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Topics

1) Theory of the linear beam dynamics

2) Nonlinear beam dynamics

3) Resonances

4) High intensity on beams

5) High intensity beams and resonances

6) Single and periodic crossing of resonances by high intensity beams
7) Intensity limitations: space charge and beyond
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Lorentz Force

F =q(E +7x B)
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po B
Rigidity 1‘;’9"%'

p = pgB

10 Bp is called beam rigidity

Particle energy sets Bp, hence it is
established a relation that connects

p — m’y/U !oarticle energy with magnetic ﬁe!d,
in order to keep a reference particle
on the reference orbit
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Bending magnets
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In absence of current
Maxwell equations
become

VxB=0
V-B=0

In 2 dimensions

V.V
oxr2 = Oy?

0

Field expansion

therefore

there is a potential V

B=-VV
> V2V =0

General solution in the complex notation

V = Re Z Co(x 4+ 1y)™

m=0
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Therefore the magnetic field reads

B, = —2—‘; = —Remz:lCmm(x +iy)™
B, = %‘y/ = —Re Z Comi(z + iy)™
m=1

Standard multipolar expansion

L w (4 iy)"
B, + 1B, = Bp Z(kn + ijn) .
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Equation of motion

What happen to a particle that is not the reference particle ?

=5 ][—8

16/10/2012 G. Franchetti



I .

. e
mp_.

Focusing around the demgn@

equation of motion on the frame of the design orbit

IEE:II:—9

16/10/2012 G. Franchetti



- : |“ I-«“A |
Equation of motion Wk b2

valid in paraxial approximation

A (o L) 1
ﬁm ) (k ,02) P Po
X y' 4 ky =
$(S) — iCh(S) + ZL‘Z(S) Dispersion
x(s) = C(s)mo + S(s)x) + D(s)% D)= R/

EE][—lO
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Examples

Drift Quadrupole

1
1 [ 0 cosh v \/msmhw 0
My=10 10 M, = \/WSinhw cosh ¥ 0
0 0 1 0 0 1

1 .
COS Wsmw 0
M. = | —/|k|sinv COS 0
0 0 1

v = VEkAs
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Courant-Snyder theory: ‘Q Mq

2" (s) + kz(s)x(s) =0 r(8) = v/ €z82(8) sin(1,(s) + )

ka? (S) — ka? (S T L) Parameterization of the solution

w/ 5, w//ﬁx — 0 Twiss
5// (5 )2 / parameters

¢x(5 — Cg fO 5:1:(8 ) Choice> ¢z =1
The requirement of periodicity Tune > Q, = (0 (L)
is also a choice * 27
=51
13
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Matrix formulation ~ x(s) = T'(s)R(s)w

€z sin &y ( / Ba(s) 5 8

g (S) 1

€, COS O  Ba(s)  /Ba(s
W — Ve ) T(s) = g (s) BO( )
\/€y COS 0y \ 0 0 (s 1 )

Ay — _%5;
cos Pz (s)  sinty(s) 0 0
| —sinvY,(s) cosyg(s) 0 0
R(y(s)) = 0 0 cosy(s)  siny(s)
0 0 —sinyy(s) cosiby(s)
=51l
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RENP
Lab frame, Courant-Snyder fﬁ;ﬂiév{d

L
x(0) > x(s) Lab frame
A A
T(0) T(s)
’)?(0) R = ’)?(s) C-S frame

l'iE:II:—15
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C-S
frame




1y
o,
One turn map Q‘J’Q '

It is the map after that tracks particles for one turn

L, O
= (v 1)

7 (cos(Qwa) + a sin(271Q)) B sin(27Q) ) )
v —~, Sin(27Q ;) cos(2mQ;) — g sin(2wQ,;)
1T+ a?
T,
iI=5= ][—17
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: ' e T
Dynamics at fix posmortﬁa £

. . : A A
In C-S the x-invariant is €Er = i + P
. . . 2 / 12
In the Laboratory frame the x-invariantis €, = v, x° + 20,22 + B,
y'(s1)

turn 2
The collection of

turn 3 turn 1 all the iterates is
called orbit
turn 4
— Y ( Sy )
turn 5 L

l'iE:II:—18
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R . Ay
Beam distribution: matched"h}' rﬁ'

In a circular accelerator matched means that after one turn the beam
is seen exactly the same as before

