = C (t0)

2- We can now transform the problem into a simpler, ordinary eigenvalue problem for a fixed  valuet0

3- We can now solve the eigenvalue problem numerically to produce data for , for every λ(t, t0) t

4- We fit these data using a correlated penalty function 

<latexit sha1_base64="LsJ9h3HBuvo8E3ACRVSY6hHpUfU="></latexit>

�2
n =

X

i,j

( \�(ti, t0)n � �(ti, t0))⌃
�1
ij ( \�(tj , t0)n � �(tj , , t0))
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Solving the GEVP

4- We fit these data using a correlated penalty function 
<latexit sha1_base64="LsJ9h3HBuvo8E3ACRVSY6hHpUfU="></latexit>

�2
n =

X

i,j

( \�(ti, t0)n � �(ti, t0))⌃
�1
ij ( \�(tj , t0)n � �(tj , , t0))
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A
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Is  always invertible?C(t0)
No!!

 can have eigenvalues that are compatible with zero for two reasonsC(t0)

1- Numerical noise: Remember that our signal-to-ratio decreases exponentially (typically) with increasing t

2- Linearly dependent vectors: This is produced when we use two operators in the basis that are highly correlated



89

Is  always invertible?C(t0)
No!!

 can have eigenvalues that are compatible with zero for two reasonsC(t0)

1- Numerical noise: Remember that our signal-to-ratio decreases exponentially (typically) with increasing t

2- Linearly dependent vectors: This is produced when we use two operators in the basis that are highly correlated
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Notice the redundancy in this case
I=0  scatteringππ



90

GEVP solution as variational method
Given a collection of operators, how do we pick the best combination

□□ □ □
□ □

□ □
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Remember the variational method, for any given state  of the hamiltonian|ψ⟩
<latexit sha1_base64="4fvD6dd785QEpvspHXIKy+xZZ5s=">AAACMnicbZBNS8MwGMfT+TbnW9Wjl+AQPI1WZHocijBvE9wLrKWkWbqFpWlNUmF0+0xe/CSCBz0o4tUPYdb14DYfCPz4/58nyfP3Y0alsqw3o7Cyura+UdwsbW3v7O6Z+wctGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvD66nffiRC0ojfq1FM3BD1OQ0oRkpLnnl741lOnzxAJxAIpw5DvM8IdGJJ4bg+noEjMnWyYM+bnlm2KlZWcBnsHMogr4Znvji9CCch4QozJGXXtmLlpkgoivV9JSeRJEZ4iPqkq5GjkEg3zVaewBOt9GAQCX24gpn6dyJFoZSj0NedIVIDuehNxf+8bqKCSzelPE4U4Xj2UJAwqCI4zQ/2qCBYsZEGhAXVf4V4gHR2Sqdc0iHYiysvQ+usYlcr1bvzcu0qj6MIjsAxOAU2uAA1UAcN0AQYPIFX8AE+jWfj3fgyvmetBSOfOQRzZfz8Av1kqqk=</latexit>

E0 � h |H| i
h | i

In principle, we look for bases that can saturate this bound from above

We also need some redundancy to decrease the contamination effects

Good bases will show some stability for the levels produced
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Quantum mechanical time evolution

<latexit sha1_base64="WKeQ9Qh/sVwMVYRlWmkxB7Vp+q8="></latexit>X

n

e
�Ent h0 |Of(0)| ni hn|O†

i (0)|0i
<latexit sha1_base64="8NwSDqrHX5H2Co5IsF01LOrZ1tQ=">AAACEnicbVDLSsNAFJ34rPUVdelmsAjtpiQi1WXRjbtWsA9oaphMb9Khk0mYmQil9Bvc+CtuXCji1pU7/8bpY6GtBy4czrmXe+8JUs6Udpxva2V1bX1jM7eV397Z3du3Dw6bKskkhQZNeCLbAVHAmYCGZppDO5VA4oBDKxhcT/zWA0jFEnGnhyl0YxIJFjJKtJF8u+RxIiIOuOaHRV3CtXuvR6IIpM+KTsmTM9NTLPbtglN2psDLxJ2TApqj7ttfXi+hWQxCU06U6rhOqrsjIjWjHMZ5L1OQEjogEXQMFSQG1R1NXxrjU6P0cJhIU0Ljqfp7YkRipYZxYDpjovtq0ZuI/3mdTIeX3RETaaZB0NmiMONYJ3iSD+4xCVTzoSGESmZuxbRPJKHapJg3IbiLLy+T5lnZrZQrt+eF6tU8jhw6RieoiFx0garoBtVRA1H0iJ7RK3qznqwX6936mLWuWPOZI/QH1ucPKgGcjg==</latexit>

hOf (t)O
†
i (0)i ⇠<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡

<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡

What’s next!!

