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overview

- Maxwells Equations,

* Reminder to basic vector analysis,

- Amperes Law and Faradays Induction Law,

* What Is displacement current!

» Boundary conditions for magnetic and electric fields.
* Wave equation and its complex notation.

- Skin depth, energy propagation, and losses.
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MAXWELLS EQUATIONS

and there was light...
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Maxwells equations: components

electric field [V /m]

dielectric displacement [As/m?]

magnetic induction, magnetic flux density |T]
magnetic field strength /field intensity [A /m]
electric current density [A/m?]

displacement current [A/m?]

gg = 8.854 - 10_12% electric field constant

£ relative dielectric constant
e 10_7% magnetic field constant

U relative permeability constant
K electrical conductivity |[S/m]
€ = &otr H = HoHtr
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differential operators In cartesian® coordinates

(0], o

Ox Ox

: : S0 |k
gradient of a potential Vo = By Uf dy
@l o

0z 0z

The result Is a vector telling
us how much the potential
GREliCEsTIm X, Z direction.

* see annex for cylindrical coordinates .



differential operators in cartesian coordinates

ANNLE
vector field Oy . oz 0y 0z
o:/ \Gz

The result Is a scalar,
telling us If the vector
field has a source.

(V-a#0)




differential operators in cartesian coordinates

curl of a vector

0 oa, Dl (9Cl,y \
— O e Bl ol D) e Oay i duy
V X a= dy N | = det Chniss Ol k2 || T 0z Ox
0 da 0a
Are there curls/eddies around the X, y, z axes? (Imagine a ball

fixed around the X, y, z axis. I it starts rotating, thenv x a £ 0)

Laplace operator

0°®  9*d 9P
V- (V) 572 i e 5

E.g: electrostatic potentials are defined everywhere In space, if

they fulfill A®=0, and have the correct values at the boundaries.
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Cross products

or the so-called “right hand rule”




/ V-a dV:%a WS
vV “sources”

(Gauss theorem

e The net vector flux through a closed surface equals the flux sources (e.g.
charges), which are enclosed in the volume.

e |f there are no sources, the amount of flux entering and leaving a volume must
be equal.

Q

e Electric field lines originate from el. charges. /V SDAVE — ]{E - dS =
&,

* Since there are no “magnetic charges’, /V - BdV = ]{B -dS = 0

magnetic field lines are always closed.



Stokes' theorem

— —

!<vXa>.dA(Z{a.d1 % ﬂ i } i

e —

e Tells us that the area integral over the curls of a vector field can be calculated
from a line integral along its closed border; or in other words, that,
e the field lines of a vector field with non-zero curls must be closed contours.

Applied to Maxwells equations:

dD
/(VXH)-dAz%H-dlz/(J—I—%) - dA
A C A H
and in the electrostatic case (%) — 0 we get Ampére’s Law m
U

with a one-line derivation! %H dl = T J
| |
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Stokes’ theorem |

Applied once more to Maxwells equations:

b EED, @D, Gk D).
X X ‘/l
d X
/(VxE)-dA:%E-dl:—%/B-dA X
A c A &
\ e i NG - 4 X haXe X
Vi A, X': X FXee X
dt e fsior
we get Faradays induction law dm,
(again in a one-line derivation): dt

The electric field around a closed loop (the induced voltage) equals
the rate of change of the magnetic flux penetrating that loop.
(The basis of every electric motor or generator.)
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what Is displacement current (dD/dt)!

we apply the divergencetoV x H = J + —— apply a volume integral
and make use of Gauss' theorem: dt

d
V-VXH:V-J+V-CZCZ—D continuity equation V-J:——pvJ

N o dt
= ( et
d
T

d
ave— @ J-dS — I, = —— LAV
[ o5t
\% 5 %

continuity equation: “electric charges cannot be destroyed: if the amount of
charges in a volume is changing a current needs to flow”

further interpretation: “the sources of the displacement current are time varying
charges”, or:"‘curls of the magnetic field are excited either by static currents, or by
displacement currents (which are a consequence of time-varying charges, which

s equal to current...)” .



example of displacement current (dD/dt)

e.g: charging a capacrtor

d o
]f.]-ds I=—— | p,dV T
dt ok i
S 1% —
T .‘,V =ty
< Qc \ —

d e
S

The current used to charge the capacitor equals the rate of change of the
charge on a capacitor plate and equals the displacement current between
the capacitor plates.

or “In case we don’t have a conductor, we can use the displacement current to
transport energy instead of using moving charges” or “the current charging the

capacitor plate equals the displacement current between the plates”
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Jo design RF equipment for accelerators
we need to understand:

* what are electromagnetic waves and how do they propagate In
free space,

* how can we guide these wave (e.g. In wave-guides),

* or even trap them in a resonator (an accelerating cavity),

* energy density and energy flux in electromagnetic waves,

* standing waves,

* boundary conditions, and losses on electric boundaries.