, Method: the Courant-Snyder

s A A ellipses are uniformly populated
///slopez-alﬁ P Y Pop

_ax'int = (xmax)'
y

\\xmax=«/-’l§_é p(x7p337 yapy) — f(eil?? Ey)

e/y

xint=
Beam
Centroid

EE][—lg
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Beam envelope i

I
For a matched beam, beam envelopes are easy to define

Envelope

/
X =+\/E.(B,

EE][—ZO
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RMS emittance, emlttanq‘ié‘g L

1 N
= ;xf
1 N
— sziz
(Tps) Z%pazz

By = (2%)(pz) — (zpa)

RMS emittance depends
on the beam distribution
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From the equation of motion X = 4/ <:132>
x+ ky(s)xr =0

Here the RMS emittance E,
remains constant

Perfectly equivalent to

1 1
iﬁazﬁg — Zﬁf + kx(s)ﬂz =1

l'iE:II:—22
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Beam distributions W’Q b2

Ratio of Total Particle
Definition Emittance to Density in
Distribution (Normalized), rms Emittance, Real Space,
Function f(ra) &/é 2= g2 4+ y?
- —8(re — 1
Vadimirsky 2m*a’ ma?
(K-V)
2 2 ( ,2)
ct—— 6 —— —
Wﬂ(t\:,rgg wat 2 ] R
2 3
P mal! = ) : el =35 +25)
(PA)
. 1 ra . p2
Gaussian 17754 P\ ~ 351 = n* if truncated Y exp(-—-z-sj
(GA) 6% = x? atnd, n=4
. =51
16/10/2012 G. Franchetti 23



prell
! ; . -
Equation of motion: nonlmeﬁ&he’s
A derivation

tmfyv:qva+qE

I

Change variable t > s

d d o d*x
— Uy = V—Vp =V —5

dt ds ds?

valid in paraxial approximation

16/10/2012 G. Franchetti
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2
But i o LB dS Bp
mry - p 42y B,
ds2  Bp

Now remember the field expansion

(x + 1y)"
n!

By +iBy = Bp Y (kn+ijn)

n=0

16/10/2012
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Nonlinear dynamics E, w}é

Equation of motion

2z <~ (x+iy)"
| n=2 )
d*y N rrw)
-~ kyy=—Im > (kn(s) + @JH(S))( n! |
| n=2 )

I'.EE:II:—26
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Beam in phase space \“

Example: Qx =4.252, R=34.4 m, 1 octupolek 3=0.1m™

Initial distribution After 10 turns
s T G Area preserving:
‘f £ Liouville
2 p—
0 —
-2
-4 -
[ 1
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Fixed points, Islands E

) 5

E=h{

N .
-

{3

fixed point
Qx =0.252 / Qx=0.211

3

_] ||||||||||||-~|-":["f!.|;".[||| _]_IIlI|Ill.l'|.‘|'|'|...|“|.'.|'|i‘.l'

-1 -05 0 0.5 1 -1 -05 0 0.5 1
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Dynamic aperture \ ;‘Q b

In a nonlinear system particles at large amplitude the motion becomes unstable

Qx =0.252 log,, N Example for SIS100 lOgIO(N)4
527 _
: - 3.5
1 - _ 3
' 3 2.5
O _ 5
: | ! : -2
JF - H1.5
i) AR B N T TR P e araa i
-2 -1 0 1 2 -60 -40 -20 0 20 40 60
X X (mm)
. =51
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2
@ Q% = ecos(mb)

d6?

I

harmonic driving
oscillator force
frequency 2Q,, frequency 2> m

Resonance: Qj=m

16/10/2012

G. Franchetti

30



Resonances

Integer resonance

A2 5 ’ ﬂ 'l |
a2 T Qrx = ecos(mb) ANANE
\/\j ||

—> i

Particular solution

i sm<QH+”%> 2 sm(QH_”%)
C Qu+m 2 (Qu —m)f 2

Resonance condition QH +m =0

16/10/2012 G. Franchetti 31



General treatment

Systematic approach with a perturbative theory. Take this simple Hamiltonian:

U(an,e) - Z Z h((lé:lo (2:3,)9 (a.82)° +

vV q¥sS=V

X = au R a,u e~ 10

N) j=k_%-m [ [ ] ]
+ h( a;a,a,a, exp [i|n Q +n Q -p|6| +
Z = a,v eine + A,V e'ine Z Z { ka P 1717272 XQX ZQZ P

j+k+2+m=N
’ ‘_k:
u, v a.re the Floquet’s i_mggx )
function | ny anz|=N
N*<N

al, a2 .
are variable invariant! + hg-?up 3,3‘33T3§ exp [‘i[nxQx*"zQz'P]G]} .
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Resonance
driving term

an | l&lxlr,(lnxl'l)rlnzl sin Y
C
®)
B | a
2| %-)) ) @ 0 2 el Dl o
B v qts=v
S
. dr -
- -Fei= nzloclrl“"l'rg'nZI Y siny
>
& | ae
Z shiger o Tioms 7 o Ing eIl cos ¢
vV qts=v
2n
. 1 Inxl/2 glnzl/2
© de anx 8, z X

an(2R) ™ |n |t]n, |1
0

(_1) ( |nz I*Z)/Z KgN‘l)

x exp il n_y_+n_y (n +n_Q_-p)8
{{nxx z'z z ] (_1)(|nz|"1)/2 &(N-l)

for n_ even

for n_ odd

16/10/2012
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Resonances for SIS100 seen in a DA scan Measured resonances in SIS18
(simulations) DA/

18 182 184 18.6 18.8 19
O,
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Coulomb forces

1 q2

£ =

(7" — 7o)

47'('6() ‘77— 77()’3
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Example in a
focusing quadrupole

Giuliag'o Franchetti
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=1
High intensity beams: space qib‘gr‘

- >
current
)2
VXD = M0J+M0€oa

EE][—%
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Self-field

current

)\

B

F=qgquvxB

IZEEIII:—39

16/10/2012 G. Franchetti



v
—
self-field is — 1
parallel to space _
charge force :: c /€0 MO
—
—>
Self-field
gl [" I
E, = ——/ rn(r)dr By = ﬁ—/ rn(r)dr
€T Jo CEo T Jo




!
Total field on a particlev ’9

_ g_ﬁ) ' __a !
E, = <€0 ” 7“/0 rn(r)dr @r : rn(r)dr

Effect of the self-field
it damps the space charge
field asq/2

For a Gaussian coasting beam

Ag 1 2
E, = d 1 —exp i
2wegy? T 202
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. 1 A z-’ I/I
Equation of motion Wl? iy

2
[y

Gl Py, 4 E, ey 1 L,
dt v Bp  mryv dt v Bp  myv
Linear lattice By +1B, = B,O:lﬁ (ZU -+ zy)
d*x q d?y d
e E, —— =k B
g2 Tt ds? YT 2

l'iE:II:—42
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— + kix =
ds?
For small amplitudes Usually this is a perturbation
d’x g2\ x
o Thr= 3322 9,2
ds 2meqmry® B4c 207
1
Perveance K = q
2megmy3 53¢

l'iE:II:—43
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. T\ IJ n
RMS equivalence W’Q .t

Envelope equation including space charge For ellipsoidal 2D beams
E? e (&) /oo n(T)ds
! L xr x/ 5:1: : =9 b
Ry s o (/) = 2meabs o (% + )220 4 5)1/?
E2 € <yg > o
I e y/ _ n(T)ds
YU kY v3 N YV 0 Ey(x,y) = 27reaby/0 (

l'iE:II:—44
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It is proved that

X"+ ke X — =% — =0
N2 i X3 mX+Y
(&) = §(—|—Y ° eN 1
YY"+ kY Yy — 0

for any distribution (matched!)!

RMS equivalence 2D beams with the same RMS sizes

have the same evolution of RMS sizes

It is again assumed that
the beam emittance are preserved




Evolution of beam dlstrlbuﬁlgﬁm I""’f,

The evolution of a beam distribution is determined by Vlasov equation

0
o 39 45,90
Opz

ot ox =0

For example, for a distribution
2 2
f(xapa?> — F(ﬁqu; =+ 204:1:55173: + Vo )
for the equation of motion T = —k(S)QS

Satisfies the Vlasov equation for any F(). (Why not prove it?)

Note that matching and self-consistency are separate issues

I:EEII[—46
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The KV distribution W

The KV distribution is defined as

2 2 2
D2+ 20Dy + Vax®  ByDy + 200,ypy + Vo
f(x,px,y,py,S)(S(B Pe Ep Yo Culy é 7 ~1
X Yy

This distribution satisfies Vlasov equation (using the self-consistent Twiss parameters)

Exercise: prove that the projection in any plane is uniform

-

The space charge force is always linear !

l'iE:II:—47
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: . '\ ZJ I
Twiss parameters with space C‘Q#éﬁ.

