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Spectroscopy in lattice QCD

Extracting resonances from 2-body data 101

Assume we have scattering data for well-defined angular momentum
Assume the resonance is narrow and isolated

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>
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<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>
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<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s
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<latexit sha1_base64="pJo6H6PRDMKHJS9KpJjUYny695k="></latexit>
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I
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Assume the resonance is narrow and isolated

Pole at sp ∼ (mBW − iΓ/2)

More general form for the amplitude

Elastic case

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="crIBX0OiEwfM9ODWrVPuAVhEhTQ=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoQY8RzAOSJfROZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7AkM5k7RhmeW0nWgKIuK0FY1upn7riWrDlHyw44SGAgaSxYyAdVKzewtCQK9U9iv+DHiZBDkpoxz1Xumr21ckFVRawsGYTuAnNsxAW0Y4nRS7qaEJkBEMaMdRCYKaMJtdO8GnTunjWGlX0uKZ+nsiA2HMWESuU4AdmkVvKv7ndVIbX4UZk0lqqSTzRXHKsVV4+jruM02J5WNHgGjmbsVkCBqIdQEVXQjB4svLpHleCaqV6v1FuXadx1FAx+gEnaEAXaIaukN11EAEPaJn9IrePOW9eO/ex7x1xctnjtAfeJ8/WX2PAA==</latexit>

�

<latexit sha1_base64="DuTRvqmekr8QFtDWPoGZ5TUZ0mY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaop/V29N+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUlqFaq91flWj2PowCncAYXEMA11OAOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AIeMjx4=</latexit>mBW

<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s Resonance pole

<latexit sha1_base64="wQKskbK5k/ybtC91l5bzbzFuHWg=">AAAB+HicdVDLSgMxFM34rPXRqks3wSJUkCFT+3JX6kKXFewD2mHIpGkbmswMSUaoQ7/EjQtF3Pop7vwb04egogcuHM65l3vv8SPOlEbow1pZXVvf2Extpbd3dvcy2f2DlgpjSWiThDyUHR8ryllAm5ppTjuRpFj4nLb98eXMb99RqVgY3OpJRF2BhwEbMIK1kbxsJi+8pN6envWusBD41MvmkI2cizIqQWQXzlG14hhSLJRKJQQdG82RA0s0vOx7rx+SWNBAE46V6joo0m6CpWaE02m6FysaYTLGQ9o1NMCCKjeZHz6FJ0bpw0EoTQUaztXvEwkWSk2EbzoF1iP125uJf3ndWA+qbsKCKNY0IItFg5hDHcJZCrDPJCWaTwzBRDJzKyQjLDHRJqu0CeHrU/g/aRVsp2yXb4q5Wn0ZRwocgWOQBw6ogBq4Bg3QBATE4AE8gWfr3nq0XqzXReuKtZw5BD9gvX0C6jCSpA==</latexit>
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<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>
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Assume we have scattering data for well-defined angular momentum

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

NR case
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<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="crIBX0OiEwfM9ODWrVPuAVhEhTQ=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoQY8RzAOSJfROZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7AkM5k7RhmeW0nWgKIuK0FY1upn7riWrDlHyw44SGAgaSxYyAdVKzewtCQK9U9iv+DHiZBDkpoxz1Xumr21ckFVRawsGYTuAnNsxAW0Y4nRS7qaEJkBEMaMdRCYKaMJtdO8GnTunjWGlX0uKZ+nsiA2HMWESuU4AdmkVvKv7ndVIbX4UZk0lqqSTzRXHKsVV4+jruM02J5WNHgGjmbsVkCBqIdQEVXQjB4svLpHleCaqV6v1FuXadx1FAx+gEnaEAXaIaukN11EAEPaJn9IrePOW9eO/ex7x1xctnjtAfeJ8/WX2PAA==</latexit>

�

<latexit sha1_base64="DuTRvqmekr8QFtDWPoGZ5TUZ0mY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaop/V29N+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUlqFaq91flWj2PowCncAYXEMA11OAOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AIeMjx4=</latexit>mBW

<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>
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p
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<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
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More general form for the amplitude

Elastic case

In lattice QCD, our basic equation is the Lagrangian

Our basic observables are correlation functions

Resonance pole

Quark masses are a parameter for us   is a “choice”→ mπ

<latexit sha1_base64="wQKskbK5k/ybtC91l5bzbzFuHWg=">AAAB+HicdVDLSgMxFM34rPXRqks3wSJUkCFT+3JX6kKXFewD2mHIpGkbmswMSUaoQ7/EjQtF3Pop7vwb04egogcuHM65l3vv8SPOlEbow1pZXVvf2Extpbd3dvcy2f2DlgpjSWiThDyUHR8ryllAm5ppTjuRpFj4nLb98eXMb99RqVgY3OpJRF2BhwEbMIK1kbxsJi+8pN6envWusBD41MvmkI2cizIqQWQXzlG14hhSLJRKJQQdG82RA0s0vOx7rx+SWNBAE46V6joo0m6CpWaE02m6FysaYTLGQ9o1NMCCKjeZHz6FJ0bpw0EoTQUaztXvEwkWSk2EbzoF1iP125uJf3ndWA+qbsKCKNY0IItFg5hDHcJZCrDPJCWaTwzBRDJzKyQjLDHRJqu0CeHrU/g/aRVsp2yXb4q5Wn0ZRwocgWOQBw6ogBq4Bg3QBATE4AE8gWfr3nq0XqzXReuKtZw5BD9gvX0C6jCSpA==</latexit>

(mBW ,�)

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>
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Assume we have scattering data for well-defined angular momentum

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

<latexit sha1_base64="3DqQWpyBH2gwDbLzWZC1lG6HaCw="></latexit>

hOf (t)O
†
i (0)i =

1

ZT

Z
D[�]e�SE [�]

Of [�]O
†
i [�]

NR case



5

Spectroscopy in lattice QCD

Extracting resonances from 2-body data 101

<latexit sha1_base64="pJo6H6PRDMKHJS9KpJjUYny695k="></latexit>

tI` (s) =
1

⇢(s)

K(s)

1� i⇢(s)K(s)
=

1

⇢(s)
ei�

I
` (s) sin �I` (s)

Assume the resonance is narrow and isolated

Pole at sp ∼ (mBW − iΓ/2)

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="crIBX0OiEwfM9ODWrVPuAVhEhTQ=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoQY8RzAOSJfROZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7AkM5k7RhmeW0nWgKIuK0FY1upn7riWrDlHyw44SGAgaSxYyAdVKzewtCQK9U9iv+DHiZBDkpoxz1Xumr21ckFVRawsGYTuAnNsxAW0Y4nRS7qaEJkBEMaMdRCYKaMJtdO8GnTunjWGlX0uKZ+nsiA2HMWESuU4AdmkVvKv7ndVIbX4UZk0lqqSTzRXHKsVV4+jruM02J5WNHgGjmbsVkCBqIdQEVXQjB4svLpHleCaqV6v1FuXadx1FAx+gEnaEAXaIaukN11EAEPaJn9IrePOW9eO/ex7x1xctnjtAfeJ8/WX2PAA==</latexit>

�

<latexit sha1_base64="DuTRvqmekr8QFtDWPoGZ5TUZ0mY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaop/V29N+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUlqFaq91flWj2PowCncAYXEMA11OAOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AIeMjx4=</latexit>mBW

<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s

More general form for the amplitude

Elastic case

In lattice QCD, our basic equation is the Lagrangian

How do we go from here to there??

Our basic observables are correlation functions

Resonance pole

Quark masses are a parameter for us   is a “choice”→ mπ

<latexit sha1_base64="wQKskbK5k/ybtC91l5bzbzFuHWg=">AAAB+HicdVDLSgMxFM34rPXRqks3wSJUkCFT+3JX6kKXFewD2mHIpGkbmswMSUaoQ7/EjQtF3Pop7vwb04egogcuHM65l3vv8SPOlEbow1pZXVvf2Extpbd3dvcy2f2DlgpjSWiThDyUHR8ryllAm5ppTjuRpFj4nLb98eXMb99RqVgY3OpJRF2BhwEbMIK1kbxsJi+8pN6envWusBD41MvmkI2cizIqQWQXzlG14hhSLJRKJQQdG82RA0s0vOx7rx+SWNBAE46V6joo0m6CpWaE02m6FysaYTLGQ9o1NMCCKjeZHz6FJ0bpw0EoTQUaztXvEwkWSk2EbzoF1iP125uJf3ndWA+qbsKCKNY0IItFg5hDHcJZCrDPJCWaTwzBRDJzKyQjLDHRJqu0CeHrU/g/aRVsp2yXb4q5Wn0ZRwocgWOQBw6ogBq4Bg3QBATE4AE8gWfr3nq0XqzXReuKtZw5BD9gvX0C6jCSpA==</latexit>

(mBW ,�)

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>

tI` (s) =
1

⇢(s)

p
s�

m2
BW � s� i

p
s�

Assume we have scattering data for well-defined angular momentum

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

<latexit sha1_base64="3DqQWpyBH2gwDbLzWZC1lG6HaCw="></latexit>

hOf (t)O
†
i (0)i =

1

ZT

Z
D[�]e�SE [�]

Of [�]O
†
i [�]

NR case
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Lattice QCD: Continuation

Discretized lagrangian/hamiltonian formulations

Importance sampling and algorithms

Correlators

Intro to 2-pt correlation building and fitting

Finite-volume symmetry

Generalized eigenvalue problem
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Lattice QCD

<latexit sha1_base64="u3Z6h2rw6H9eDfqO7Djn8gUYl0U=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0Wom5JI0W6Egi50V8E+oAlhMpm0QycPZialJfRX3Pgrblwo0p34M07aCNp6YOBwzr3MPceNGRXSMD61wtr6xuZWcbu0s7u3f6AfHrVFlHBMWjhiEe+6SBBGQ9KSVDLSjTlBgctIxx3eZH5nRLigUfgoJzGxA9QPqU8xkkpy9LpFQwmtAMkBRiy9nUJrhHg8oJXx+bUV88hz0rESsynvx8skRy8bVWMOuErMnJRBjqajzywvwklAQokZEqJnGrG0U8QlxYxMS1YiSIzwEPVJT9EQBUTY6TzhFJ4pxYN+xNVTl8zV3xspCoSYBK6azKKIZS8T//N6ifTrdkrDOJEkxIuP/IRBGcGsLuhRTrBkE0UQ5lTdCvEAcYSlKrWkSjCXI6+S9kXVvKzWHmrlxn1eRxGcgFNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qHNFqMFLd85Bn+gfX0DK0OkMA==</latexit>Z
D'(x) =

Y

x

Z
d'x

Sum over all paths

<latexit sha1_base64="OIUdWNQ5KLiHjYIs+qj6YUJ2vBc="></latexit>D
'f

���e�iĤ(tf�ti)
���'i

E
=

Z
D'(x)e�iS['(x)] a

Discretization

Regulator

<latexit sha1_base64="b20TIJ13K0TzeB/YMD7+KVCC/kE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhHgwzEtRjwIveIpoFJmPo6dQkTXoWunuCcQj+ihcPinj1P7z5N3aSOWj0QcHjvSqq6nkxZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnYaMEkGhTiMeiZZHJHAWQl0xxaEVCyCBx6HpDS4mfnMIQrIovFWjGNyA9ELmM0qUljrmHtylxwzfOO0hEXGfle6P3HHHLFplawr8l9gZKaIMtY752e5GNAkgVJQTKR3bipWbEqEY5TAutBMJMaED0gNH05AEIN10ev0YH2qli/1I6AoVnqo/J1ISSDkKPN0ZENWX895E/M9zEuWfuykL40RBSGeL/IRjFeFJFLjLBFDFR5oQKpi+FdM+EYQqHVhBh2DPv/yXNE7K9mm5cl0pVq+yOPJoHx2gErLRGaqiS1RDdUTRA3pCL+jVeDSejTfjfdaaM7KZXfQLxsc3jTeUrg==</latexit>

e�iS['(x)]

Major obstacles
1. Highly dimensional integral 

2. Highly oscillatory

106 − 108

Advantages
1. Systematic approach 

2. Quark mass is a parameter

Lattice QCD: Continuation
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<latexit sha1_base64="u3Z6h2rw6H9eDfqO7Djn8gUYl0U=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0Wom5JI0W6Egi50V8E+oAlhMpm0QycPZialJfRX3Pgrblwo0p34M07aCNp6YOBwzr3MPceNGRXSMD61wtr6xuZWcbu0s7u3f6AfHrVFlHBMWjhiEe+6SBBGQ9KSVDLSjTlBgctIxx3eZH5nRLigUfgoJzGxA9QPqU8xkkpy9LpFQwmtAMkBRiy9nUJrhHg8oJXx+bUV88hz0rESsynvx8skRy8bVWMOuErMnJRBjqajzywvwklAQokZEqJnGrG0U8QlxYxMS1YiSIzwEPVJT9EQBUTY6TzhFJ4pxYN+xNVTl8zV3xspCoSYBK6azKKIZS8T//N6ifTrdkrDOJEkxIuP/IRBGcGsLuhRTrBkE0UQ5lTdCvEAcYSlKrWkSjCXI6+S9kXVvKzWHmrlxn1eRxGcgFNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qHNFqMFLd85Bn+gfX0DK0OkMA==</latexit>Z
D'(x) =

Y

x

Z
d'x

Sum over all paths

<latexit sha1_base64="OIUdWNQ5KLiHjYIs+qj6YUJ2vBc="></latexit>D
'f

���e�iĤ(tf�ti)
���'i

E
=

Z
D'(x)e�iS['(x)] a

Regulator

<latexit sha1_base64="7LTuzEICx/7uDWwjUFj/ShvkZCw=">AAAB+3icbVBNSwMxEM36WevXWo9egkXwYtmVoh4LXvRWwX5Au5Rsmm1Ds8mSzKpl6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77kGpaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wj66nfemDacCXvYZywICYDySNOCVip55YAdzUfDIForR7POAbcc8texZsBLxM/J2WUo95zv7p9RdOYSaCCGNPxvQSCjGjgVLBJsZsalhA6IgPWsVSSmJkgm90+wSdW6eNIaVsS8Ez9PZGR2JhxHNrOmMDQLHpT8T+vk0J0FWRcJikwSeeLolRgUHgaBO5zzSiIsSWEam5vxXRINKFg4yraEPzFl5dJ87ziX1Sqd9Vy7TaPo4CO0DE6RT66RDV0g+qogSh6Qs/oFb05E+fFeXc+5q0rTj5ziP7A+fwBOxuT8g==</latexit>

t ! �it
<latexit sha1_base64="K2TpKyP43bF3Z4B6BHUg6U8qXxg="></latexit>

�iS = �i

Z
d3xdtL ! �

Z
d3xdtLE = �SE

Euclidean action

Discretization

Lattice QCD: Continuation
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<latexit sha1_base64="u3Z6h2rw6H9eDfqO7Djn8gUYl0U=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0Wom5JI0W6Egi50V8E+oAlhMpm0QycPZialJfRX3Pgrblwo0p34M07aCNp6YOBwzr3MPceNGRXSMD61wtr6xuZWcbu0s7u3f6AfHrVFlHBMWjhiEe+6SBBGQ9KSVDLSjTlBgctIxx3eZH5nRLigUfgoJzGxA9QPqU8xkkpy9LpFQwmtAMkBRiy9nUJrhHg8oJXx+bUV88hz0rESsynvx8skRy8bVWMOuErMnJRBjqajzywvwklAQokZEqJnGrG0U8QlxYxMS1YiSIzwEPVJT9EQBUTY6TzhFJ4pxYN+xNVTl8zV3xspCoSYBK6azKKIZS8T//N6ifTrdkrDOJEkxIuP/IRBGcGsLuhRTrBkE0UQ5lTdCvEAcYSlKrWkSjCXI6+S9kXVvKzWHmrlxn1eRxGcgFNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qHNFqMFLd85Bn+gfX0DK0OkMA==</latexit>Z
D'(x) =