Extract En → sn

<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡
<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡

Time is imaginary

Short-distance dynamics Full scattering amplitude
<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s

General

Known kinematic function

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡
<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡
<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="3uvfApHHk3zb4uwxeNgIsjZ/IrQ="></latexit>

det
⇥
F�1 (En, L) +K(sn)

⇤
= 0

Spectroscopy in lattice QCD

<latexit sha1_base64="VW6pQRxUlyAjF80J4k3DzfWqXcs=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZD9GLGBTBYwJmgWQIPZ2apE3PQnePEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevpuJUMqyyWMSy4VOFgkdY1VwLbCQSaegLrPv9q3Fev0epeBzd6kGCXki7EQ84o9pYlet2Lu8UnInIIrgzyF982OfJ+5ddbuc+W52YpSFGmgmqVNN1Eu0NqdScCRzZrVRhQlmfdrFpMKIhKm84GXREjozTIUEszYs0mbi/O4Y0VGoQ+qYypLqn5rOx+V/WTHVw5g15lKQaIzb9KEgF0TEZb006XCLTYmCAMsnNrIT1qKRMm9vY5gju/MqLUDspuMVCseLkS5cwVRYO4BCOwYVTKMENlKEKDBAe4AmerTvr0XqxXqelGWvWsw9/ZL39APwGkBE=</latexit>

E

<latexit sha1_base64="YcYt5EVzQ6bXzvVw+SZWiZI0Zag=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhzCdnC0ItOLMPSieJngXmCtJc3SLSxtSpIKo+wzePGrePGgiFdP3vw2Zl0PuvmHwC//53lInr8fMyqVZX0bC4tLyyurhbXi+sbm1ra5s9uSPBGYNDFnXHR8JAmjEWkqqhjpxIKg0Gek7Q8vJ/X2AxGS8uhOjWLihqgf0YBipLTlmRV1f+05hLGyrJw7gUA4vdE4Tu0jCh0x4PoCM8czS1bVygTnwc6hBHI1PPPL6XGchCRSmCEpu7YVKzdFQlHMyLjoJJLECA9Rn3Q1Rigk0k2zlcbwUDs9GHChT6Rg5v6eSFEo5Sj0dWeI1EDO1ibmf7VuooIzN6VRnCgS4elDQcKg4nCSD+xRQbBiIw0IC6r/CvEA6VyUTrGoQ7BnV56H1nHVrlVrtyel+kUeRwHsgwNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/yR8fkDGcqb2g==</latexit>

tI` (s) =
K(s)

1� i⇢(s)K(s)
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Questions?
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Two-particle operators for lattice at rest

Consider two identical particles, with back-to-back momentum 

Momentum directions related by rotations are classified by  Ω(p)

Can make a set of operators,  from  and these form a (reducible) representation of  {ϕ(p)} Ω Oh

<latexit sha1_base64="eOpDuXkc2MioUpBMyau6oqr98Vk=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VoIYREpLoRim5cVrAPaEKZTCft0MmDmYlQQv/Cjb/ixoUibnXn3zhJs6itB4Y559x7mbnHixkV0rJ+tNLa+sbmVnm7srO7t3+gHx51RJRwTNo4YhHveUgQRkPSllQy0os5QYHHSNeb3Gb17iPhgkbhg5zGxA3QKKQ+xUgqa6CbTjym106aXTXbsAyrbsBcWIa9KJSsO7OBXrVMKwdcJXZBqqBAa6B/O8MIJwEJJWZIiL5txdJNEZcUMzKrOIkgMcITNCJ9RUMUEOGm+V4zeKacIfQjrk4oYe4uTqQoEGIaeKozQHIslmuZ+V+tn0j/yk1pGCeShHj+kJ8wKCOYhQSHlBMs2VQRhDlVf4V4jDjCUkVZUSHYyyuvks65aTfMxv1FtXlTxFEGJ+AU1IANLkET3IEWaAMMnsALeAPv2rP2qn1on/PWklbMHIM/0L5+AZLrmyk=</latexit>

� = {�(1, 0, 0),�(0, 1, 0),�(0, 0, 1)}

Reduces into  A1 ⊕ E

<latexit sha1_base64="/PvLiJT9xmwjMAPyOH9UjGD8Ebw="></latexit>

p irreducible content
(0, 0, 0) A1

(1, 0, 0) A1 � E
(1, 1, 0) A1 � E � T2

(1, 1, 1) A1 � T2

We can, once again, build operators based on group construction and inductions+subductions 

<latexit sha1_base64="eGuMThv51TgcAHA4hOlnSOfHvvc="></latexit>

O
⇤µ
F ⌫

⇣
~P , t; [p1, p2]

⌘
=

X

⌫1,⌫2
µ1,µ2

C

✓
F 1 F 2 F
⌫1 ⌫2 ⌫

◆

SU(3)