For a KV distribution the space charge Kz

acts like a linear force that can be included o = VB E:(VBoEy + /ByEy)
in the Courant-Snyder theory

dQ_x + ki(s)x = Kz
’ VB2Ez(v/BeEyr + \/B,E,)

ds?

Now the beta function X(S) — \/BCB(S)E@’ 556(3)
is function of the intensity 6 (S)
Y(s) = \/By(5) E, v
EE][—4
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Now the Twiss parameters that include space charge satisfy the condition

or(s) = \/Ba:(s)ew - B ()

t

The same beta function

A method

ﬂx,o(S) — 53;,1(8) — ﬂx,Q(S) S A Bm,oo(s)

Self-consistent Twiss




!
Self-consistent dlstrlbuhc‘.ﬁk

The evolution of the distribution Vlasov equation has inside
. . BUT
is given by Vlasov equation the space charge force

f(sxl Eyl to)

Vlasov uses
l :> ke k, :> fle, €, t,)

E(x, v, f(e,, €, to)) E(x, y, f(g,, €, o))

If () is independent on t, f() is said “self-consistent”

The KV distribution is constructed “t” independent = it is “self-consistent” (prove it)

EE][—SO
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it B
Tune-shift Q‘;’Q‘ﬁ'

Prove this

1 . .
Detuning AQx — 4— 7{5x(8)ksc,x(8)d8 relation using
TC

the matrix formalism

K B (s) K R
Therefore AQ, = — ds = — —
= m P T e
If the beam is not axi-symmetric B
K
\/ 6:13633 (\/ /633656 + \/ By€y>
iI=5= 1L

16/10/2012 G. Franchetti 51



Space charge tune-sprei‘ﬁ

-
-

.

Q' 6.12 |-
Each particle experiences - =il I
a different tune-shift 6.1 - E
B )
- 3
i aa]
The space charge creates 6.08 -
a tune-spread =
6.06 - / 8
this distribution depends / . ;. T T N A SR R B L
on the beam distribution 6.2 6.22 6.24 6.26
0,
, =51
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Amplitude dependent detu&

Space charge create an amplitude dependent detuning

4
Qx0
single particle
emittance
(or action)
Qx0 - AQx
=51
53
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Space charge vs. nonlinearﬁ

Standard nonlinear components AQ,(€;) = a1€; + agei + O(ei)
1

AQy o 77 Zm/ (202)]2

Prove that this is
wrong within 4%

The space charge

‘.ch
The space charge detuning has a different nature ok x
. . . . B =)
from the lattice nonlinear errors induced detuning 2 i E
£ -002f 3
small large 15} L g
amplitudes amplitudes ;D -0.04 1 i—"o
5 i =
Lattice zero Large 5 -0.06 F z
nonlinear error § C <
2, s
Space charge Maximum zero @ -0.08 1 £
C =
0.1F Z
Consequence: when the bare tune is set near
a resonance, the particle amplitude evolves as
: : Exit from Amplitude
Amplitude growth —> detuning ——— EE— :
the resonance Stops growing

I:EEII[—54
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'\ : Pﬂ
Space charge as driving tﬂﬁfﬂi‘u %

Space charge is a nonlinear force as any other can be. Example in 1D
d*z 1 z?
—— thir=K-—|l—exp|—-=
ds x

Expanding space charge force

v

order 2nd Ath 6th

l'iE:II:—S5

16/10/2012 G. Franchetti



Difficulties

If all particles grow of amplitudes, then the rms size growth as well...

But then the strength of the resonance diminishes....

On the other hand not all particles are resonant, because each particle
has different tune.

fSS/NI=

Al
L]
~D

EE][—%_
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4t order structure resonance induced by space charge

3
nu_y«1160
e’ *
o I L
14 . . . s *e ':'o
. ., .“ . o, . .‘ .: ’
“n fo.
2 - n . ., , ‘. . ..' -~
- 0 Qr .o '.OO ﬂo. :"
© Lomate T e T
.‘4 ". .....‘. .
'2" .o ’:::. :
'3 A v A o v
. .2 -1 0 1 2
Y
G. Franchetti

S. Machida 1991
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More difficulties

Due to space charge beam edge oscillates following a mode-decomposition

In certain condition modes becomes unstable.