Y

x

Z
d'x

Sum over all paths

<latexit sha1_base64="OIUdWNQ5KLiHjYIs+qj6YUJ2vBc="></latexit>D
'f

���e�iĤ(tf�ti)
���'i

E
=

Z
D'(x)e�iS['(x)] a

Regulator

<latexit sha1_base64="7LTuzEICx/7uDWwjUFj/ShvkZCw=">AAAB+3icbVBNSwMxEM36WevXWo9egkXwYtmVoh4LXvRWwX5Au5Rsmm1Ds8mSzKpl6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77kGpaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wj66nfemDacCXvYZywICYDySNOCVip55YAdzUfDIForR7POAbcc8texZsBLxM/J2WUo95zv7p9RdOYSaCCGNPxvQSCjGjgVLBJsZsalhA6IgPWsVSSmJkgm90+wSdW6eNIaVsS8Ez9PZGR2JhxHNrOmMDQLHpT8T+vk0J0FWRcJikwSeeLolRgUHgaBO5zzSiIsSWEam5vxXRINKFg4yraEPzFl5dJ87ziX1Sqd9Vy7TaPo4CO0DE6RT66RDV0g+qogSh6Qs/oFb05E+fFeXc+5q0rTj5ziP7A+fwBOxuT8g==</latexit>

t ! �it
<latexit sha1_base64="K2TpKyP43bF3Z4B6BHUg6U8qXxg="></latexit>

�iS = �i

Z
d3xdtL ! �

Z
d3xdtLE = �SE

Euclidean action

< 1

Probability like

0 <

<latexit sha1_base64="WdzJOyuUqUFzErpe0MojOJFndCQ="></latexit>

LE =  ̄ (�µDµ +m) +
1

4
F a
µ⌫F

a
µ⌫

Discretization

<latexit sha1_base64="yiH6rpXsK8viErXvXbgxcC+vMgE="></latexit>D
'f

���e�iĤ(tf�ti)
���'i

E
=

Z
D'(x)e�iS['(x)] =

Z
D'(x)e�SE['(x)]

Lattice QCD: Continuation
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Quark propagator
<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

Quark Propagator
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Quark propagator
<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

Splitting the fermions

Quark Propagator
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Quark propagator
<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

Splitting the fermions

Probability

Algebra

Quark Propagator
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<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

<latexit sha1_base64="7w1PzNECprOiVcatcF7RYKRvsUs="></latexit>⌦
0
�� i↵

x  ̄
j�
y

�� 0
↵
=

Z
D D ̄DU i↵

x  ̄
j�
y e�SE[ , ̄,U ]

=

Z
DUe�Sg

E[U ]

Z
D D ̄ i↵

x  ̄
j�
y e� ̄D[U ] 

=

Z
DU

⇥
D�1[U ]

⇤i↵,j�
x,y

detD[U ]e�Sg
E[U ]

=
X

{U}

⇥
D�1[U ]

⇤i↵,j�
x,y

Quark propagator

Splitting the fermions

Sampling according to this

<latexit sha1_base64="2sVGthS2d1zlED1XQqczuqa/P60="></latexit>

=
NX

n

⇥
D�1[Un]

⇤i↵,j�
x,y Our quark propagator, one per configuration

Algebra

Quark Propagator
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<latexit sha1_base64="hRAYcPUClPWvLkicJHbnUy8OlVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJ7yT88bxbKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcV77JSva+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/AG74jnM=</latexit>

⇡+
<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u

<latexit sha1_base64="u5VpqmKHJ0Qv5rZSi1TQaAgWZxg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3btZjfsboQS+h+8eFDEq//Hm//GbZqDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbud+94kqzaR4MNOE+jEeCRYxgo2VOoMAKxQOqzW37uZAq8QrSA0KtIbVr0EoSRpTYQjHWvc9NzF+hpVhhNNZZZBqmmAywSPat1TgmGo/y6+doTOrhCiSypYwKFd/T2Q41noaB7Yzxmasl725+J/XT0107WdMJKmhgiwWRSlHRqL56yhkihLDp5Zgopi9FZExVpgYG1DFhuAtv7xKOhd177LeuG/UmjdFHGU4gVM4Bw+uoAl30II2EHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AxlajtQ=</latexit>

d̄
<latexit sha1_base64="4HRLVFe+aecZmc+gQNBFhKZFGIc=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoMoCOFOjNoIQRvLCOYDcjHMbTbJkt29Y3dPCEl+go1/xcZCEVtLO/+Nm+QKTXww8Hhvhpl5QcSZNq777aQWFpeWV9KrmbX1jc2t7PZORYexIrRMQh6qWgCaciZp2TDDaS1SFETAaTXoXY/96gNVmoXyzvQj2hDQkazNCBgrNbOHQz9i98e+Atnh9HLoB6BwC/sdEAKaBRwnTjObc/PuBHieeAnJoQSlZvbLb4UkFlQawkHruudGpjEAZRjhdJTxY00jID3o0LqlEgTVjcHkoRE+sEoLt0NlSxo8UX9PDEBo3ReB7RRgunrWG4v/efXYtC8aAyaj2FBJpovaMccmxON0cIspSgzvWwJEMXsrJl1QQIzNMGND8GZfnieVk7x3li/cnuaKV0kcabSH9tER8tA5KqIbVEJlRNAjekav6M15cl6cd+dj2ppykpld9AfO5w8CSpyV</latexit>

|⇡+i = |d̄�5ui

Wick contractions

Lets study the temporal evolution of a pion at at fixed position in the lattice

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

Where

<latexit sha1_base64="r+2w+ZHg4CcbbT71/TWy4r7l3uY="></latexit>

O⇡+(~x, t) = d̄(~x, t)�5u(~x, t) O⇡�(~x, t) = ū(~x, t)�5d(~x, t) O⇡0(~x, t) =
1
p
2

�
ū(~x, t)�5u(~x, t)� d̄(~x, t)�5d(~x, t)

�

Are  and  correct?P C

<latexit sha1_base64="r+2w+ZHg4CcbbT71/TWy4r7l3uY="></latexit>

O⇡+(~x, t) = d̄(~x, t)�5u(~x, t) O⇡�(~x, t) = ū(~x, t)�5d(~x, t) O⇡0(~x, t) =
1
p
2

�
ū(~x, t)�5u(~x, t)� d̄(~x, t)�5d(~x, t)

�

Afternoon…
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Wick contractions

<latexit sha1_base64="mOvdvh0oYnqbJsd0t1eBB32qT74="></latexit>

hO⇡+(x)O†
⇡+(0)i = hd̄(x)�5u(x)ū(0)�5d(0)i = �↵1�1

5 �↵2�2
5 hd̄(x)↵1

c1
u(x)�1

c1
ū(0)↵2

c2
d(0)�2

c2
i

= ��↵1�1
5 �↵2�2

5 hu(x)�1
c1
ū(0)↵2

c2
iuhd(0)�2

c2
d̄(x)↵1

c1
id = �

NX

n

�↵1�1
5 �↵2�2

5 D�1
u (x | 0)�1↵2

c1c2
D�1

d (0 | x)�2↵1
c2c1

= �

NX

n

tr[�5(Du[Un]
�1)x,0�5(Dd[Un]

�1)0,x]

<latexit sha1_base64="hRAYcPUClPWvLkicJHbnUy8OlVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJ7yT88bxbKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcV77JSva+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/AG74jnM=</latexit>

⇡+
<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u

<latexit sha1_base64="u5VpqmKHJ0Qv5rZSi1TQaAgWZxg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3btZjfsboQS+h+8eFDEq//Hm//GbZqDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbud+94kqzaR4MNOE+jEeCRYxgo2VOoMAKxQOqzW37uZAq8QrSA0KtIbVr0EoSRpTYQjHWvc9NzF+hpVhhNNZZZBqmmAywSPat1TgmGo/y6+doTOrhCiSypYwKFd/T2Q41noaB7Yzxmasl725+J/XT0107WdMJKmhgiwWRSlHRqL56yhkihLDp5Zgopi9FZExVpgYG1DFhuAtv7xKOhd177LeuG/UmjdFHGU4gVM4Bw+uoAl30II2EHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AxlajtQ=</latexit>

d̄
<latexit sha1_base64="4HRLVFe+aecZmc+gQNBFhKZFGIc=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoMoCOFOjNoIQRvLCOYDcjHMbTbJkt29Y3dPCEl+go1/xcZCEVtLO/+Nm+QKTXww8Hhvhpl5QcSZNq777aQWFpeWV9KrmbX1jc2t7PZORYexIrRMQh6qWgCaciZp2TDDaS1SFETAaTXoXY/96gNVmoXyzvQj2hDQkazNCBgrNbOHQz9i98e+Atnh9HLoB6BwC/sdEAKaBRwnTjObc/PuBHieeAnJoQSlZvbLb4UkFlQawkHruudGpjEAZRjhdJTxY00jID3o0LqlEgTVjcHkoRE+sEoLt0NlSxo8UX9PDEBo3ReB7RRgunrWG4v/efXYtC8aAyaj2FBJpovaMccmxON0cIspSgzvWwJEMXsrJl1QQIzNMGND8GZfnieVk7x3li/cnuaKV0kcabSH9tER8tA5KqIbVEJlRNAjekav6M15cl6cd+dj2ppykpld9AfO5w8CSpyV</latexit>

|⇡+i = |d̄�5ui

Lets study the temporal evolution of a pion at at fixed position in the lattice

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t
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Wick contractions <latexit sha1_base64="+rSNTjIYq3iGx15ORGhnW6nmsCs="></latexit>

State JPC � Particles
Pseudoscalar 0�+ �5, �4�5 ⇡±,⇡0, ⌘,K±,K0, . . .
Scalar 0++ 1, �4 f0, a0,K⇤

0 , . . .
Vector 1�� �i, �4�i ⇢±, ⇢0,!,K⇤,�, . . .
Axial vector 1++ �i�5 a1, f1, . . .
Tensor 1+� �i�j h1, b1, . . .

More general constructions are possible

<latexit sha1_base64="KdjZEQrod7mOdT+6RHXQsQynAX0="></latexit>

OM (x) =  ̄
(f1)(x)� (f2)(x)

 can take many different forms to produce desired quantum numbersΓ

One way of creating more general operators is to also include covariant derivatives
<latexit sha1_base64="fM3b3WqFQlRBVPywh00WnBFKZag="></latexit>

OM (x) =  ̄
(f1)(x)�(Dn1

i1 , D
n2
i2 , ..., D

nN
iN ) (f2)(x)  n is the order, and i the direction

On a discrete lattice they are finite displacements of quark fields, connected by links 

In our last step, we sum over position space to create operator of well-defined momenta 

<latexit sha1_base64="karLgAno8iHimweLB1xZa+40k7s="></latexit>

Di (x) !
1

2a

⇣
Ui(x) (x+ i)� U†

i (x� i) (x� i)
⌘

<latexit sha1_base64="9GdDS5Mmgx+PYR7ihdsOU1oAsfM="></latexit>

eO(~p, t) =
1p
|⇤3|

X

~x2⇤3

O(~x, t)e�i~x~p �������!
p=0,⇤3=O

X

~x

O(~x, t)
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Wick contractions

Lets study the temporal evolution of an eta at at fixed position in the lattice

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="TZ+k6JBiAxSEGSPHVx+BmaTVBfw="></latexit>⌦
O⌘(x)O

†
⌘(0)

↵
=�

X

n

✓
1

2
tr
⇥
�5D

�1
u (x | 0)�5D

�1
u (0 | x)

⇤
+

1

2
tr
⇥
�5D

�1
u (x | x)

⇤
tr
⇥
�5D

�1
u (0 | 0)

⇤

+
1

2
tr
⇥
�5D

�1
u (x | x)

⇤
tr
⇥
�5D

�1
d (0 | 0)

⇤◆
+ u $ d

Disconnected pieces

<latexit sha1_base64="WvfhfYEsQkO0vs3CtkdP1Qvrp9g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0YEiG1ZpX9xZw/xK/IDUo0BpWPwejmKaSKaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1QRyUyQLW6du2dWGblRrG0pdBfqz4mMSGNmMrSdkuDErHq5+J/XTzG6DjKukhSZostFUSpcjN38cXfENaMoZpYQqrm91aUToglFG0/FhuCvvvyXdC7qfqPeuL+sNW+KOMpwAqdwDj5cQRPuoAVtoDCBJ3iBV0c6z86b875sLTnFzDH8gvPxDQx0jkM=</latexit>⌘ <latexit sha1_base64="a66Dr+Xqqt8wVJ1s4gmSB19r/h8="></latexit>

|⌘i = |ū�5ui+ |d̄�5dip
2

Disconnected pieces are typically noisier 

They share the same initial and final time 

One trick is to compute them on all time-slices and 
average (translational invariance)
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Point-to-all vs all-to-all

This is a common result when dealing with iso-singlet 
operators  

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

The situation is similar when studying two-pion states

For I=2 scattering, only connected pieces contribute to the 
contractions

<latexit sha1_base64="k1AzjRTTb11TKS5dDINflTp9/tQ=">AAACJ3icbVDLSgMxFM34rPVVdekmWARXZaZodVMputGVFewDOnW4k6ZtaDIzJBmhDPM3bvwVN4KK6NI/MX0stPWQwOGce0nO8SPOlLbtL2thcWl5ZTWzll3f2Nzazu3s1lUYS0JrJOShbPqgKGcBrWmmOW1GkoLwOW34g8uR33igUrEwuNPDiLYF9ALWZQS0kbzcuStA9wnw5Ca9T67LxdRL3IiZk5ZdH2TSSd0eCAHeCY7xnOLl8nbBHgPPE2dK8miKqpd7dTshiQUNNOGgVMuxI91OQGpGOE2zbqxoBGQAPdoyNABBVTsZ50zxoVE6uBtKcwONx+rvjQSEUkPhm8lRKjXrjcT/vFasu2fthAVRrGlAJg91Y451iEel4Q6TlGg+NASIZOavmPRBAtGm2qwpwZmNPE/qxYJTKpRuj/OVi2kdGbSPDtARctApqqArVEU1RNAjekZv6N16sl6sD+tzMrpgTXf20B9Y3z8lvaa1</latexit>

O
I=2
⇡⇡ = d̄�5ud̄�5u

However, I=0 also contains extra disconnected pieces
<latexit sha1_base64="/ma2m/jhRKpQb3ftOGGqogJnXXE="></latexit>

O
I=0
⇡⇡ =

1

2
(ū�u� d̄�d)(ū�u� d̄�d)
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Smearing

We are studying low-energy objects  relatively large distances→

Our hadrons are of the order of  fm𝒪(1)

But our operators are based on a local-type construction??



20

Smearing

We are studying low-energy objects  relatively large distances→

Our hadrons are of the order of  fm𝒪(1)

But our operators are based on a local-type construction??
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Smearing

We are studying low-energy objects  relatively large distances→

But our operators are based on a local-type construction??

We will optimize the coupling of our operators to the physics of 
interest by smearing our constructions

<latexit sha1_base64="meL62APGobbIS2ZC/a4ep5HYwQA="></latexit>

 (~x, t) =
X

~x0

F (~x, ~x0, U(t)) (~x0, t)

JHEP 09 (2013) 014

We will focus here on Gaussian smearing types

Respect Gauge invariance

Our hadrons are of the order of  fm𝒪(1)
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Smearing

<latexit sha1_base64="dmYCRFWPDoq9rHSC4eMnV6xIu1A="></latexit>

J�,n� (t) =

✓
1 +

�r2(t)

n�

◆n�

<latexit sha1_base64="meL62APGobbIS2ZC/a4ep5HYwQA="></latexit>

 (~x, t) =
X

~x0

F (~x, ~x0, U(t)) (~x0, t)

A prototypical smearing operator is the “exponentiated", discretized version of the 
laplacian on the lattice

On top of Gauge invariance, we want our operation to have translational, rotational, parity 
and charge conjugation invariance

Turns out the Laplacian operator fulfills these requirements

<latexit sha1_base64="Tj/kKcb46YYUx5j5H4o7Fd/Essw="></latexit>

r2(~x, ~y; t) = �6�~x,~y +
3X

k=1

⇣
Uk(~x, t)�~x+k̂,~y + U†

k(~x, t)�~x�k̂,~y

⌘

<latexit sha1_base64="YWhlK5akq49e0Cfz0cGcipKzFTk="></latexit>

⇤(t) = lim
n�!1

J�,n� (t) = exp
�
�r2(t)

�Where

Can we ask for anything else??
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Smearing

<latexit sha1_base64="YWhlK5akq49e0Cfz0cGcipKzFTk="></latexit>

⇤(t) = lim
n�!1

J�,n� (t) = exp
�
�r2(t)

�

The exponential takes care of the shape of our smeared operator, approximating a gaussian-type 
line shape of the wave function, centered around , the profile also depends on the  parameter⃗x σ

Remember that we can represent the operator by its eigenstate decomposition
<latexit sha1_base64="81MXopY+l4sjEpmLis3WIyJIEo4=">AAACG3icbZDLSgMxFIYzXmu9VV26CRahbspMkepGKLpxWcFeoFPKmfS0Dc1kxiQjlNr3cOOruHGhiCvBhW9jello64HAx/+fk+T8QSy4Nq777Swtr6yurac20ptb2zu7mb39qo4SxbDCIhGpegAaBZdYMdwIrMcKIQwE1oL+1div3aPSPJK3ZhBjM4Su5B3OwFiplSn4+i4BhTlzcuHrJGxx+kC5r0B2BVJf2JvaYEVLE8XarUzWzbuToovgzSBLZlVuZT79dsSSEKVhArRueG5smkNQhjOBo7SfaIyB9aGLDYsSQtTN4WS3ET22Spt2ImWPNHSi/p4YQqj1IAxsZwimp+e9sfif10hM57w55DJODEo2faiTCGoiOg6KtrlCZsTAAjDF7V8p64ECZmycaRuCN7/yIlQLea+YL96cZkuXszhS5JAckRzxyBkpkWtSJhXCyCN5Jq/kzXlyXpx352PauuTMZg7In3K+fgD9baDF</latexit>