C

✓
⇤~p1
1 ⇤~p2

2 ⇤
~P

µ1 µ2 µ

◆

O

X

~pi2{~pi}⇤

~p1+~p2=~P

O
⇤1µ1⌫1;
1 (~p1, t)O

F 2⌫2
2 µ2; (~p2, t)

<latexit sha1_base64="bjt2hkxo5aep9imzxRmE5euWEEk="></latexit> X

~pi2{~pi}⇤

~p1+~p2=~P

O
⇤1µ1

1F1⌫1
(~p1, t)O

⇤2µ2

2F2⌫2
(~p2, t)
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Properties of the GEVP

<latexit sha1_base64="R66FqpOdhzavDxpVC6GKSjiacGc="></latexit>

vn
†
C (t0) v

m = Nn�nm

Vectors corresponding to different eigenvalue solutions are orthogonal in the GEVP sense

If , the principal values are real functionsC(t) = C†(t)

<latexit sha1_base64="W3SCVixzLRcxlagnAL4tAGaEtro="></latexit>

�n(t)v
m†

C (t0) v
n = vm

†
C(t)vn =

⇣
vn

†
C(t)vm

⌘⇤
=

⇣
�m(t)vn

†
C (t0) v

m
⌘⇤

= �⇤
m(t)vm

†
C (t0) v

n

<latexit sha1_base64="xGNFL0UPQrWuah/MP0ll8UG25XU=">AAACGnicbVBNS8NAEN34bf2qevSyWAQ9WBIR9SIUvHhUsCo0bdhsJ+niZhN2J0IJAf+FF/+KFw+KeBMv/hu3Hwe/Hgw83pthZl6YSWHQdT+dicmp6ZnZufnKwuLS8kp1de3SpLnm0OSpTPV1yAxIoaCJAiVcZxpYEkq4Cm9OBv7VLWgjUnWB/QzaCYuViARnaKWg6p10il2v9CVEuI2B62sR93Dn2Dd5Eih62xlUoTqF32VxDLosg2rNrbtD0L/EG5MaGeMsqL773ZTnCSjkkhnT8twM2wXTKLiEsuLnBjLGb1gMLUsVS8C0i+FrJd2ySpdGqbalkA7V7xMFS4zpJ6HtTBj2zG9vIP7ntXKMjtqFUFmOoPhoUZRLiikd5ES7QgNH2beEcS3srZT3mGYcbZoVG4L3++W/5HKv7h3UD873a43G3SiOObJBNsk28cghaZBTckaahJN78kieyYvz4Dw5r87bqHXCGUe4Tn7A+fgCSdqhfQ==</latexit>

C�1 (t0) =
X

n

vnvn
†

Completeness
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GEVP overlap factors

<latexit sha1_base64="gYBKUubmzZPFyud/UrPtYUefqzY=">AAACEXicbZDLSsNAFIYnXmu9RV26CRahq5KIVDdC0Y0rqWAv0MQwmU7aoZNJnJkUypBXcOOruHGhiFt37nwbJ20W2vrDwMd/zmHO+YOEEiFt+9tYWl5ZXVsvbZQ3t7Z3ds29/baIU45wC8U05t0ACkwJwy1JJMXdhGMYBRR3gtFVXu+MMRckZndykmAvggNGQoKg1JZvVlOf3LMLN+QQqXHOmXLFA5fKjaAcIkjVTabNzDcrds2eyloEp4AKKNT0zS+3H6M0wkwiCoXoOXYiPQW5JIjirOymAicQjeAA9zQyGGHhqelFmXWsnb4Vxlw/Jq2p+3tCwUiISRToznxNMV/Lzf9qvVSG554iLEklZmj2UZhSS8ZWHo/VJxwjSScaIOJE72qhIdThSB1iWYfgzJ+8CO2TmlOv1W9PK43LIo4SOARHoAoccAYa4Bo0QQsg8AiewSt4M56MF+Pd+Ji1LhnFzAH4I+PzB8JvnuQ=</latexit>

un
i =

vnip
Nn

<latexit sha1_base64="RNYedx2o7aGW9NWZSjJysU1Dvvk="></latexit>X

m

(un⇤
i Zm

i )
e�Emt0

2Em

�
Zm⇤
j uk

j

�
= �nk

<latexit sha1_base64="hnYW1HvVR9KM5lOoIoEw4/wKT34="></latexit>

|un⇤
i Zm

i | =
p
2Ene

Ent0/2�nm

<latexit sha1_base64="aMwq10hhePmZ7jj44JIub7Yz5kA="></latexit>

Zn
i =

p
2Ene

Ent0/2Cij (t0)u
n
j

Start by defining a normalized vector

Using the orthogonality relation we get

We finally arrive at our Ansatz