PIC simulation of a FODO cell (C. Benedetti)
1.0

even modes odd modes

0.8

0.6

o)/(x)o

0.4

0.2

0.0

20.0 60.0 100.0 140.0 180.0

w,(degrees/period)

Stability chart first made by Ingo Hofmann (PRE, 1998)

EE][—SS
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If the beam gets tilted y?
the Coulomb force creates

e

a coupled force

v <

- fx = ax +by
fy=bx +a'y

KV = the beam creates a linear coupling that makes the beam to resonate
with the beam it-self




0 200 400 600
turns




Space charge and magnet resona
(Troubles continuation) kf

Resonances appears shifted by the tune-shift

When particles increase amplitude they get out
of the resonance

Stabilization of otherwise unstable phase space
\\ i
G
Separatrix\ N
N " D

Separatrix

MIQJ:
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NREXP
We all live in a 6D phase sp{é‘ﬁw

V Longitudinal force
The longitudinal plane .
FE  sin(wt)

Longitudinal equation “type”

2+ Asinmz =0

(No acceleration)

A, depends on many parameters (Voltage, frequency, energy, slip factor)

&y momentum compaction € »  Transition Energy

I'.EE:II:—62
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v ° I z:\- i
; ),
Coasting beams and bunched b bm':

In a coasting beam the particle density does not change

Bunch beam

IEE:II:—65
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Single and periodic crossing.
resonances by high intensity bEf s

=

Pipe X

Slow halo

A

: If halo is too large
formation —T—, slow beam loss

take place

- "

Bare tune

Lattice error or
Space Charge Structure

.. ) Resonance
Periodic crossing | ®

of a resonance

EE][—%_
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Trapping

Adiabatic longitudinal motion

— =
10 I B
L ™
N =
s Sy
i 0.2
s O
~ [
4 —
- -0.2
iy ‘ | 04
" 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l
0 0.2 0.4 0.6 0.8 1
(a) synch. osc.
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Scattering

Very fast longitudinal motion Slow emittance growth
- S
- W [
o 5 L3
n W -
1os| 1.4 -_
;F 1.3F
~. 1.025 — :
: 1.2}
I i
M L
0915:-
Ellllllllllllllllllll ]llllllllllllllllllllllll
0 02 04 06 08 O 50 100 150 200 25(
tarns x 10° Synch. Osc.
, 5=
G. Franchetti 69
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° (] = '
Diffusive beam loss, emittance gr«

beam shortening (3

bunched beam high intensity

CERN-PS 2003 = PRSTAB >, b AQx/y = -0.04/- 0.045 €. /¢,
: 1/1,
PeExEEd
- Measurement
0- I T T
The dynamics is very complex as 4.33 4.35 4.37
space charge is varying due to beam 0
loss: it is referred to as the *
“self-consistent” problem GSI 2008 = somewhere in PRSTAB
=51
70
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nghtm are for pr

';‘__"1{::»@" -é

First bunch
S 100
18.8 sof
18.4 40
I I
18.2 20: V\‘/ring result!!
' | SAE

0 00 25 50 75 100 125 150

X1 03 turns

18 182 184 186 188 19
0,

@
IZEE]I:—71
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DA/c first bunch

~ 19 100
) f&
18.8 80 -
;o8
Q
18.6 E 60 ~N,= 55?2575)/;)”
g i N 037X5x10”
18.4 2 g@ 40 -_N = 0.125% 10
N I
18.2 1 20 F
0 0:....1....|....|....| ........ [
18 182 184 186 188 19 0 25 50 75 100 ]25 150
Q. x10° turns

(but is it true? - experimental tests)

@
IZEEIII:—72
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Scaling from first prmapl%

Maybe!

The scaling

exists if it

exists an attraction
point

(accepted and
some day on PRL)

1

0.5

-0.5

N 1 1 T T I I 1 1 1 I 1 T I I ' 1 | 1 LIS

-1
-1

-0.5 0 0.5

1

16/10/2012
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Higher Energy ==
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Summary

Nonlinear Resonances
High Intensity effects

. single particle motion High intensity
(incoherent) + . many particle force

. orbit deformations Nonlinear errors (coherent)

J long term effects: . short term effects
resonances and dynamic . coherent beam motion
aperture Long storage . strong in linac
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High intensity

Single particle effects

resonances

Electron cloud
effects
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Prove that the momentum compaction of a particle in the Saturn ring is

ap = —2
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