⇤(t) =
X

i

|ii�ihi|

Data from  fm  lattice as ∼ 0.12 163

Decomposition in space of coloured scalar fields on a time-slice Ns × Nc

Total # eigenvectors



24

Smearing: Distillation

<latexit sha1_base64="XhfL6xUoU2Xtd9/czoGUur0T6Zk=">AAACC3icbVDLSgMxFM34rPVVdekmtAh1U2ZEqhuh4MZlBTstdGrJZO60oZnMmGSEMhRcuvFX3LhQxK0/4M6/MX0stPVAwrnn3JB7j59wprRtf1tLyyura+u5jfzm1vbObmFv31VxKik0aMxj2fKJAs4ENDTTHFqJBBL5HJr+4HLsN+9BKhaLGz1MoBORnmAho0QbqVsoeuouJRLK+vjCNRd2bzMvIL0eyJEp8wbdQsmu2BPgReLMSAnNUO8WvrwgpmkEQlNOlGo7dqI7GZGaUQ6jvJcqSAgdkB60DRUkAtXJJruM8JFRAhzG0hyh8UT9/SIjkVLDyDedEdF9Ne+Nxf+8dqrD807GRJJqEHT6UZhyrGM8DgYHTALVfGgIoZKZWTHtE0moNvGNQ3DmV14k7knFqVaq16elWu1hGkcOHaIiKiMHnaEaukJ11EAUPaJn9IrerCfrxXq3PqatS9YswgP0B9bnD1PCmRE=</latexit>

⇤(t) = V (t)V †(t)

We truncate the eigenvector decomposition to a VERY low number

<latexit sha1_base64="kQ0zcjEOUzh4PKIe9cCenoEYuQw=">AAACIXicbZDLSgMxFIYzXmu9VV26CRahbsqMSO1GKOrClVSwVujU4Ux6WkMzmTHJCGXsq7jxVdy4UMSd+DKmtQtvBwIf/39OkvOHieDauO67MzU9Mzs3n1vILy4tr6wW1tYvdJwqhg0Wi1hdhqBRcIkNw43Ay0QhRKHAZtg/GvnNW1Sax/LcDBJsR9CTvMsZGCsFhaqvb1JQWDI7B75Oo6vsNDgeBpzeUe4rkD2B1Bf2vg5Y0dJYsXZQKLpld1z0L3gTKJJJ1YPCm9+JWRqhNEyA1i3PTUw7A2U4EzjM+6nGBFgfetiyKCFC3c7GGw7ptlU6tBsre6ShY/X7RAaR1oMotJ0RmGv92xuJ/3mt1HSr7YzLJDUo2ddD3VRQE9NRXLTDFTIjBhaAKW7/Stk1KGDGhpq3IXi/V/4LF7tlr1KunO0Va4eTOHJkk2yREvHIPqmRE1InDcLIPXkkz+TFeXCenFfn7at1ypnMbJAf5Xx8Asjzo0g=</latexit>

⇤(t) =
NDX

i

|ii�ihi|

Where ND < < Ns × Nc

0 1 2 3 4 5 6 7 8 9 10

r/a
s

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Ψ
(r

)

N=64
N=32
N=8

 is now a free parameter we use to produce a sensible 
linehsape  for thewave function
ND

As  approaches the total number of eigenvectors, the 
profile approaches a delta 

ND

Why??

Phys.Rev.D 80 (2009)

It approximates to a good extent the previous smearing algorithm

(Ns × Nc) × ND
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<latexit sha1_base64="SJlQ5kZvqLU6/yNVdJa/4/IBhXE=">AAACDHicbZA7SwNBFIVnfcb4ilraDAYhNmFXJNoIARvLCOYB2SXMTm6SIbMPZ+4KYQnY2vhXbCwUsfUH2PlvnE1SaOKFgcN3zjBzjx9LodG2v62l5ZXVtfXcRn5za3tnt7C339BRojjUeSQj1fKZBilCqKNACa1YAQt8CU1/eJX5zXtQWkThLY5i8ALWD0VPcIYGdQpFF4XsQurGWoxLeHLp6ruEKWijRzNmUN6k7LI9GboonJkoktnUOoUvtxvxJIAQuWRatx07Ri9lCgWXMM67iYaY8SHrQ9vIkAWgvXSyzJgeG9KlvUiZEyKd0N83UhZoPQp8kwwYDvS8l8H/vHaCvQsvFWGcIIR8+lAvkRQjmjVDu0IBRzkygnElzF8pHzDFOJr+shKc+ZUXReO07FTKlZuzYrX6MK0jRw7JESkRh5yTKrkmNVInnDySZ/JK3qwn68V6tz6m0SVrVuEB+TPW5w/5wZtS</latexit>

 ̃(t) = ⇤[t] (t)
<latexit sha1_base64="u00uVlR33BWkYtdG0qgW7Fvf618="></latexit>

OM (t) = ¯̃
 
(f1)(t)� ̃(f2)(t)

Now, we define our operators in the following way

Our correlation functions are defined accordingly

<latexit sha1_base64="/5XKeHix6zDiBe7G3p5i8qHQyIo="></latexit>

�(t) = V †(t)�V (t) ⌧i (t, t
0) = V †D�1

i (t, t0)V (t0)

Where

Elemental Perambulator

Now, our correlation functions are much cheaper

98304 ∼ 100 − 300

Smearing: Distillation

<latexit sha1_base64="ezRtQPApLtN3AIo4UTAWAdgXe7M="></latexit>

hO(t)O†(0)i = �
NX

n

tr [�(t)⌧u(t, 0)�(0)⌧u(0, t)] (Un)

<latexit sha1_base64="XhfL6xUoU2Xtd9/czoGUur0T6Zk=">AAACC3icbVDLSgMxFM34rPVVdekmtAh1U2ZEqhuh4MZlBTstdGrJZO60oZnMmGSEMhRcuvFX3LhQxK0/4M6/MX0stPVAwrnn3JB7j59wprRtf1tLyyura+u5jfzm1vbObmFv31VxKik0aMxj2fKJAs4ENDTTHFqJBBL5HJr+4HLsN+9BKhaLGz1MoBORnmAho0QbqVsoeuouJRLK+vjCNRd2bzMvIL0eyJEp8wbdQsmu2BPgReLMSAnNUO8WvrwgpmkEQlNOlGo7dqI7GZGaUQ6jvJcqSAgdkB60DRUkAtXJJruM8JFRAhzG0hyh8UT9/SIjkVLDyDedEdF9Ne+Nxf+8dqrD807GRJJqEHT6UZhyrGM8DgYHTALVfGgIoZKZWTHtE0moNvGNQ3DmV14k7knFqVaq16elWu1hGkcOHaIiKiMHnaEaukJ11EAUPaJn9IrerCfrxXq3PqatS9YswgP0B9bnD1PCmRE=</latexit>

⇤(t) = V (t)V †(t)

<latexit sha1_base64="yk7IX6VTdlcrYCBS7O0AgEPs2aA=">AAACFXicbVDLSsNAFJ34rPUVdekmWMQWaklEqhuhqAuXFWxa6IvJZNIOnTyYuRFK6E+48VfcuFDEreDOv3HaRtDWA/dyOOdeZu5xIs4kmOaXtrC4tLyymlnLrm9sbm3rO7u2DGNBaI2EPBQNB0vKWUBrwIDTRiQo9h1O687gauzX76mQLAzuYBjRto97AfMYwaCkrl5sAY67LA9FOCpc2J2Wi3s9KvJQuO4kx9box7LzqnX1nFkyJzDmiZWSHEpR7eqfLTcksU8DIBxL2bTMCNoJFsAIp6NsK5Y0wmSAe7SpaIB9KtvJ5KqRcagU1/BCoSoAY6L+3kiwL+XQd9Skj6EvZ72x+J/XjME7bycsiGKgAZk+5MXcgNAYR2S4TFACfKgIJoKpvxqkjwUmoILMqhCs2ZPniX1Sssql8u1prnKZxpFB++gA5ZGFzlAF3aAqqiGCHtATekGv2qP2rL1p79PRBS3d2UN/oH18A2bwnHI=</latexit>

⌧i(t, t
0) = V †(t)D�1

i (t, t0)V (t0)

Phys.Rev.D 80 (2009)

<latexit sha1_base64="nK+k5Ms+eU1v+fyAgCMU7VGLFQ8=">AAACKXicbZDLSgMxFIYz9VbrbdSlm2ARXJUZLdVlURcuRCr0Bu1YMmnahmYuJGeUMvR13PgqbhQUdeuLmLZj0dYDgY///IeT87uh4Aos68NILSwuLa+kVzNr6xubW+b2TlUFkaSsQgMRyLpLFBPcZxXgIFg9lIx4rmA1t38+6tfumFQ88MswCJnjka7PO5wS0FLLLOZxE7jHFD7+gavbKZZxU/JuD4iUwT2eWq9bF1NHy8xaOWtceB7sBLIoqVLLfGm2Axp5zAcqiFIN2wrBiYkETgUbZpqRYiGhfdJlDY0+0WuceHzpEB9opY07gdTPBzxWf0/ExFNq4Lna6RHoqdneSPyv14igc+rE3A8jYD6dLOpEAkOAR7HhNpeMghhoIFRy/VdMe0QSCjrcjA7Bnj15HqpHObuQK9zks8WzJI402kP76BDZ6AQV0SUqoQqi6AE9oVf0Zjwaz8a78TmxpoxkZhf9KePrG1HrpOI=</latexit>

4⇥ 3⇥ L3 ⇥ T ! 4⇥ND ⇥ T
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Smearing: Distillation

Compare  (non-smeared) with all the other smearing 
procedures

PP

Increasing  introduces more ultraviolet effects, but 
increases the precision around the plateau

ND

Setting  is a balancing gameND

As discussed, Wick contractions for I=0  scattering 
include disconnected pieces, which we compute in full 
using distillation 

ππ
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Questions?
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<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

<latexit sha1_base64="ca3m4JNAX50EQfbwloWCy7gl33o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpqIVJdFN90IFewD2hgm00k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jxcLrsCyvo3Cyura+kZxs7S1vbO7Z+6X2ypKJGUtGolIdj2imOAhawEHwbqxZCTwBOt445up33lkUvEovIdJzJyADEPuc0pAS65ZZg/pKccNDO7tWX/kEZm5ZsWqWjPgZWLnpIJyNF3zqz+IaBKwEKggSvVsKwYnJRI4FSwr9RPFYkLHZMh6moYkYMpJZ7dn+FgrA+xHUlcIeKb+nkhJoNQk8HRnQGCkFr2p+J/XS8C/clIexgmwkM4X+YnAEOFpEHjAJaMgJpoQKrm+FdMRkYSCjqukQ7AXX14m7fOqXavW7i4q9es8jiI6REfoBNnoEtVRAzVRC1H0hJ7RK3ozMuPFeDc+5q0FI585QH9gfP4AnF2Tiw==</latexit>

e�iHtM/~

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

Lets study the temporal evolution of a single particle

Pions on the lattice
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<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

Euclidean time

<latexit sha1_base64="ca3m4JNAX50EQfbwloWCy7gl33o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpqIVJdFN90IFewD2hgm00k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jxcLrsCyvo3Cyura+kZxs7S1vbO7Z+6X2ypKJGUtGolIdj2imOAhawEHwbqxZCTwBOt445up33lkUvEovIdJzJyADEPuc0pAS65ZZg/pKccNDO7tWX/kEZm5ZsWqWjPgZWLnpIJyNF3zqz+IaBKwEKggSvVsKwYnJRI4FSwr9RPFYkLHZMh6moYkYMpJZ7dn+FgrA+xHUlcIeKb+nkhJoNQk8HRnQGCkFr2p+J/XS8C/clIexgmwkM4X+YnAEOFpEHjAJaMgJpoQKrm+FdMRkYSCjqukQ7AXX14m7fOqXavW7i4q9es8jiI6REfoBNnoEtVRAzVRC1H0hJ7RK3ozMuPFeDc+5q0FI585QH9gfP4AnF2Tiw==</latexit>

e�iHtM/~

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="leFcRiDetjuuMqpuil4+094Y5DE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8uMSHUjVEVwWcE+oB2HTJq2oZnMkNwRytiFv+LGhSJu/Q13/o1pOwttPXDJ4Zx7uTcniAXX4Djf1tz8wuLScm4lv7q2vrFpb23XdJQoyqo0EpFqBEQzwSWrAgfBGrFiJAwEqwf9q5Fff2BK80jewSBmXki6knc4JWAk3949b+kk9CW+MMXu06Nr88LQtwtO0RkDzxI3IwWUoeLbX612RJOQSaCCaN10nRi8lCjgVLBhvpVoFhPaJ13WNFSSkGkvHd8/xAdGaeNOpExJwGP190RKQq0HYWA6QwI9Pe2NxP+8ZgKdMy/lMk6ASTpZ1EkEhgiPwsBtrhgFMTCEUMXNrZj2iCIUTGR5E4I7/eVZUjsuuqVi6fakUL7M4sihPbSPDpGLTlEZ3aAKqiKKHtEzekVv1pP1Yr1bH5PWOSub2UF/YH3+AIZXlSk=</latexit>

=
X

n

Ane
�Ent

Lets study the temporal evolution of a single particle

Pions on the lattice
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<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

Euclidean time

We determine these energies from fitting the 
temporal evolution of the system
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C(t)

<latexit sha1_base64="mYQm7IbfWkFJdmhECk1BXzTRxGU=">AAACIHicbVDJSgNBEO1xjXGLevTSGIQEIcyIGi9CMBePEYwKmSH0dGqSxp6F7hoxDPMpXvwVLx4U0Zt+jZ3l4Pagisd7VXTX8xMpNNr2hzUzOze/sFhYKi6vrK6tlzY2L3WcKg5tHstYXftMgxQRtFGghOtEAQt9CVf+TXPkX92C0iKOLnCYgBeyfiQCwRkaqVuqh93MRbjDDIIgz+kJlXGfuhIC7FA3UIxnzQpW81Hfc6o5dZXoD9Drlsp2zR6D/iXOlJTJFK1u6d3txTwNIUIumdYdx07Qy5hCwSXkRTfVkDB+w/rQMTRiIWgvGx+Y012j9GgQK1MR0rH6fSNjodbD0DeTIcOB/u2NxP+8TorBsZeJKEkRIj55KEglxZiO0qI9oYCjHBrCuBLmr5QPmEkFTaZFE4Lz++S/5HK/5hzVDs8Pyo3TaRwFsk12SIU4pE4a5Iy0SJtwck8eyTN5sR6sJ+vVepuMzljTnS3yA9bnF5QaopU=</latexit>

me↵ = log


C(t)

C(t+ 1)

�

Single exponential

Multiple exponentials
<latexit sha1_base64="ca3m4JNAX50EQfbwloWCy7gl33o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpqIVJdFN90IFewD2hgm00k7dPJg5kYsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jxcLrsCyvo3Cyura+kZxs7S1vbO7Z+6X2ypKJGUtGolIdj2imOAhawEHwbqxZCTwBOt445up33lkUvEovIdJzJyADEPuc0pAS65ZZg/pKccNDO7tWX/kEZm5ZsWqWjPgZWLnpIJyNF3zqz+IaBKwEKggSvVsKwYnJRI4FSwr9RPFYkLHZMh6moYkYMpJZ7dn+FgrA+xHUlcIeKb+nkhJoNQk8HRnQGCkFr2p+J/XS8C/clIexgmwkM4X+YnAEOFpEHjAJaMgJpoQKrm+FdMRkYSCjqukQ7AXX14m7fOqXavW7i4q9es8jiI6REfoBNnoEtVRAzVRC1H0hJ7RK3ozMuPFeDc+5q0FI585QH9gfP4AnF2Tiw==</latexit>

e�iHtM/~

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="leFcRiDetjuuMqpuil4+094Y5DE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8uMSHUjVEVwWcE+oB2HTJq2oZnMkNwRytiFv+LGhSJu/Q13/o1pOwttPXDJ4Zx7uTcniAXX4Djf1tz8wuLScm4lv7q2vrFpb23XdJQoyqo0EpFqBEQzwSWrAgfBGrFiJAwEqwf9q5Fff2BK80jewSBmXki6knc4JWAk3949b+kk9CW+MMXu06Nr88LQtwtO0RkDzxI3IwWUoeLbX612RJOQSaCCaN10nRi8lCjgVLBhvpVoFhPaJ13WNFSSkGkvHd8/xAdGaeNOpExJwGP190RKQq0HYWA6QwI9Pe2NxP+8ZgKdMy/lMk6ASTpZ1EkEhgiPwsBtrhgFMTCEUMXNrZj2iCIUTGR5E4I7/eVZUjsuuqVi6fakUL7M4sihPbSPDpGLTlEZ3aAKqiKKHtEzekVv1pP1Yr1bH5PWOSub2UF/YH3+AIZXlSk=</latexit>

=
X

n

Ane
�Ent

Lets study the temporal evolution of a single particle

Pions on the lattice

Afternoon…

Tomorrow…
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Signal-to-noise ratio

<latexit sha1_base64="QF91f8TpcUfvVP9bd3NwKBrMHNk="></latexit>

StN(O) =
hOip
Var(O)

For a correlator, the signal decreases exponentially

This one looks incredibly precise

The error decreases at best (only for ), at same speedπ
In any practical calculation, the data becomes noisy, pretty early

We define the signal-to-noise value by using simple averages and variances

If StN is lower than 1, then the error is greater than the value, we lost all signal
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Signal-to-noise ratio

<latexit sha1_base64="XRZy1shTYU/ZTSFusu/sRdYMQQQ=">AAACPXicbVA9SwNBEN3zM8avqKXNYhBiE+5EoqVoY2cEo4FcDHObybm4t3fu7gnhyB+z8T/Y2dlYKGJr6yZeEU0eLLx9M4+ZeUEiuDau++LMzM7NLywWlorLK6tr66WNzSsdp4phg8UiVs0ANAousWG4EdhMFEIUCLwO7k6H9esHVJrH8tL0E2xHEEre4wyMlTqlS1+ADAVSPwJzy0Bk5wPqq5Hm433KH6Y0VMze2O/G70IYoqq4e7mxUyq7VXcEOkm8nJRJjnqn9Ox3Y5ZGKA0ToHXLcxPTzkAZzgQOin6qMQF2ByG2LJUQoW5no+sHdNcqXdqLlX3S0JE67sgg0rofBbZzuLT+XxuK02qt1PSO2hmXSWpQst9BvVRQE9NhlLTLFTIj+pYAU9zuStktKGDGBl60IXj/T54kV/tVr1atXRyUj0/yOApkm+yQCvHIITkmZ6ROGoSRR/JK3smH8+S8OZ/O12/rjJN7tsgfON8/nsuwDQ==</latexit>

hOi ⌘ hO(t)O†(0)i
<latexit sha1_base64="yXJdU9X8pOwBxcZcNVpcw98S/B0=">AAACNXicbZDNSgMxFIUz9a/Wv6pLN8Ei1IVlpoi6EUQ3LgQVbBU6Y7mTpm1oJjMkGaFM+1JufA9XunChiFtfwXQcoVYvBA7fuZfce/yIM6Vt+9nKTU3PzM7l5wsLi0vLK8XVtboKY0lojYQ8lDc+KMqZoDXNNKc3kaQQ+Jxe+72TkX99R6ViobjS/Yh6AXQEazMC2qBm8awOsuwGoLsEeHI+3D50OYgOp3gwRge3VVemeOfHHnMz67baLJbsip0W/iucTJRQVhfN4qPbCkkcUKEJB6Uajh1pLwGpGeF0WHBjRSMgPejQhpECAqq8JL16iLcMaeF2KM0TGqd0fCKBQKl+4JvO0a5q0hvB/7xGrNsHXsJEFGsqyPdH7ZhjHeJRhLjFJCWa940AIpnZFZMuSCDaBF0wITiTJ/8V9WrF2avsXe6Wjo6zOPJoA22iMnLQPjpCp+gC1RBB9+gJvaI368F6sd6tj+/WnJXNrKNfZX1+Ab8NrKk=</latexit>

V ar(O) = h|O|
2
i � hOi

2

<latexit sha1_base64="D9RbFEbXIWt86KCbWV5uOh666ZQ=">AAACEXicbVC7SgNBFL3rM8bXqqXNYBCCRdgNEm2EoI2dEcwDkk2YnUySIbMPZmaFsMkv2PgrNhaK2NrZ+TfOJlvExAMDZ865l3vvcUPOpLKsH2NldW19YzOzld3e2d3bNw8OazKIBKFVEvBANFwsKWc+rSqmOG2EgmLP5bTuDm8Sv/5IhWSB/6BGIXU83PdZjxGstNQx8+OWh9WAYB7fTcbt4tXcd462zzpmzipYU6BlYqckBykqHfO71Q1I5FFfEY6lbNpWqJwYC8UIp5NsK5I0xGSI+7SpqY89Kp14etEEnWqli3qB0M9XaKrOd8TYk3LkuboyWVIueon4n9eMVO/SiZkfRor6ZDaoF3GkApTEg7pMUKL4SBNMBNO7IjLAAhOlQ8zqEOzFk5dJrViwS4XS/XmufJ3GkYFjOIE82HABZbiFClSBwBO8wBu8G8/Gq/FhfM5KV4y05wj+wPj6BXGwngo=</latexit>

|O|
2 = OO

⇤

Remember that for us, the observables are correlation functions

By definition

For mesons, the signal decreases with the ground state mass
<latexit sha1_base64="0v1/gO/yxkS9UOy5IKBJ12R8WDs=">AAACFHicbVA9SwNBEN2LXzF+RS1tFoMgiOFOJFoGbWzECOYDcjHsbSbJkt29Y3dPCEd+hI1/xcZCEVsLO/+Nm+QKTXww8Hhvhpl5QcSZNq777WQWFpeWV7KrubX1jc2t/PZOTYexolClIQ9VIyAaOJNQNcxwaEQKiAg41IPB5divP4DSLJR3ZhhBS5CeZF1GibFSO3/kcyJ7HLAviOlTwpObEfZVqmkmMNwnx6J9jc2onS+4RXcCPE+8lBRQiko7/+V3QhoLkIZyonXTcyPTSogyjHIY5fxYQ0TogPSgaakkAnQrmTw1wgdW6eBuqGxJgyfq74mECK2HIrCd49P1rDcW//OasemetxImo9iApNNF3ZhjE+JxQrjDFFDDh5YQqpi9FdM+UYQam2POhuDNvjxPaidFr1Qs3Z4WyhdpHFm0h/bRIfLQGSqjK1RBVUTRI3pGr+jNeXJenHfnY9qacdKZXfQHzucPINOePw==</latexit>

hOi ⇠ e�mM t

The variance,                        can contain operators that couple to two 
pions 

<latexit sha1_base64="D9RbFEbXIWt86KCbWV5uOh666ZQ=">AAACEXicbVC7SgNBFL3rM8bXqqXNYBCCRdgNEm2EoI2dEcwDkk2YnUySIbMPZmaFsMkv2PgrNhaK2NrZ+TfOJlvExAMDZ865l3vvcUPOpLKsH2NldW19YzOzld3e2d3bNw8OazKIBKFVEvBANFwsKWc+rSqmOG2EgmLP5bTuDm8Sv/5IhWSB/6BGIXU83PdZjxGstNQx8+OWh9WAYB7fTcbt4tXcd462zzpmzipYU6BlYqckBykqHfO71Q1I5FFfEY6lbNpWqJwYC8UIp5NsK5I0xGSI+7SpqY89Kp14etEEnWqli3qB0M9XaKrOd8TYk3LkuboyWVIueon4n9eMVO/SiZkfRor6ZDaoF3GkApTEg7pMUKL4SBNMBNO7IjLAAhOlQ8zqEOzFk5dJrViwS4XS/XmufJ3GkYFjOIE82HABZbiFClSBwBO8wBu8G8/Gq/FhfM5KV4y05wj+wPj6BXGwngo=</latexit>

|O|
2 = OO

⇤

<latexit sha1_base64="sxpy94Y+8QnxT7CIEA1v1QQ3cOs=">AAACGnicbVDLSgMxFM3UV62vqks3wSK4scwUqS6LbtxZwT6g05ZMetuGJpkhyQhl2u9w46+4caGIO3Hj35g+Ftp6IHA4515uzgkizrRx3W8ntbK6tr6R3sxsbe/s7mX3D6o6jBWFCg15qOoB0cCZhIphhkM9UkBEwKEWDK4nfu0BlGahvDfDCJqC9CTrMkqMldpZz+dE9jiMfEFMnxKe3I5HrYKvpir2NRMYWslZAYu2HzFsxu1szs27U+Bl4s1JDs1Rbmc//U5IYwHSUE60bnhuZJoJUYZRDuOMH2uICB2QHjQslUSAbibTaGN8YpUO7obKPmnwVP29kRCh9VAEdnISQC96E/E/rxGb7mUzYTKKDUg6O9SNOTYhnvSEO0wBNXxoCaGK2b9i2ieKUGPbzNgSvMXIy6RayHvFfPHuPFe6mteRRkfoGJ0iD12gErpBZVRBFD2iZ/SK3pwn58V5dz5moylnvnOI/sD5+gFFGqD9</latexit>

h|O|
2
i ⇠ e�2m⇡t

Why??

All in all, for mesons the ratio decreases like

For baryons, the situation is only slightly different

<latexit sha1_base64="fxE9XEbwMkIZkbWFlV4AcCLLyms="></latexit>

StN(O) ⇠ exp [� (mM �m⇡) t]

<latexit sha1_base64="EsJmGOSmIFZISLd6nc92jAYC95E="></latexit>

StN(O) ⇠ exp [� (mB � (3/2)m⇡) t]
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2-pt correlation fitting

<latexit sha1_base64="lifxxjL1az3fhEkqEgtM8Cb6tmM=">AAACBHicbVDLTgIxFO34RHyNumTTSExgQ2aIQZdENi4xcYAEJpNOKdDQdiZtx4RMWLjxV9y40Bi3foQ7/8YOzELBkzQ595x7c3tPGDOqtON8WxubW9s7u4W94v7B4dGxfXLaUVEiMfFwxCLZC5EijAriaaoZ6cWSIB4y0g2nrczvPhCpaCTu9SwmPkdjQUcUI22kwC61KjpwqxUvENWBohxmdX1ZB3bZqTkLwHXi5qQMcrQD+2swjHDCidCYIaX6rhNrP0VSU8zIvDhIFIkRnqIx6RsqECfKTxdHzOGFUYZwFEnzhIYL9fdEirhSMx6aTo70RK16mfif10/06NpPqYgTTQReLholDOoIZonAIZUEazYzBGFJzV8hniCJsDa5FU0I7urJ66RTr7mNWuPusty8yeMogBI4BxXggivQBLegDTyAwSN4Bq/gzXqyXqx362PZumHlM2fgD6zPH79VlaA=</latexit>

C(t1)(Un) ⇠ C(t2)(Un)

<latexit sha1_base64="KgydLE9yeZLNX0H+bmSP2RxtvCU="></latexit>

�2 =
X

i,j

(C(ti)� f(a?, ti))⌃
�1
ij (C(tj)� f(a?, tj))

<latexit sha1_base64="e10Sxmb5GRSVFktBPlcrNB4Vtoo=">AAACGXicbVDLSgMxFM3UV62vqks3wSK0oGVGpLoRqiK4rGAf0Kklk2ba0ExmSO6IZehvuPFX3LhQxKWu/BvTx0KrBy4czrmX5BwvElyDbX9Zqbn5hcWl9HJmZXVtfSO7uVXTYawoq9JQhKrhEc0El6wKHARrRIqRwBOs7vUvRn79jinNQ3kDg4i1AtKV3OeUgJHaWdvPuwGBnucnZHibuBqIGu5jKJy6Og7aEp+Zcdl9lD+4NAwK7WzOLtpj4L/EmZIcmqLSzn64nZDGAZNABdG66dgRtBKigFPBhhk31iwitE+6rGmoJAHTrWScbIj3jNLBfqjMSMBj9edFQgKtB4FnNkcp9Kw3Ev/zmjH4J62EyygGJunkIT8WGEI8qgl3uGIUxMAQQhU3f8W0RxShYMrMmBKc2ch/Se2w6JSKpeujXPl8Wkca7aBdlEcOOkZldIUqqIooekBP6AW9Wo/Ws/VmvU9WU9b0Zhv9gvX5DbYgn3Y=</latexit>

f(a?, t) =
X

n

An exp(�Ent)

However, in this case, all our values at different times come from 
the same Montecarlo samples

<latexit sha1_base64="Q/6i+NLpG+CpbOknwito6IqzMlw="></latexit>

�2 =
X

i

✓
C (ti)� f (a?, ti)

�C(ti)

◆2

How would we naively fit the correlation function?

Think about samples  as the main variable nowUn

If our the distance between two times is small (small spacing ) 
then the value of the correlation function must be similar

a

Data IS correlated

We therefore modify our penalty function to account for this

<latexit sha1_base64="f4v3nsCYf2tiLwzPkoyUSQLE4q0=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhgoRdkehFCObiMaJ5QBKW2ckkmWR2dp3pDYQlNy/+ihcPinj1F7z5N04eB00saCiquunu8kLBNdj2t5VYWl5ZXUuupzY2t7Z30rt7FR1EirIyDUSgah7RTHDJysBBsFqoGPE9wapevzj2qwOmNA/kPQxD1vRJR/I2pwSM5KYPG3e84xM35r3RVTEYZMHlp+D2ThqSPWDbTWfsnD0BXiTOjGTQDCU3/dVoBTTymQQqiNZ1xw6hGRMFnAo2SjUizUJC+6TD6oZK4jPdjCd/jPCxUVq4HShTEvBE/T0RE1/roe+ZTp9AV897Y/E/rx5B+7IZcxlGwCSdLmpHAkOAx6HgFleMghgaQqji5lZMu0QRCia6lAnBmX95kVTOck4+l789zxSuZ3Ek0QE6QlnkoAtUQDeohMqIokf0jF7Rm/VkvVjv1se0NWHNZvbRH1ifP9G4mKQ=</latexit>

⌃ij = Cov(ti, tj) 6= 0
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2-pt correlation fitting

<latexit sha1_base64="lifxxjL1az3fhEkqEgtM8Cb6tmM=">AAACBHicbVDLTgIxFO34RHyNumTTSExgQ2aIQZdENi4xcYAEJpNOKdDQdiZtx4RMWLjxV9y40Bi3foQ7/8YOzELBkzQ595x7c3tPGDOqtON8WxubW9s7u4W94v7B4dGxfXLaUVEiMfFwxCLZC5EijAriaaoZ6cWSIB4y0g2nrczvPhCpaCTu9SwmPkdjQUcUI22kwC61KjpwqxUvENWBohxmdX1ZB3bZqTkLwHXi5qQMcrQD+2swjHDCidCYIaX6rhNrP0VSU8zIvDhIFIkRnqIx6RsqECfKTxdHzOGFUYZwFEnzhIYL9fdEirhSMx6aTo70RK16mfif10/06NpPqYgTTQReLholDOoIZonAIZUEazYzBGFJzV8hniCJsDa5FU0I7urJ66RTr7mNWuPusty8yeMogBI4BxXggivQBLegDTyAwSN4Bq/gzXqyXqx362PZumHlM2fgD6zPH79VlaA=</latexit>

C(t1)(Un) ⇠ C(t2)(Un)

<latexit sha1_base64="e10Sxmb5GRSVFktBPlcrNB4Vtoo=">AAACGXicbVDLSgMxFM3UV62vqks3wSK0oGVGpLoRqiK4rGAf0Kklk2ba0ExmSO6IZehvuPFX3LhQxKWu/BvTx0KrBy4czrmX5BwvElyDbX9Zqbn5hcWl9HJmZXVtfSO7uVXTYawoq9JQhKrhEc0El6wKHARrRIqRwBOs7vUvRn79jinNQ3kDg4i1AtKV3OeUgJHaWdvPuwGBnucnZHibuBqIGu5jKJy6Og7aEp+Zcdl9lD+4NAwK7WzOLtpj4L/EmZIcmqLSzn64nZDGAZNABdG66dgRtBKigFPBhhk31iwitE+6rGmoJAHTrWScbIj3jNLBfqjMSMBj9edFQgKtB4FnNkcp9Kw3Ev/zmjH4J62EyygGJunkIT8WGEI8qgl3uGIUxMAQQhU3f8W0RxShYMrMmBKc2ch/Se2w6JSKpeujXPl8Wkca7aBdlEcOOkZldIUqqIooekBP6AW9Wo/Ws/VmvU9WU9b0Zhv9gvX5DbYgn3Y=</latexit>

f(a?, t) =
X

n

An exp(�Ent)

However, in this case, all our values at different times come from 
the same Montecarlo samples

<latexit sha1_base64="Q/6i+NLpG+CpbOknwito6IqzMlw="></latexit>

�2 =
X

i

✓
C (ti)� f (a?, ti)

�C(ti)

◆2

How would we naively fit the correlation function?

Data IS correlated

<latexit sha1_base64="KgydLE9yeZLNX0H+bmSP2RxtvCU="></latexit>

�2 =
X

i,j

(C(ti)� f(a?, ti))⌃
�1
ij (C(tj)� f(a?, tj))

We therefore modify our penalty function to account for this

<latexit sha1_base64="f4v3nsCYf2tiLwzPkoyUSQLE4q0=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhgoRdkehFCObiMaJ5QBKW2ckkmWR2dp3pDYQlNy/+ihcPinj1F7z5N04eB00saCiquunu8kLBNdj2t5VYWl5ZXUuupzY2t7Z30rt7FR1EirIyDUSgah7RTHDJysBBsFqoGPE9wapevzj2qwOmNA/kPQxD1vRJR/I2pwSM5KYPG3e84xM35r3RVTEYZMHlp+D2ThqSPWDbTWfsnD0BXiTOjGTQDCU3/dVoBTTymQQqiNZ1xw6hGRMFnAo2SjUizUJC+6TD6oZK4jPdjCd/jPCxUVq4HShTEvBE/T0RE1/roe+ZTp9AV897Y/E/rx5B+7IZcxlGwCSdLmpHAkOAx6HgFleMghgaQqji5lZMu0QRCia6lAnBmX95kVTOck4+l789zxSuZ3Ek0QE6QlnkoAtUQDeohMqIokf0jF7Rm/VkvVjv1se0NWHNZvbRH1ifP9G4mKQ=</latexit>

⌃ij = Cov(ti, tj) 6= 0

Think about samples  as the main variable nowUn

If our the distance between two times is small (small spacing ) 
then the value of the correlation function must be similar

a
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2-pt correlation fitting

<latexit sha1_base64="lifxxjL1az3fhEkqEgtM8Cb6tmM=">AAACBHicbVDLTgIxFO34RHyNumTTSExgQ2aIQZdENi4xcYAEJpNOKdDQdiZtx4RMWLjxV9y40Bi3foQ7/8YOzELBkzQ595x7c3tPGDOqtON8WxubW9s7u4W94v7B4dGxfXLaUVEiMfFwxCLZC5EijAriaaoZ6cWSIB4y0g2nrczvPhCpaCTu9SwmPkdjQUcUI22kwC61KjpwqxUvENWBohxmdX1ZB3bZqTkLwHXi5qQMcrQD+2swjHDCidCYIaX6rhNrP0VSU8zIvDhIFIkRnqIx6RsqECfKTxdHzOGFUYZwFEnzhIYL9fdEirhSMx6aTo70RK16mfif10/06NpPqYgTTQReLholDOoIZonAIZUEazYzBGFJzV8hniCJsDa5FU0I7urJ66RTr7mNWuPusty8yeMogBI4BxXggivQBLegDTyAwSN4Bq/gzXqyXqx362PZumHlM2fgD6zPH79VlaA=</latexit>

C(t1)(Un) ⇠ C(t2)(Un)

<latexit sha1_base64="e10Sxmb5GRSVFktBPlcrNB4Vtoo=">AAACGXicbVDLSgMxFM3UV62vqks3wSK0oGVGpLoRqiK4rGAf0Kklk2ba0ExmSO6IZehvuPFX3LhQxKWu/BvTx0KrBy4czrmX5BwvElyDbX9Zqbn5hcWl9HJmZXVtfSO7uVXTYawoq9JQhKrhEc0El6wKHARrRIqRwBOs7vUvRn79jinNQ3kDg4i1AtKV3OeUgJHaWdvPuwGBnucnZHibuBqIGu5jKJy6Og7aEp+Zcdl9lD+4NAwK7WzOLtpj4L/EmZIcmqLSzn64nZDGAZNABdG66dgRtBKigFPBhhk31iwitE+6rGmoJAHTrWScbIj3jNLBfqjMSMBj9edFQgKtB4FnNkcp9Kw3Ev/zmjH4J62EyygGJunkIT8WGEI8qgl3uGIUxMAQQhU3f8W0RxShYMrMmBKc2ch/Se2w6JSKpeujXPl8Wkca7aBdlEcOOkZldIUqqIooekBP6AW9Wo/Ws/VmvU9WU9b0Zhv9gvX5DbYgn3Y=</latexit>

f(a?, t) =
X

n

An exp(�Ent)

However, in this case, all our values at different times come from 
the same Montecarlo samples

<latexit sha1_base64="Q/6i+NLpG+CpbOknwito6IqzMlw="></latexit>

�2 =
X

i

✓
C (ti)� f (a?, ti)

�C(ti)

◆2

How would we naively fit the correlation function?

Data IS correlated

<latexit sha1_base64="KgydLE9yeZLNX0H+bmSP2RxtvCU="></latexit>

�2 =
X

i,j

(C(ti)� f(a?, ti))⌃
�1
ij (C(tj)� f(a?, tj))

We therefore modify our penalty function to account for this

<latexit sha1_base64="f4v3nsCYf2tiLwzPkoyUSQLE4q0=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhgoRdkehFCObiMaJ5QBKW2ckkmWR2dp3pDYQlNy/+ihcPinj1F7z5N04eB00saCiquunu8kLBNdj2t5VYWl5ZXUuupzY2t7Z30rt7FR1EirIyDUSgah7RTHDJysBBsFqoGPE9wapevzj2qwOmNA/kPQxD1vRJR/I2pwSM5KYPG3e84xM35r3RVTEYZMHlp+D2ThqSPWDbTWfsnD0BXiTOjGTQDCU3/dVoBTTymQQqiNZ1xw6hGRMFnAo2SjUizUJC+6TD6oZK4jPdjCd/jPCxUVq4HShTEvBE/T0RE1/roe+ZTp9AV897Y/E/rx5B+7IZcxlGwCSdLmpHAkOAx6HgFleMghgaQqji5lZMu0QRCia6lAnBmX95kVTOck4+l789zxSuZ3Ek0QE6QlnkoAtUQDeohMqIokf0jF7Rm/VkvVjv1se0NWHNZvbRH1ifP9G4mKQ=</latexit>

⌃ij = Cov(ti, tj) 6= 0

Think about samples  as the main variable nowUn

If our the distance between two times is small (small spacing ) 
then the value of the correlation function must be similar

a
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<latexit sha1_base64="B528R6yNwPgwNvuhQorsHhUfh00=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Wom5IUqW4KxW5clQr2AU0Nk+mkHTqZhJmJUEL+w42/4saFIq4EF/6N07QLbT0wcDjnXO7c40WMSmVZ30ZubX1jcyu/XdjZ3ds/MA+POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1Jo2Z330gQtKQ36lpRAYBGnHqU4yUllyz4jDER4zARkmdOyLjNccXCCd2mjRTR8bBfdNNaM1Os4xLXbNola0McJXYC1IEC7Rc89MZhjgOCFeYISn7thWpQYKEopiRtODEkkQIT9CI9DXlKCBykGS3pfBMK0Poh0I/rmCm/p5IUCDlNPB0MkBqLJe9mfif14+VfzVIKI9iRTieL/JjBlUIZ0XBIRUEKzbVBGFB9V8hHiNdjNJ1FnQJ9vLJq6RTKdvVcvX2oli/XtSRByfgFJSADS5BHdyAFmgDDB7BM3gFb8aT8WK8Gx/zaM5YzByDPzC+fgCxN6CV</latexit>

hC(t)i = 1

N

NX

i=1

C(t)i

How do we estimate errors and correlations of observables

Remember our inputs are discretized sampled numbers (they come without errors)

Average Error of the average

How do we estimate unbiased error propagation?

<latexit sha1_base64="pKdP2G7c6dplkK+5G3+aI6HohXM="></latexit>

Cov(ti, tj) ⌘ ⌃ij =
N � 1

N

NX

n=1

⇣
[C(ti)n � hC(ti)i

⌘⇣
\C(tj)n � hC(tj)i

⌘

=
1

N(N � 1)

NX

n=1

(C(ti)n � hC(ti)i) (C(tj)n � hC(tj)i)

<latexit sha1_base64="pKdP2G7c6dplkK+5G3+aI6HohXM="></latexit>

Cov(ti, tj) ⌘ ⌃ij =
N � 1

N

NX

n=1

⇣
[C(ti)n � hC(ti)i

⌘⇣
\C(tj)n � hC(tj)i

⌘

=
1

N(N � 1)

NX

n=1

(C(ti)n � hC(ti)i) (C(tj)n � hC(tj)i)Covariance

<latexit sha1_base64="Awu/ydnYLxup6O8MtRUikztRRz4=">AAACF3icbVDJSgNBEO2JW4zbqEcvjUHwFGZEosegHjxGMAtkYqjp9CRNeha7a4Qw5C+8+CtePCjiVW/+jZ3loIkPCh7vVVFVz0+k0Og431ZuaXlldS2/XtjY3NresXf36jpOFeM1FstYNX3QXIqI11Cg5M1EcQh9yRv+4HLsNx640iKObnGY8HYIvUgEggEaqWOXvBCw7wcZjO48jaCod59Cl3pXXCLQebdjF52SMwFdJO6MFMkM1Y795XVjloY8QiZB65brJNjOQKFgko8KXqp5AmwAPd4yNIKQ63Y2+WtEj4zSpUGsTEVIJ+rviQxCrYehbzrHd+p5byz+57VSDM7bmYiSFHnEpouCVFKM6Tgk2hWKM5RDQ4ApYW6lrA8KGJooCyYEd/7lRVI/KbnlUvnmtFi5mMWRJwfkkBwTl5yRCrkmVVIjjDySZ/JK3qwn68V6tz6mrTlrNrNP/sD6/AHig6Bl</latexit>

a? �a?
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

Central value
<latexit sha1_base64="am/ZwE+oj8jc9BKjR0sL1AneVDI="></latexit>

�f(a?)2 =
X

ij

@f(a?)

@ai
Covij

@f(a?)

@aj

<latexit sha1_base64="Q8mxwEV4q+a6mTZkNc/ekyeuy/w=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIVJdFNy4r2Ac0tdxMJ+3QySTMTIQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6Z48ecKe0439bS8srq2npho7i5tb2za+/tN1WUSEIbJOKRbPugKGeCNjTTnLZjSSH0OW35o+vMbz1QqVgk7vQ4pt0QBoIFjIA2Us8+xEHZC0EP/SCFyb2nNMjTnl1yKs4UeJG4OSmhHPWe/eX1I5KEVGjCQamO68S6m4LUjHA6KXqJojGQEQxox1ABIVXddJp+gk+M0sdBJM0TGk/V3xsphEqNQ99MZkHVvJeJ/3mdRAeX3ZSJONFUkNmhIOFYRzirAveZpETzsSFAJDNZMRmCBKJNYUVTgjv/5UXSPKu41Ur19rxUu8rrKKAjdIzKyEUXqIZuUB01EEGP6Bm9ojfryXqx3q2P2eiSle8coD+wPn8A99SU8A==</latexit>

f(a?)

Errors (correlated)

2-pt correlation fitting: Statistics

<latexit sha1_base64="4yKbYZWQ8irppE99LvJEzUzJwDQ="></latexit>

�hC(t)i =
⌦
C(t)2

↵
� hC(t)i2

N � 1

Function Parameters

Parameter fit covariance
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<latexit sha1_base64="a7SayZziTGyRAhzq4P0wwo8VLyA="></latexit>

dC(t)n =
1

N � 1

NX

i 6=n

C(t)i = hC(t)i � hC(t)i � C(t)n
N � 1

<latexit sha1_base64="PfCtzSRA5ZYtUusqKP2nFyg1Ioc="></latexit>

hC(t)i = 1

N

NX

i=1

dC(t)i

How do we estimate unbiased error propagation?

Central value
<latexit sha1_base64="am/ZwE+oj8jc9BKjR0sL1AneVDI="></latexit>

�f(a?)2 =
X

ij

@f(a?)

@ai
Covij

@f(a?)

@aj

<latexit sha1_base64="Q8mxwEV4q+a6mTZkNc/ekyeuy/w=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIVJdFNy4r2Ac0tdxMJ+3QySTMTIQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6Z48ecKe0439bS8srq2npho7i5tb2za+/tN1WUSEIbJOKRbPugKGeCNjTTnLZjSSH0OW35o+vMbz1QqVgk7vQ4pt0QBoIFjIA2Us8+xEHZC0EP/SCFyb2nNMjTnl1yKs4UeJG4OSmhHPWe/eX1I5KEVGjCQamO68S6m4LUjHA6KXqJojGQEQxox1ABIVXddJp+gk+M0sdBJM0TGk/V3xsphEqNQ99MZkHVvJeJ/3mdRAeX3ZSJONFUkNmhIOFYRzirAveZpETzsSFAJDNZMRmCBKJNYUVTgjv/5UXSPKu41Ur19rxUu8rrKKAjdIzKyEUXqIZuUB01EEGP6Bm9ojfryXqx3q2P2eiSle8coD+wPn8A99SU8A==</latexit>

f(a?)

Errors (correlated)

How to do this based on our samples?   Jackknife→

Jackknife samples from raw samples

Average is preserved

<latexit sha1_base64="pKdP2G7c6dplkK+5G3+aI6HohXM="></latexit>

Cov(ti, tj) ⌘ ⌃ij =
N � 1

N

NX

n=1

⇣
[C(ti)n � hC(ti)i

⌘⇣
\C(tj)n � hC(tj)i

⌘

=
1

N(N � 1)

NX

n=1

(C(ti)n � hC(ti)i) (C(tj)n � hC(tj)i)

Covariance of averages from Jackknife

2-pt correlation fitting: Jackknife

<latexit sha1_base64="B528R6yNwPgwNvuhQorsHhUfh00=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Wom5IUqW4KxW5clQr2AU0Nk+mkHTqZhJmJUEL+w42/4saFIq4EF/6N07QLbT0wcDjnXO7c40WMSmVZ30ZubX1jcyu/XdjZ3ds/MA+POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1Jo2Z330gQtKQ36lpRAYBGnHqU4yUllyz4jDER4zARkmdOyLjNccXCCd2mjRTR8bBfdNNaM1Os4xLXbNola0McJXYC1IEC7Rc89MZhjgOCFeYISn7thWpQYKEopiRtODEkkQIT9CI9DXlKCBykGS3pfBMK0Poh0I/rmCm/p5IUCDlNPB0MkBqLJe9mfif14+VfzVIKI9iRTieL/JjBlUIZ0XBIRUEKzbVBGFB9V8hHiNdjNJ1FnQJ9vLJq6RTKdvVcvX2oli/XtSRByfgFJSADS5BHdyAFmgDDB7BM3gFb8aT8WK8Gx/zaM5YzByDPzC+fgCxN6CV</latexit>

hC(t)i = 1

N

NX

i=1

C(t)i
<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
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How does it work?

Start with a collection of raw parameters and produce the Jackknife samples
<latexit sha1_base64="TE+elyiTZJpxerTe9Ws3/SyzGak=">AAACHnicbVDJSgNBFOyJW4xb1KOXxiDES5gRjR6DXjxGMAtkYnjT6Uma9Cx0v1HCkC/x4q948aCI4En/xs5y0MSChqLqPfpVebEUGm3728osLa+srmXXcxubW9s7+d29uo4SxXiNRTJSTQ80lyLkNRQoeTNWHAJP8oY3uBr7jXuutIjCWxzGvB1ALxS+YIBG6uTPim4A2Pf8FEZ3rkZQxx1BXYyo+yC6vA+Yzg+MOmavYJfsCegicWakQGaodvKfbjdiScBDZBK0bjl2jO0UFAom+SjnJprHwAbQ4y1DQwi4bqeTeCN6ZJQu9SNlXoh0ov7eSCHQehh4ZnJ8qp73xuJ/XitB/6KdijBOkIds+pGfSGrSj7uiXaE4Qzk0BJgS5lbK+qCAoWk0Z0pw5iMvkvpJySmXyjenhcrlrI4sOSCHpEgcck4q5JpUSY0w8kieySt5s56sF+vd+piOZqzZzj75A+vrB904o50=</latexit>

(a?)i ! ca?n

Obtain the Jackknife sample for the function

Best fit

Errors

<latexit sha1_base64="oSI1xbEd7H0Y72cRQarC3mnQ2qc="></latexit>

\f (a?)n = f
⇣
ca?n

⌘

<latexit sha1_base64="SRgiwZN7CFBQNxjrcNxTrzE32o0="></latexit>

f (a?) =
D
\f (a?)n

E

How to do this based on our samples?   Jackknife→

<latexit sha1_base64="Yvka17x7kmaBJHk3dZW1WqJr3Fk=">AAACKnicbVBNS8NAFNz4WetX1KOXxSJUxJKIVC9CtRdPomBVaErYbF/bpZtN2H1RSujv8eJf8dKDIl79ISa1B60OLMzOzGP3TRBLYdBx3q2Z2bn5hcXCUnF5ZXVt3d7YvDVRojk0eCQjfR8wA1IoaKBACfexBhYGEu6Cfj337x5AGxGpGxzE0ApZV4mO4AwzybfP6mXc89Wp9yja0GOY5vehr/Yvy55kqiuB5oqnx/xgOrZXLPp2yak4Y9C/xJ2QEpngyrdHXjviSQgKuWTGNF0nxlbKNAouYVj0EgMx433WhWZGFQvBtNLxqkO6mylt2ol0dhTSsfpzImWhMYMwyJIhw56Z9nLxP6+ZYOeklQoVJwiKfz/USSTFiOa90bbQwFEOMsK4FtlfKe8xzThm7eYluNMr/yW3hxW3WqleH5Vq55M6CmSb7JAycckxqZELckUahJMn8kJeyZv1bI2sd+vjOzpjTWa2yC9Yn18tDaVH</latexit>

C(t)n = dC(t)n +N(hC(t)i � dC(t)n)

Returning to raw samples

<latexit sha1_base64="KMWASsuPrhR0ngz6o7bZqZ/goCQ="></latexit>

�f(a?)2 =
N � 1

N

X

n

(\f(a?)n � f(a?))2

Do not confuse this sampling procedure with experimental data resampling

 The procedures are not the same Experimental data resampling propagates bias

2-pt correlation fitting: Jackknife
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Note that (single parameter)

Why does it work so well?

In which case

<latexit sha1_base64="Dvpw6wJOxrSSM2al/rklJm62nsM="></latexit>

df(a)
2

n � f(a)2 ⇠ f 0(a)�a/
p
N

<latexit sha1_base64="Dn02/12KT7Gw5ht5QcONZionkxA="></latexit>

�f(a)2 =
N � 1

N

X

n

(df(a)n � f(a))2 ⇠ |f 0(a)|2 �a2

The Jackknife samples accumulate around 
the central value of the sample

1- Get Jackknife samples from raw data

2- Perform full analysis based on these samples

<latexit sha1_base64="O4KBOtMh6bPTAa+WMQWlV6Wj82o=">AAACKHicbZDPSiNBEMZ7/G/W1ahHL41hQRCyMyLqTVEPnkTBqJAJoaZTYxp7esbuGiUM8zhefBUvIop49UnsxICu7gcNH7+qoqu+KFPSku+/eiOjY+MTk1PTlV8zv2fnqvMLpzbNjcCGSFVqziOwqKTGBklSeJ4ZhCRSeBZd7vXrZ9dorEz1CfUybCVwoWUsBZBD7ep2eCM72AUqwgSoG8UFlGVbh1Ymn2A13EdFwD/J39BeGSoOy3a15tf9gfhPEwxNjQ111K4+hp1U5AlqEgqsbQZ+Rq0CDEmhsKyEucUMxCVcYNNZDQnaVjE4tOR/HOnwODXuaeID+nWigMTaXhK5zv6q9nutD/9Xa+YUb7UKqbOcUIuPj+JccUp5PzXekQYFqZ4zIIx0u3LRBQOCXLYVF0Lw/eSf5nStHmzUN47Xazu7wzim2BJbZissYJtshx2wI9Zggt2ye/bEnr0778F78V4/Wke84cwi+0fe2zsiVah5</latexit>

ban ⇠ a+�a/
p
N

2-pt correlation fitting: Jackknife
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2-pt correlation fitting: Jackknife

<latexit sha1_base64="rNlnlYFlr2mq4NKDeqPf7OcTn64=">AAACAnicbVBNS8NAEN34WetX1JN4CRbBU0mKVI9FLx4r2A9o2rLZbtqlm92wOxFKKF78K148KOLVX+HNf+OmzUFbHww83pthZl4Qc6bBdb+tldW19Y3NwlZxe2d3b98+OGxqmShCG0RyqdoB1pQzQRvAgNN2rCiOAk5bwfgm81sPVGkmxT1MYtqN8FCwkBEMRurbxz4ZsV7FB+lHGEZBmOJpz9eAVd8uuWV3BmeZeDkpoRz1vv3lDyRJIiqAcKx1x3Nj6KZYASOcTot+ommMyRgPacdQgSOqu+nshalzZpSBE0plSoAzU39PpDjSehIFpjO7Uy96mfif10kgvOqmTMQJUEHmi8KEOyCdLA9nwBQlwCeGYKKYudUhI6wwAZNa0YTgLb68TJqVslctV+8uSrXrPI4COkGn6Bx56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD7iNl6o=</latexit>

�2 ! a?

<latexit sha1_base64="/I4oZghzsBgaClsK8rXkCPJWJW8="></latexit>

ha?i = 1

N

NX

i=1

ca?i

<latexit sha1_base64="/9zetCLyF5hoQUWI+cFJIyVLK+s="></latexit>

Cov(a?(i),a?(j)) =
N � 1

N

NX

n=1

⇣
[a?(i)n � ha?(i)i

⌘⇣
[a?(j)n � ha?(j)i

⌘

What if I have to perform fits to these samples?

Our penalty function varies

We “freeze” the covariance to the one 
of the full sample. It reduces the bias

These sample penalty functions relate to the full penalty function as

So, what about the parameter values and errors

On a single fit to data, the minimizer provides central values AND errors

When using resampling methods, we forget about the errors from the minimizer

Central value is obtained as the mean of the Jackknifes

Covariances are obtained from the master formula

<latexit sha1_base64="Kz0iTF6N3j88VykPBJ/jzl3+g84=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFapCUpUt0IRTeupIJ9QB9hMpm2QyeTMDMRSujejb/ixoUibv0Bd/6NkzYLbT1w4XDOvdx7jxsyKpVlfRsrq2vrG5uZrez2zu7evnlw2JRBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO75O/NYDEZIG/F5NQtLz0ZDTAcVIackxc10Z+Q6HXTyiDu9XLgu3JbsIC15pXDxNxH7FMfNW2ZoBLhM7JXmQou6YX10vwJFPuMIMSdmxrVD1YiQUxYxMs91IkhDhMRqSjqYc+UT24tkvU3iiFQ8OAqGLKzhTf0/EyJdy4ru600dqJBe9RPzP60RqcNGLKQ8jRTieLxpEDKoAJsFAjwqCFZtogrCg+laIR0ggrHR8WR2CvfjyMmlWyna1XL07y9eu0jgy4BjkQAHY4BzUwA2ogwbA4BE8g1fwZjwZL8a78TFvXTHSmSPwB8bnDxMdmIc=</latexit>X

n

�2
n = (N � 1)(d� k) + �2

<latexit sha1_base64="ciVWzioRYh/HAV/E4CNMxTfb9WU="></latexit>

b�2
n =

X

i,j

⇣
\C (ti)n � f (a?, ti)

⌘
⌃�1

ij

⇣⇣
\C (tj)n � f (a?, tj)

⌘

<latexit sha1_base64="q8T2XCSmOOgMij9vwYd/DY3i2ds="></latexit>X

n

b�2
n =

d� k

(N � 1)
+ �2

Jackknife Original

<latexit sha1_base64="nbPI9K6k8n6mJ4l8DLnDpjk96vY=">AAACJHicbVDLSgMxFM34rPVVdekmWARXZUakCm6KblxWsCp02nInzXSCmcyQ3LGUoR/jxl9x48IHLtz4Laa14KMeCBzOOZfce4JUCoOu++7MzM7NLywWlorLK6tr66WNzUuTZJrxBktkoq8DMFwKxRsoUPLrVHOIA8mvgpvTkX91y7URibrAQcpbMfSUCAUDtFKndOz3RZdHgLnPIjHsqPY+9bXoRQhaJ336bceAURDmMGz7xpo22imV3Yo7Bp0m3oSUyQT1TunF7yYsi7lCJsGYpuem2MpBo2CSD4t+ZngK7AZ6vGmpgpibVj4+ckh3rdKlYaLtU0jH6s+JHGJjBnFgk6NVzV9vJP7nNTMMj1q5UGmGXLGvj8JMUkzoqDHaFZozlANLgGlhd6UsAg0Mba9FW4L39+Rpcrlf8aqV6vlBuXYyqaNAtskO2SMeOSQ1ckbqpEEYuSMP5Ik8O/fOo/PqvH1FZ5zJzBb5BefjE6U+prI=</latexit>

b�2
n ! ca?n
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2-pt correlation fitting: Bootstrap

This time, we do resampling with repetition, where  is not necessarily K N

This values are taken randomly from the sample, repetition is allowed

The errors are similar to the raw sample case

<latexit sha1_base64="2V95CJiz951lgPdO1tXXx3U7Q0Y="></latexit>

dC(t)n =
1

K

KX

i 6=n

C(t)i

<latexit sha1_base64="mgAuAXe5R5UKx+5FDRwdKGOtF6A="></latexit>

⌃ij =
1

M

MX

n=1

⇣
\C (ti)n � hC (ti)i

⌘⇣
\C (tj)n � hC (tj)i

⌘

<latexit sha1_base64="0gXFlTa1+cjZY5GGnAGuIHXUSe8=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzJTpLoRim5cVrQX6IxDJk3b0CQzJBmhDH0EN76KGxeKuHXpzrcx0w6orT8EvvznHJLzhzGjSjvOl7WwuLS8slpYK65vbG5t2zu7TRUlEpMGjlgk2yFShFFBGppqRtqxJIiHjLTC4WVWb90TqWgkbvUoJj5HfUF7FCNtrMA+8m5on6MgpZCOzz2VXe4qAf3BlBMkxoFdcsrORHAe3BxKIFc9sD+9boQTToTGDCnVcZ1Y+ymSmmJGxkUvUSRGeIj6pGNQIE6Un04WGsND43RhL5LmCA0n7u+JFHGlRjw0nRzpgZqtZeZ/tU6ie2d+SkWcaCLw9KFewqCOYJYO7FJJsGYjAwhLav4K8QBJhLXJsGhCcGdXnodmpexWy9Xrk1LtIo+jAPbBATgGLjgFNXAF6qABMHgAT+AFvFqP1rP1Zr1PWxesfGYP/JH18Q2vK50G</latexit>

⌃ii = �2
i = �2

meanThe variance over the bootstrap is the variance of the mean value

The bootstrap allows for calculations of confidence intervals (these are biased estimators)
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Questions? — Some water?

Next: Finite-volume symmetry!
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Finite-volume symmetry: Cubic vs Spherical

<latexit sha1_base64="vmt/8GVTmJ/ndbeaZFcgUoLbDNs=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9lVqR6LXrxZwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz321lZXVvf2CxsFbd3dvf2SweHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mt5+o0iySj2YSU1/goWQhI9hk0n3l4qxfKrtVdwa0TLyclCFHo1/66g0ikggqDeFY667nxsZPsTKMcDot9hJNY0zGeEi7lkosqPbT2a1TdGqVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynaELzFl5dJ67zq1aq1h8ty/SaPowDHcAIV8OAK6nAHDWgCgRE8wyu8OcJ5cd6dj3nripPPHMEfOJ8/4+iNgA==</latexit>

O(3)

<latexit sha1_base64="AJjH9vPVA/Q266LfuNaVe0aWgoM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF29WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rY/6pcrbtWdg/wlXk4qkKPRL3/2BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiUnVhmQMFa2pCFz9edERiOtJ1FgOyNqRnrZm4n/ed3UhJd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLf0nrrOrVqrW780r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1hPPsvDnvi9aCk88cwi84H98kKI25</latexit>

Oh

Our universe is spherical, we have continuous, scalar rotational invariance 

Our lattices are boxes in , we cannot leave the box invariant with any type of rotationL3

We are “losing” symmetries when moving from one to the other

What is being affected?
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Finite-volume symmetry: Cubic vs Spherical

<latexit sha1_base64="vmt/8GVTmJ/ndbeaZFcgUoLbDNs=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9lVqR6LXrxZwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz321lZXVvf2CxsFbd3dvf2SweHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mt5+o0iySj2YSU1/goWQhI9hk0n3l4qxfKrtVdwa0TLyclCFHo1/66g0ikggqDeFY667nxsZPsTKMcDot9hJNY0zGeEi7lkosqPbT2a1TdGqVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynaELzFl5dJ67zq1aq1h8ty/SaPowDHcAIV8OAK6nAHDWgCgRE8wyu8OcJ5cd6dj3nripPPHMEfOJ8/4+iNgA==</latexit>

O(3)

How do we classify particles in QM?

 correspond to irreducible representations of the group JP O(3)

 is the generator of rotationsJ

<latexit sha1_base64="mjRK+Emp5BxEHgvBPhYvdmgZiPM=">AAACJ3icbVBNSwMxEM36WevXqkcvwSJ4KGVXRAVBil48VrBV6C4lm05rNMmuSVYobf+NF/+KF0FF9Og/MW0XqdUHA4/3ZpiZFyWcaeN5n87U9Mzs3HxuIb+4tLyy6q6t13ScKgpVGvNYXUVEA2cSqoYZDleJAiIiDpfR7enAv7wHpVksL0wngVCQtmQtRomxUsM97iVFLAJFZJsDDmLDBOjeTREHIv1R4S5l9z1RxDf4CCfjXsMteCVvCPyX+BkpoAyVhvsSNGOaCpCGcqJ13fcSE3aJMoxy6OeDVENC6C1pQ91SSew5YXf4Zx9vW6WJW7GyJQ0equMTXSK07ojIdgpirvWkNxD/8+qpaR2GXSaT1ICko0WtlGMT40FouMkUUMM7lhCqmL0V02uiCDU22rwNwZ98+S+p7Zb8/dL++V6hfJLFkUObaAvtIB8doDI6QxVURRQ9oCf0it6cR+fZeXc+Rq1TTjazgX7B+foGIT6lfQ==</latexit>

|p,mi ⌦ |j, µi ⌘ |m, j; p, µiSingle particle states are classified by their irrepts in the RIHL

<latexit sha1_base64="M+11xevggTCOA6b1H0IkWyB7NsY=">AAACFnicbVBNSyNBEO1x/Yxf2fXopTEIXgwzIlHwIrsXEQQFo0ImhJpOzaSxu2forhFC1l+xl/0rXjwo4lW8+W/sxBz8etDN6/eqqK6XFEo6CsOXYOLH5NT0zOxcZX5hcWm5+vPXmctLK7ApcpXbiwQcKmmwSZIUXhQWQScKz5PLP0P//Aqtk7k5pX6BbQ2ZkakUQF7qVDdjhSn9PeRHfI/HuuxEo3tr+MpAa4itzHoUWzCZwk61FtbDEfhXEo1JjY1x3Kk+x91clBoNCQXOtaKwoPYALEmh8LoSlw4LEJeQYctTAxpdezBa65qve6XL09z6Y4iP1PcdA9DO9XXiKzVQz332huJ3XqukdLc9kKYoCY14G5SWilPOhxnxrrQoSPU9AWGl/ysXPbAgyCdZ8SFEn1f+Ss626lGj3jjZru3/Hscxy1bZGttgEdth++yAHbMmE+wfu2F37D74H9wGD8HjW+lEMO5ZYR8QPL0C/PGeEw==</latexit>

|JM ;µ1µ2; �i

Two-particles states are typically described in either helicity or LS basis

Helicity basis

LS basis
<latexit sha1_base64="lDwZG4LuSMb+xUpmAGHuQQhm2io="></latexit>

|JM ;LS; �i =
X

m1,m2

hLSMLMs | JMi hs1s2m1m2 | SMSi |LML;m1m2; �i

Helicity basis

the projection of angular momentun onto some axis,   labels rows of the representation Jz
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Finite-volume symmetry: Cubic vs Spherical

On a typical lattice, the group of rotational symmetry is 
the cubic point group Oh

<latexit sha1_base64="AJjH9vPVA/Q266LfuNaVe0aWgoM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF29WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rY/6pcrbtWdg/wlXk4qkKPRL3/2BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiUnVhmQMFa2pCFz9edERiOtJ1FgOyNqRnrZm4n/ed3UhJd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLf0nrrOrVqrW780r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1hPPsvDnvi9aCk88cwi84H98kKI25</latexit>

OhTherefore, the states of our hamiltonian will be 
described by its irreducible representations

For consistency, we describe these irreps as , where  is the same parity operation as in 
the continuum

ΛP P

States with different  in the continuum appear in different irreps on the latticeJz

The operators/interpolators we build must respect these same symmetries
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Finite-volume symmetry: Groups

A group  must fulfill the following properties:G

If  belong to , then  belongs toog1, g2 G g1g2

The identity belongs to G

Every element must have an inverse

If , then the group is called Abeliang1g2 = g2g1 ∀g1 g2 ∈ G

Our discrete groups, however, will not be abelian

a -dimensional representation  of a group: a set of 
 matrices each acting on  such that 

d Γ
d × d gi ∈ G
Γ(g1g2) = Γ(g1)Γ(g2)

A set of matrices that respect the same operations 
as the group is a representation of it

If we can block diagonalize all matrices with the 
same transformation, then we can reduce the group 
representation

<latexit sha1_base64="RpprONSDlT8rv2b+cmJn0jBxSTA="></latexit>

�(g) =

✓
�(1)(g) 0

0 �(2)(g)

◆
= �(1)(g)� �(2)(g)

Reduced
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Finite-volume symmetry

Symmetry operations on the octahedral group  O

<latexit sha1_base64="RtC+MzoDpjajgrJmnx1Nuxhz7KI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHirVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzmYz/</latexit>

24

<latexit sha1_base64="ULfHvDHg9I6naqTZXa56tn7tSrc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEciF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoJRbea3nlBpHstHM07Qj+hA8pAzaqz0UOtd9oolt+zOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlCv3V6XqbRZHHk7gFM7Bg2uowh3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AwX2NeA==</latexit>

C3

<latexit sha1_base64="QkjzPacHc9WfzygKTqs9rYBiiCk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELh4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+txvP6HSPJKPZhqjH9KR5EPOqLHSQ71f6RdLbtldgKwTLyMlyNDoF796g4glIUrDBNW667mx8VOqDGcCZ4VeojGmbEJH2LVU0hC1ny5OnZELqwzIMFK2pCEL9fdESkOtp2FgO0NqxnrVm4v/ed3EDG/8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5PWVdmrlqv3lVLtNosjD2dwDpfgwTXU4A4a0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/DAY15</latexit>

C4 <latexit sha1_base64="Z77pDW34BQhi8VbvQmZ3Gyk1rLQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELh4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+txvP6HSPJKPZhqjH9KR5EPOqLHSQ71f6RdLbtldgKwTLyMlyNDoF796g4glIUrDBNW667mx8VOqDGcCZ4VeojGmbEJH2LVU0hC1ny5OnZELqwzIMFK2pCEL9fdESkOtp2FgO0NqxnrVm4v/ed3EDG/8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5NWpexVy9X7q1LtNosjD2dwDpfgwTXU4A4a0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz+/+Y13</latexit>

C2

<latexit sha1_base64="G3ZVEmfntkdnNAB0z6mc4QtsP30="></latexit>

Operation No. Class Label

identity 1 1
90

�
about axes through centres of opposite faces 6 C4

180
�
about the same axes 3 C2

4

120
�
about diagonals connecting opposite vertices 8 C3

180
�
about axes through centers of opposite edges 6 C2
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Finite-volume symmetry: In-flight lattices

<latexit sha1_base64="AJjH9vPVA/Q266LfuNaVe0aWgoM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF29WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rY/6pcrbtWdg/wlXk4qkKPRL3/2BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiUnVhmQMFa2pCFz9edERiOtJ1FgOyNqRnrZm4n/ed3UhJd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLf0nrrOrVqrW780r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1hPPsvDnvi9aCk88cwi84H98kKI25</latexit>

Oh

 is the symmetry group of a lattice at rest, onlyOh

Lattice in flight (momenta  0) have different reduced symmetry groups (subgroups of )≠ Oh

<latexit sha1_base64="3KzEmdNEmFZVKTOTbOW2BrIpyOs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahQim7ItWLUPTisYJtlXYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g5aOEkVok0Q8Ug8B1pQzSZuGGU4fYkWxCDhtB6Obqd9+okqzSN6bcUx9gQeShYxgY6XH+KosK27FPe0VS27VnQEtEy8jJcjQ6BW/uv2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvAEnVilj8JI2ZIGzdTfEykWWo9FYDsFNkO96E3F/7xOYsJLP2UyTgyVZL4oTDgyEZp+j/pMUWL42BJMFLO3IjLEChNjMyrYELzFl5dJ66zq1aq1u/NS/TqLIw9HcAxl8OAC6nALDWgCAQHP8ApvjnJenHfnY96ac7KZQ/gD5/MHpBiPAw==</latexit>

p = (n, 0, 0)
<latexit sha1_base64="5NUp/Enk01Y6EzHdk5qeXDKtMFE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcqMSHUjFN24rGAf0g4lk2ba0CQzJBmhDP0KNy4UcevnuPNvTNtZaOsJgcM593LvPUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ79VtPVGkWyQczjqkv8ECykBFsrPQYX5flmX2nvWLJrbgzoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n84WnqATq/RRGCn7pUEz9XdHioXWYxHYSoHNUC96U/E/r5OY8MpPmYwTQyWZDwoTjkyEptejPlOUGD62BBPF7K6IDLHCxNiMCjYEb/HkZdI8r3jVSvX+olS7yeLIwxEcQxk8uIQa3EEdGkBAwDO8wpujnBfn3fmYl+acrOcQ/sD5/AFhD49/</latexit>

p = (n, n, n)

<latexit sha1_base64="UHrcd2Z51yg62YsYT44jOxoL6h0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaAh6JXDxiIh8JbEi3dKHSbTdtl4Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328ltbe/s7uX3CweHR8cnxdOztpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004waSz8zpQqzaR4NLOY+hEeCRYygo2V2o1BWpnOB8WSW3aXQJvEy0gJMjQHxa/+UJIkosIQjrXueW5s/BQrwwin80I/0TTGZIJHtGepwBHVfrq8do6urDJEoVS2hEFL9fdEiiOtZ1FgOyNsxnrdW4j/eb3EhLd+ykScGCrIalGYcGQkWryOhkxRYvjMEkwUs7ciMsYKE2MDKtgQvPWXN0n7puxVy9WHSql+l8WRhwu4hGvwoAZ1uIcmtIDAEzzDK7w50nlx3p2PVWvOyWbO4Q+czx9g2Y8F</latexit>

C4v
<latexit sha1_base64="u0GXnrYA5iNylAk6J1QzgOFmiK8=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAx6JXDxiIh8JbEi3dKHSbTdtl4Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328ltbe/s7uX3CweHR8cnxdOztpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004waSz8zpQqzaR4NLOY+hEeCRYygo2V2o1BWpnOB8WSW3aXQJvEy0gJMjQHxa/+UJIkosIQjrXueW5s/BQrwwin80I/0TTGZIJHtGepwBHVfrq8do6urDJEoVS2hEFL9fdEiiOtZ1FgOyNsxnrdW4j/eb3EhLd+ykScGCrIalGYcGQkWryOhkxRYvjMEkwUs7ciMsYKE2MDKtgQvPWXN0m7Uvaq5erDTal+l8WRhwu4hGvwoAZ1uIcmtIDAEzzDK7w50nlx3p2PVWvOyWbO4Q+czx9dzY8D</latexit>

C2v
<latexit sha1_base64="KbToalJbnxzo2HOQ9EagnmQIIbo=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqQY9ELh4xkY8ENqRbulDptpu2S0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY1+d+e0KVZlI8mmlM/QgPBQsZwcZKrXo/vZ7M+sWSW3YXQOvEy0gJMjT6xa/eQJIkosIQjrXuem5s/BQrwwins0Iv0TTGZIyHtGupwBHVfrq4doYurDJAoVS2hEEL9fdEiiOtp1FgOyNsRnrVm4v/ed3EhLd+ykScGCrIclGYcGQkmr+OBkxRYvjUEkwUs7ciMsIKE2MDKtgQvNWX10nrquxVy9WHSql2l8WRhzM4h0vw4AZqcA8NaAKBJ3iGV3hzpPPivDsfy9ack82cwh84nz9fU48E</latexit>

C3v

<latexit sha1_base64="lCpZCDsYN9N8ZKTayTEz7rKy/PQ=">AAAB8nicbVDLSgMxFM34rPVVdekmWIQKUmZEqhuh6MZlBfuA6VAyaaYNzSRDckcoQz/DjQtF3Po17vwb03YW2npI4HDOvdx7T5gIbsB1v52V1bX1jc3CVnF7Z3dvv3Rw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Ubz8xbbiSjzBOWBCTgeQRpwSs5Cc3FfccS/vOeqWyW3VnwMvEy0kZ5Wj0Sl/dvqJpzCRQQYzxPTeBICMaOBVsUuymhiWEjsiA+ZZKEjMTZLOVJ/jUKn0cKW2/BDxTf3dkJDZmHIe2MiYwNIveVPzP81OIroOMyyQFJul8UJQKDApP78d9rhkFMbaEUM3trpgOiSYUbEpFG4K3ePIyaV1UvVq19nBZrt/mcRTQMTpBFeShK1RH96iBmogihZ7RK3pzwHlx3p2PeemKk/ccoT9wPn8AsKePlQ==</latexit>

p = (0, n, n)



49

Finite-volume symmetry: Properties

<latexit sha1_base64="ui/lqwCRE/X5rJ77//vnHBf1WX0="></latexit>X

g

�i(g)mn�j(g)m0n0 = �mm0�nn0

Vectors of matrices from different irreps 
are orthogonal

Vectors from same irrep but different matrix 
elements are also orthogonal

<latexit sha1_base64="KkOSkdJopMdNcDJsnxJTNTKfhhU=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyyCbsqMSHUjFF3osoK9QGcYzqRpjSaZIckIZeibuPFV3LhQRNz1bUwvircfAj/fOYeT88cpZ9p43tCZmZ2bX1gsLBWXV1bX1t2NzYZOMkVonSQ8Ua0YNOVM0rphhtNWqiiImNNmfHs2qjfvqNIskVemn9JQQE+yLiNgLIrcSqAzEfVwcA5CQMT2evtRLrAcfJKbL3ISdCg3EOXsZhC5Ja/sjYX/Gn9qSmiqWuS+B52EZIJKQzho3fa91IQ5KMMIp4NikGmaArmFHm1bK0FQHebj+wZ415IO7ibKPmnwmH6fyEFo3Rex7RRgrvXv2gj+V2tnpnsc5kymmaGSTBZ1M45Ngkdh4Q5TlBjetwaIYvavmFyDAmJspEUbgv/75L+mcVD2K+XK5WGpejqNo4C20Q7aQz46QlV0gWqojgi6R4/oGb04D86T8+q8TVpnnOnMFvohZ/gBJ6OieQ==</latexit>X

g

�i(g)mn�j(g)mn = �ij

Vectors from the same rep and same matrix 
elements have magnitude h/li

<latexit sha1_base64="GXVB0np/NAO68tV9syGvQfBPr54=">AAACHnicbVDLSsNAFJ34rPUVdelmsAh1UxPR6kYoutBlBfuAJoTJdNIOnZmEmYlQQr/Ejb/ixoUigiv9G6dtFtp64MLhnHu5954wYVRpx/m2FhaXlldWC2vF9Y3NrW17Z7ep4lRi0sAxi2U7RIowKkhDU81IO5EE8ZCRVji4HvutByIVjcW9HibE56gnaEQx0kYK7DNPpTzoQe8GcY4CWu4dBRmHYjSvXPbhMfQIYwEN7JJTcSaA88TNSQnkqAf2p9eNccqJ0JghpTquk2g/Q1JTzMio6KWKJAgPUI90DBWIE+Vnk/dG8NAoXRjF0pTQcKL+nsgQV2rIQ9PJke6rWW8s/ud1Uh1d+BkVSaqJwNNFUcqgjuE4K9ilkmDNhoYgLKm5FeI+kghrk2jRhODOvjxPmicVt1qp3p2Wald5HAWwDw5AGbjgHNTALaiDBsDgETyDV/BmPVkv1rv1MW1dsPKZPfAH1tcP3oqhFg==</latexit>X

g

�i(g)mn�i(g)mn = h/`i

where  is the order of the group and  

the dimension of  

h li
Γi

Now, the character of representation is 

<latexit sha1_base64="4uSx6WCRaH6hGOktmRHLEN2zP2Y="></latexit>

�(g) = Tr(�(g)) 8g 2 G

<latexit sha1_base64="+d44rivYS8vToZjzabVmFzNxY00="></latexit>X

i

l2i = h
X

g

[�i(g)]
2 = h

X

g

�i(g)�j(g) = h�ij

Properties: 

For an irrep, the characters of all matrices 
belonging to the same class are identical 

In a group, number of irreps = number of classes 
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<latexit sha1_base64="dh0FeGNNMIrs0N8Xy0Bovnb+Ns8="></latexit>

|G| =
X

i

dim (�i)
2Schur lemma 

<latexit sha1_base64="94dnOzOD7OgN7wKOXFrwH+IXVlg=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyM5bqRii6cVnBPqAdSyZN29DMgyQjlLELf8WNC0Xc+hvu/Bsz7Sy09cCBwzn3kpvjRZxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFoXUS8lC0PCwpZwGtK6Y4bUWCYt/jtOmNrtO8+UCFZGFwp8YRdX08CFifEay01TUPnPKlfe+cpnQ0z2bsmkWrZE2BFoWdiSJkqHXNr04vJLFPA0U4lrJtW5FyEywUI5xOCp1Y0giTER7QtpYB9ql0k+n9E3SsnR7qh0IzUGjq/t5IsC/l2Pf0pI/VUM5nqflf1o5V/8JNWBDFigZk9lA/5kiFKC0D9ZigRPGxFpgIpm9FZIgFJkpXVtAl2PNfXhQNp2RXSpXbcrF6ldWRh0M4ghOw4RyqcAM1qAOBR3iGV3gznowX4934mI3mjGxnH/7A+PwBpBmSqw==</latexit>

24 = 12 + 12 + 22 + 32 + 32
<latexit sha1_base64="3BGpYVYnhmG0anhf9cULtn7zQUI=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6MdMj1uiuBxwt5gKyVN0y0sTWuSCqPsE3jxq3jxoIhXz978NmZrBd18IOTH//88JM/fixmVyrK+jJXVtfWNzcJWcXtnd2/fPDjsyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX8387j0Rkka8pSYxcUI05DSgGCktuWa54dqDuwT5sOFWM7jOrtaP0XKrrlmyKta84DLYOZRAXk3X/Bz4EU5CwhVmSMq+bcXKSZFQFDMyLQ4SSWKEx2hI+ho5Col00vk6U1jWig+DSOjDFZyrvydSFEo5CT3dGSI1koveTPzP6ycquHBSyuNEEY6zh4KEQRXBWTbQp4JgxSYaEBZU/xXiERIIK51gUYdgL668DJ1qxa5VardnpfplHkcBHIMTcApscA7q4AY0QRtg8ACewAt4NR6NZ+PNeM9aV4x85gj8KePjG2gpmnU=</latexit>

A1 A2 E T1 T2

Finite-volume symmetry

Remember, number of irreps = number of classes, there are 5 
irreps for  O

<latexit sha1_base64="3VGmL/gTZh1UKVURelJfFHTYKJQ=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU6S6bBXBZYW+oB2GTJppQzMPkoxQhoK/4saFIm79Dnf+jZm2C209cOHknHvJvceLOZPKsr6N3Nr6xuZWfruws7u3f2AeHrVllAhCWyTikeh6WFLOQtpSTHHajQXFgcdpxxvfZn7nkQrJorCpJjF1AjwMmc8IVlpyzZO6a5dQ3a2U0F0JNbNH0624ZtEqWzOgVWIvSBEWaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6nhX4iaYzJGA9pT9MQB1Q66Wz9KTrXygD5kdAVKjRTf0+kOJByEni6M8BqJJe9TPzP6yXKv3ZSFsaJoiGZf+QnHKkIZVmgAROUKD7RBBPB9K6IjLDAROnECjoEe/nkVdKulO1qufpwWazdLOLIwymcwQXYcAU1uIcGtIBACs/wCm/Gk/FivBsf89acsZg5hj8wPn8AJZmSaQ==</latexit>

A1, A2, E, T1, T2
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<latexit sha1_base64="dh0FeGNNMIrs0N8Xy0Bovnb+Ns8="></latexit>

|G| =
X

i

dim (�i)
2Schur: 

<latexit sha1_base64="94dnOzOD7OgN7wKOXFrwH+IXVlg=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyM5bqRii6cVnBPqAdSyZN29DMgyQjlLELf8WNC0Xc+hvu/Bsz7Sy09cCBwzn3kpvjRZxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFoXUS8lC0PCwpZwGtK6Y4bUWCYt/jtOmNrtO8+UCFZGFwp8YRdX08CFifEay01TUPnPKlfe+cpnQ0z2bsmkWrZE2BFoWdiSJkqHXNr04vJLFPA0U4lrJtW5FyEywUI5xOCp1Y0giTER7QtpYB9ql0k+n9E3SsnR7qh0IzUGjq/t5IsC/l2Pf0pI/VUM5nqflf1o5V/8JNWBDFigZk9lA/5kiFKC0D9ZigRPGxFpgIpm9FZIgFJkpXVtAl2PNfXhQNp2RXSpXbcrF6ldWRh0M4ghOw4RyqcAM1qAOBR3iGV3gznowX4934mI3mjGxnH/7A+PwBpBmSqw==</latexit>

24 = 12 + 12 + 22 + 32 + 32
<latexit sha1_base64="3BGpYVYnhmG0anhf9cULtn7zQUI=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6MdMj1uiuBxwt5gKyVN0y0sTWuSCqPsE3jxq3jxoIhXz978NmZrBd18IOTH//88JM/fixmVyrK+jJXVtfWNzcJWcXtnd2/fPDjsyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX8387j0Rkka8pSYxcUI05DSgGCktuWa54dqDuwT5sOFWM7jOrtaP0XKrrlmyKta84DLYOZRAXk3X/Bz4EU5CwhVmSMq+bcXKSZFQFDMyLQ4SSWKEx2hI+ho5Col00vk6U1jWig+DSOjDFZyrvydSFEo5CT3dGSI1koveTPzP6ycquHBSyuNEEY6zh4KEQRXBWTbQp4JgxSYaEBZU/xXiERIIK51gUYdgL668DJ1qxa5VardnpfplHkcBHIMTcApscA7q4AY0QRtg8ACewAt4NR6NZ+PNeM9aV4x85gj8KePjG2gpmnU=</latexit>

A1 A2 E T1 T2

Finite-volume symmetry

Remember, number of irreps = number of classes, there are 5 
irreps for  O

<latexit sha1_base64="3VGmL/gTZh1UKVURelJfFHTYKJQ=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU6S6bBXBZYW+oB2GTJppQzMPkoxQhoK/4saFIm79Dnf+jZm2C209cOHknHvJvceLOZPKsr6N3Nr6xuZWfruws7u3f2AeHrVllAhCWyTikeh6WFLOQtpSTHHajQXFgcdpxxvfZn7nkQrJorCpJjF1AjwMmc8IVlpyzZO6a5dQ3a2U0F0JNbNH0624ZtEqWzOgVWIvSBEWaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6nhX4iaYzJGA9pT9MQB1Q66Wz9KTrXygD5kdAVKjRTf0+kOJByEni6M8BqJJe9TPzP6yXKv3ZSFsaJoiGZf+QnHKkIZVmgAROUKD7RBBPB9K6IjLDAROnECjoEe/nkVdKulO1qufpwWazdLOLIwymcwQXYcAU1uIcGtIBACs/wCm/Gk/FivBsf89acsZg5hj8wPn8AJZmSaQ==</latexit>

A1, A2, E, T1, T2
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Remember, number of irreps = number of classes, there are 5 
irreps for  O

<latexit sha1_base64="dh0FeGNNMIrs0N8Xy0Bovnb+Ns8="></latexit>

|G| =
X

i

dim (�i)
2

<latexit sha1_base64="3VGmL/gTZh1UKVURelJfFHTYKJQ=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU6S6bBXBZYW+oB2GTJppQzMPkoxQhoK/4saFIm79Dnf+jZm2C209cOHknHvJvceLOZPKsr6N3Nr6xuZWfruws7u3f2AeHrVllAhCWyTikeh6WFLOQtpSTHHajQXFgcdpxxvfZn7nkQrJorCpJjF1AjwMmc8IVlpyzZO6a5dQ3a2U0F0JNbNH0624ZtEqWzOgVWIvSBEWaLjmV38QkSSgoSIcS9mzrVg5KRaKEU6nhX4iaYzJGA9pT9MQB1Q66Wz9KTrXygD5kdAVKjRTf0+kOJByEni6M8BqJJe9TPzP6yXKv3ZSFsaJoiGZf+QnHKkIZVmgAROUKD7RBBPB9K6IjLDAROnECjoEe/nkVdKulO1qufpwWazdLOLIwymcwQXYcAU1uIcGtIBACs/wCm/Gk/FivBsf89acsZg5hj8wPn8AJZmSaQ==</latexit>

A1, A2, E, T1, T2

<latexit sha1_base64="94dnOzOD7OgN7wKOXFrwH+IXVlg=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyM5bqRii6cVnBPqAdSyZN29DMgyQjlLELf8WNC0Xc+hvu/Bsz7Sy09cCBwzn3kpvjRZxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFoXUS8lC0PCwpZwGtK6Y4bUWCYt/jtOmNrtO8+UCFZGFwp8YRdX08CFifEay01TUPnPKlfe+cpnQ0z2bsmkWrZE2BFoWdiSJkqHXNr04vJLFPA0U4lrJtW5FyEywUI5xOCp1Y0giTER7QtpYB9ql0k+n9E3SsnR7qh0IzUGjq/t5IsC/l2Pf0pI/VUM5nqflf1o5V/8JNWBDFigZk9lA/5kiFKC0D9ZigRPGxFpgIpm9FZIgFJkpXVtAl2PNfXhQNp2RXSpXbcrF6ldWRh0M4ghOw4RyqcAM1qAOBR3iGV3gznowX4934mI3mjGxnH/7A+PwBpBmSqw==</latexit>

24 = 12 + 12 + 22 + 32 + 32
<latexit sha1_base64="3BGpYVYnhmG0anhf9cULtn7zQUI=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6MdMj1uiuBxwt5gKyVN0y0sTWuSCqPsE3jxq3jxoIhXz978NmZrBd18IOTH//88JM/fixmVyrK+jJXVtfWNzcJWcXtnd2/fPDjsyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX8387j0Rkka8pSYxcUI05DSgGCktuWa54dqDuwT5sOFWM7jOrtaP0XKrrlmyKta84DLYOZRAXk3X/Bz4EU5CwhVmSMq+bcXKSZFQFDMyLQ4SSWKEx2hI+ho5Col00vk6U1jWig+DSOjDFZyrvydSFEo5CT3dGSI1koveTPzP6ycquHBSyuNEEY6zh4KEQRXBWTbQp4JgxSYaEBZU/xXiERIIK51gUYdgL668DJ1qxa5VardnpfplHkcBHIMTcApscA7q4AY0QRtg8ACewAt4NR6NZ+PNeM9aV4x85gj8KePjG2gpmnU=</latexit>

A1 A2 E T1 T2

The cubic point group  also includes spatial inversions Oh

<latexit sha1_base64="6IrgNJ4OsINUwcWWZ75WhXsCvVc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUhKR6kYounHXCvYBTQiT6aQdOsmEmYlQQr7Bjb/ixoUibl2582+ctAG19cDA4Zx7mXOPHzMqlWV9GQuLS8srq6W18vrG5ta2ubPbljwRmLQwZ1x0fSQJoxFpKaoY6caCoNBnpOOPrnO/c0+EpDy6U+OYuCEaRDSgGCkteeZxwxteNqDDFQ2JdFInRGroB6mdncAf7kkn88yKVbUmgPPELkgFFGh65qfT5zgJSaQwQ1L2bCtWboqEopiRrOwkksQIj9CA9DSNkA7gppOTMniolT4MuNAvUnCi/t5IUSjlOPT1ZJ5Sznq5+J/XS1Rw4aY0ihNFIjz9KEgYVBzm/cA+FQQrNtYEYUF1VoiHSCCsdItlXYI9e/I8aZ9W7Vq1dntWqV8VdZTAPjgAR8AG56AObkATtAAGD+AJvIBX49F4Nt6M9+noglHs7IE/MD6+AQWbnbs=</latexit>

Oh = O ⌦ {1,1s}

This increases the number of classes and dimensionality to 48 

<latexit sha1_base64="13mD+gyjTNLfc8jsne2k7vWLZaM="></latexit>

1S

0

@
x
y
z

1

A !

0

@
�x
�y
�z

1

A

<latexit sha1_base64="WNiBM5Uj2mlAnhegAHoApt+94Rc=">AAACE3icbVC7SgNBFL3rM8bXqqXNYBBEIezGENMIQRvLCOYByRpmJ7PJkNkHM7NCWPIPNv6KjYUitjZ2/o2TZIs8PHDgcM69zNzjRpxJZVm/xsrq2vrGZmYru72zu7dvHhzWZRgLQmsk5KFoulhSzgJaU0xx2owExb7LacMd3I7zxhMVkoXBgxpG1PFxL2AeI1hpq2OeF8vX9mPhYpaFlJfz7Jg5K29NgJaFnYocpKh2zJ92NySxTwNFOJayZVuRchIsFCOcjrLtWNIIkwHu0ZaWAfapdJLJTSN0qp0u8kKhGSg0cWc3EuxLOfRdPelj1ZeL2dj8L2vFyis7CQuiWNGATB/yYo5UiMYFoS4TlCg+1AITwfRfEeljgYnSNWZ1CfbiycuiXsjbpXzpvpir3KR1ZOAYTuAMbLiCCtxBFWpA4Ble4R0+jBfjzfg0vqajK0a6cwRzML7/ACzPmBo=</latexit>

48 = 12 + 12 + 12 + 12 + 22 + 22 + 32 + 32 + 32 + 32
<latexit sha1_base64="BEtGmXJMCiqKJhJUV2rPNt3ISCA=">AAACXXicbVHLTgIxFO2MojAioi5cuGkkJq7IDDHoEjUmLjEZHgmQSacUaOg87MOETPhJd7rxVywzqCN4kybnntN72p76MaNC2va7Ye7sFvb2iyXroHxYOaoen3RFpDgmHRyxiPd9JAijIelIKhnpx5ygwGek588fVnrvlXBBo9CVi5iMAjQN6YRiJDXlVeWdlzhwuhy+KDSGaaN+m0Zeafwoj970G6gMuHkXN+/i5l3czMWr1uy6nRbcBs4a1MC62l71bTiOsApIKDFDQgwcO5ajBHFJMSNLa6gEiRGeoykZaBiigIhRkqazhJeaGcNJxPUKJUzZ/ESCAiEWga93BkjOxKa2Iv/TBkpObkcJDWMlSYizgyaKQRnBVdRwTDnBki00QJhTfVeIZ4gjLPWHWDoEZ/PJ26DbqDvNevP5uta6X8dRBOfgAlwBB9yAFngCbdABGHwYwCgZlvFpFsyyWcm2msZ65hT8KfPsCx1TstA=</latexit>

A1g A1u A2g A2u Eg Eu T1g T1u T2g T2u

Finite-volume symmetry

Schur: 
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Finite-volume symmetry

We tabulate the irreps by class on a character table 

The entries consist of characters, the trace of the matrices representing group 
elements of the column’s class in the given row’s group representation. 

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1
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Finite-volume symmetry

We tabulate the irreps by class on a character table 

The entries consist of characters, the trace of the matrices representing group 
elements of the column’s class in the given row’s group representation. 

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="4uSx6WCRaH6hGOktmRHLEN2zP2Y="></latexit>

�(g) = Tr(�(g)) 8g 2 G
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Finite-volume symmetry

We tabulate the irreps by class on a character table 

The entries consist of characters, the trace of the matrices representing group 
elements of the column’s class in the given row’s group representation. 

Dimension!!

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1
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Finite-volume symmetry

We tabulate the irreps by class on a character table 

The entries consist of characters, the trace of the matrices representing group 
elements of the column’s class in the given row’s group representation. 

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

Number of non-identical transformations!!



57

Finite-volume symmetry

We tabulate the irreps by class on a character table 

The entries consist of characters, the trace of the matrices representing group 
elements of the column’s class in the given row’s group representation. 

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

Orthogonality!!
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Finite-volume symmetry: explicit irreps ( )d = 3
Lets define some of the specific irreps of the operations we introduced 

<latexit sha1_base64="IKjvJc2scfIx0puo0IuS0wzWl8E="></latexit>

1

0

@
x
y
z

1

A !

0

@
x
y
z

1

A

<latexit sha1_base64="BKHPYJ0u/5cu+e6TepTI00V0VNs="></latexit>

1 =

0

@
1 0 0
0 1 0
0 0 1

1

A

Rotation of   about x,y,z axes  ±π/2 6C4

<latexit sha1_base64="1gVOd4ZUWAiQASQZyHUNwaROdAg="></latexit>

Cx(1)

0

@
x
y
z

1

A !

0

@
x

±z
⌥y

1

A �! Cx(1) =

0

@
1 0 0
0 0 ±1
0 ⌥1 0

1

A

Cy(1)

0

@
x
y
z

1

A !

0

@
⌥z
y

±x

1

A �! Cy(1) =

0

@
0 0 ⌥1
0 1 0

±1 0 0

1

A

Cz(1)

0

@
x
y
z

1

A !

0

@
±y
⌥x
z

1

A �! Cz(1) =

0

@
0 ±1 0

⌥1 0 0
0 0 1

1

A

Simple vector (x, y, z) What about  ??(yz, xz, xy)

<latexit sha1_base64="vGhM0ouWceUX+ljIBKK9cWS+1LE="></latexit>
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1
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0
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⌥xy
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1
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0 0 ⌥1
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1

A
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1
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⌥yz

1

A �! Cy(1) =
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@
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0 �1 0

⌥1 0 0

1

A
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1

A !

0

@
⌥xz
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1

A �! Cxy(1) =

0

@
0 ⌥1 0

±1 0 0
0 0 �1

1

A

<latexit sha1_base64="ZVFuL/frNJY8X2Q2y99GZc4Lq+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VW1toQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSybZpKgH9Gh5CFn1Fjpodn3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lTxeVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfYW42H</latexit>

T1
<latexit sha1_base64="P5uTVhnDiNW6LSz/zb4pEApYqlI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGzAuSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByN/fbT6g0j2TDTGP0QzqSfMgZNVZ6bPQr/WLJLbsLkHXiZaQEGer94ldvELEkRGmYoFp3PTc2fkqV4UzgrNBLNMaUTegIu5ZKGqL208WpM3JhlQEZRsqWNGSh/p5Iaaj1NAxsZ0jNWK96c/E/r5uY4Y2fchknBiVbLhomgpiIzP8mA66QGTG1hDLF7a2EjamizNh0CjYEb/XlddKqlL1qufpwVardZnHk4QzO4RI8uIYa3EMdmsBgBM/wCm+OcF6cd+dj2ZpzsplT+APn8wfZ342I</latexit>

T2
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Finite-volume symmetry: explicit irreps ( )d = 3

 representations: T1 <latexit sha1_base64="BKHPYJ0u/5cu+e6TepTI00V0VNs="></latexit>

1 =

0
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1 0 0
0 1 0
0 0 1

1

A<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="1gVOd4ZUWAiQASQZyHUNwaROdAg="></latexit>
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A

Cz(1)

0

@
x
y
z

1

A !

0

@
±y
⌥x
z

1

A �! Cz(1) =

0

@
0 ±1 0

⌥1 0 0
0 0 1

1

A

<latexit sha1_base64="m2nlg2g4RG2VGMxOx65J5ZrnfN8="></latexit>0

@
1 0 0
0 �1 0
0 0 �1

1

A

0

@
�1 0 0
0 1 0
0 0 �1

1

A

0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="20y5IhGKZ349bfPtQfccDOPILrk="></latexit>0

@
0 0 1
1 0 0
0 1 0

1

A

0

@
0 1 0
0 0 1
1 0 0

1

A

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

More possible sign 
combinations!!

<latexit sha1_base64="NBGGpM82DnAmuav08peVe8zFiHE="></latexit>0

@
0 ±1 0
±1 0 0
0 0 �1

1

A

0

@
0 0 ±1
0 �1 0
±1 0 0

1

A

0

@
�1 0 0
0 0 ±1
0 ±1 0

1

A
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Finite-volume symmetry: Recap

Symmetry operations on the octahedral group  O

<latexit sha1_base64="RtC+MzoDpjajgrJmnx1Nuxhz7KI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHirVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzmYz/</latexit>

24

<latexit sha1_base64="G3ZVEmfntkdnNAB0z6mc4QtsP30="></latexit>

Operation No. Class Label

identity 1 1
90

�
about axes through centres of opposite faces 6 C4

180
�
about the same axes 3 C2

4

120
�
about diagonals connecting opposite vertices 8 C3

180
�
about axes through centers of opposite edges 6 C2

<latexit sha1_base64="izn73OTm3XgsIYh7TdX9YQVLTeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6unjN4=</latexit>

O

<latexit sha1_base64="IxY6dBOUlTdbe2WWjClzoN4C6QU="></latexit>

O 1 8C3 6C2 6C4 3 (C4)
2

A1 +1 +1 +1 +1 +1
A2 +1 +1 �1 �1 +1
E +2 �1 0 0 +2
T1 +3 0 �1 +1 �1
T2 +3 0 +1 �1 �1

Character table 
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Finite-volume symmetry: Subductions

<latexit sha1_base64="aC1wqiM9CLIHVt+MfBk2KTf6UrI="></latexit>

A1 A2 E T1 T2

J = 0 1
J = 1 1
J = 2 1 1
J = 3 1 1 1
J = 4 1 1 1 1

...
...

...
...

...
...

So, how does angular momentum subduce into  irreps? O

<latexit sha1_base64="kGESv4WnlH4Ir08f/Ymx7tQTEQI="></latexit>

⇤ Dimension J
A1 1 0, 4, . . .
A2 1 3, 5, . . .
E 2 2, 4, . . .
T1 3 1, 3, . . .
T2 3 2, 3, . . .

We can invert the table 
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Finite-volume symmetry: Subductions

<latexit sha1_base64="aC1wqiM9CLIHVt+MfBk2KTf6UrI="></latexit>

A1 A2 E T1 T2

J = 0 1
J = 1 1
J = 2 1 1
J = 3 1 1 1
J = 4 1 1 1 1

...
...

...
...

...
...

So, how does angular momentum subduce into  irreps? O

<latexit sha1_base64="kGESv4WnlH4Ir08f/Ymx7tQTEQI="></latexit>

⇤ Dimension J
A1 1 0, 4, . . .
A2 1 3, 5, . . .
E 2 2, 4, . . .
T1 3 1, 3, . . .
T2 3 2, 3, . . .

We can invert the table 

# Rows
1
3
5
7
9
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Questions? — Some water?

Next day: Subductions and the GEVP