Boundary conditions (Il to a surface)

AS — 0 dD
_L Al / material 1 VxH=J+ % (I)

, Ky IB
I AT ,E| VxE=—-—— (II)
i dt

d—0

==
X C
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material 2
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H-dl:/J-dA—I—E/D-dA — HHl—HHQ:i/
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Stokes' theorem
< d
i%Edl:—a/BdA — E||1=E||2 J
C & A :

0 for A—o0
a ‘ . -/
In case material 2 is an ideal conductor: HHl =1 E||1 =0 '
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D,
AS

AS»
D,>,,Bi»

B
AV — 0

material 1

material 2

;» 7{ D.dS — / G
Gauss’ theorem "’ = j{B dS =0

In case material 2 is an ideal conductor:

i

Soundary conditions (L to a surface)

V-D=py
V-B=0

(II1)
(1V)

= D1 —Di9=gqs '
= DB11 =D '

Di1=qs Bj1= '




VWave equation

We consider homogenous media, meaning media in which the
electromagnetic fields “see” the same material conditions (K, €, ) in all
directions. In that case we can write Maxwells Equations as:

dE
VxH=rE+e— (I) V. i i
&
H
VXE——,uddt (IT) V-H=0 (IV)

Curl of (Il) together with (1), and curl of (I) together with (Il) and (lll) results in
the general wave equations in homogenous media:

V’E-V (V- -E)= /{iEwL d2E V?H = iH+ d2H
) g = o

In most cavities and wave-guides we consider electromagnetic field in non-
conducting media (K = 0) and charge free volumes (V - E = ( ):

2 d’ 2 d’
V°E = ,uedzE V‘H = ,ued2H




Complex notation for time-harmonic fields

In Radio Frequency we are usually dealing with sine-waves, which are sometimes
modulated in phase or in amplitude. This means we will concentrate on time-harmonic
solutions of Maxwells Equations. For this purpose we introduce the time-harmonic
notation, which can be used for all linear processes. (Electric and magnetic fields can be
linearly superimposed.)

Let us assume a time-harmonic electric field with amplitude Eo and phase :

E(t) = Eqycos (wt + @)

this corresponds to the Real part of:
E(t) =R {Eoe¥e™"} = R {cos (wt + ¢) + isin (wt + @)}

by defining a complex amplitude (or phasor): Jo Eoew
we can write: E(t) — e {Eeiwt}

from now on we will only use complex amplitudes and write them without tilde:

By coswt + o) ——>Fe“t——F
19



why do we do that!

®* OuUr expressions become considerably shorter,

e we can simplify all time derivations,

d Uhie =
%E(t)ﬁaEeWt = jwEe*?

——F = 1wk
dit
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Complex notation of Maxwells Equations

The use of phasors yields the following form:

2%
VXH:m&:@—z‘i)E(I) V-E="— (I1T)
WE &
VxE=—iwuH (IT) V-H=0 (IV)
Consequently the general wave equations become: o g — o
2 2
R (7 B — - °E k* = wpe
with the wavenumber B K
V°’H = —k°H = W7 lE (1 = 1—8)
W

Remark: in conducting media k becomes complex. In non-conducting charge-
free media the wave equations simplify to:

V’E = —k’E | s s w? l
U2H — 12K with the wave number k* = w ue = )

and ¢ being the speed of light
21




plane waves

* homogenous, isotropic, linear medium,
* no space charge distribution, no currents,

- fields vary only in one direction (e.g. 2).

The solution of the harmonic wave equation then becomes:

BRGI—C . c 2° + Cre™2?

ey PPOPAgation in positive

and negative z direction

N

with the propagation constant gamma

«v - attenuation, (3 - phase shift

in vacuum M0

0



the velocity with which the maxima travel along x is called phase velocity
Vph (exact definition later)

From MIT Open Courseware .



the velocity with which the maxima travel along x is called phase velocity
Vph (exact definition later)

T —
From MIT Open Courseware -



skin depth

In conducting material RF waves are strongly attenuated, which means that:

K T e equivalent to neglecting
w_e: > 1 o e —Z; the displacement current!
then the propagation constant becomes:
: e O e
¥=a+18 = w a = (1 + 1) s
W 2
the skin depth Is defined as the distance Ho=s

after which the wave is attenuated by
1/e ~ 36.8%

1 2
58 = — = —J
« WK

Uo, €9, K =0 U, €9, K £ 0

A




skin depth |

If a wave travels along a conducting surface, then we can calculate the
surface resistance by assuming a constant current density within a material
layer equivalent to the skin depth.
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Uo, €0, K =0
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skin depth i

For cavities (usually copper) and wave-guides (usually aluminum) and
typical frequencies for accelerators (100 MHz - 10 GHz) the skin depth is
usually in the gm range, which is why we can build cavities out of steel
and copper plate them with just a few |0s of um.

0.1 ¢
| e.g. copper

001 F
i | 1
E 0.001 f Koy = 55 . 106{2
e i m
5 00001 f
2 | _ 4n10-T Y
ge | Ho = 4T —
- 1e-05 F Am

1e-06

1e-07 |

1 100 10000 1e+06 1e+08 1le+10
frequency [Hz]
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-nergy density and energy flow

The energy density of electric and magnetic fields is defined as (without
derivation):

for time-harmonic fields in complex notation

1 1
e:_E'D e :_E°D*

w 9 w,k 1
—1H B —1H B*

wm—2 wm,k—4

Integration of the total energy density (magnetic + electric) and a bit of vector
analysis gives us Poynting’s Law:

_%/wdvzyf(ExH).ds+V/(E-J)dv

; : l
Energy leavingV

reduction of tota (through S) per
energy inV | |
A YIRie: o

work on charges
InV per time unit



Poynting vector

From Poynting’s Law we get the definition of the Poynting vector

for time-harmonic fields in complex notation

S:EXHI S:%EXH*i

which defines the direction of the energy propagation of an electromagnetic wave. It
also tells us that the propagation direction of the energy transport is perpendicular
to the directions of the electric and magnetic field components.

28



Solution of the wave equation

To find the electric and magnetic fields in free space, in wave-guides or in
cavities, one needs to solve the wave equation in the appropriate coordinate
system (cartesian, cylindric, spherical).

A common approach to solve the wave equation for wave guides is to

define a vector potential for TE and TM waves, so that electric and magnetic
fields can be calculated from:

el VG A S and | HE v dAGES
ERE—S A <A D) and EIY =V (W OdA
In both cases the vector potential fulfills the wave equation,
VA = — kA with k% = w?ue

which can then be solved for different coordinate systems for TE and TM waves and
which has just one vector component: A=A,e,

Y



Nomenclature of modes In cavities/wave guides

= E-field parallel to axis, B, =0,
TMmnp-mode = Emnp-mode Snly transverse magn. (TM) components

TEmnp-mode = Hmnp-mode

* number of full-period
variations of the field
components in the
azimuthal-direction

E or B

cos(me) or sin(mae)

* number of zeros of the
axial field component
IN radial direction.

B-field parallel to axis, E; =0,
only transverse el. (TE) components

* number of half-period
variations of the field
components in the
longrtudinal-direction

E. or B, x E or B
I (Tmnr/Re) cos(pmz/l) or sin(pmwz/l)

510



Solution of the wave equation

For circular wave guides we obtain (without derivation):

ATMITE — 0J, (kcr) cos(mp)e™ %% with k, = \/k2 — k2

EEe v A and EM =V <X (VxA)

results in the following field components for TM waves:

B, =t 8520 — —CkZ—IZCJ’m(kCT) cos(mey) \

E, =-L12l —gmkjg_(k.r)sin(mep)

B, =4, =Clelp(kr)cosimg) et
0o = %8521; = —C2J,,(kcr) sin(mep)

H, =-%= = _CkJ(k.)cos(mp) |

Jm are Bessel functions of the first kind andiof m'th order



Bessel functions of the first kind

1.0 J,(x) |
J, () =

0.8 \ ]2(x) a5 e

0 5 10 15 20



wave propagation in a cylindrical pipe

let us consider the simplest accelerating mode (electric field in z-
direction): m=0, n=1,TMo

using Jj(r) = =1 (1)

E, :CkZSCJl(kCT)
E., =-C%ejo(kor) pe ™
HSO = CkCJl(kCT)
propagation constant: kg — 2 kf wave number: Lk = 2% S
C

kc 1s determined by the boundary conditions of the wave-guide
E=0=E,(r=a)=0= Jyo(kca) = 0= kca = 2.405

S



wave propagation in a cylindrical pipe

o 2 _ We we can calculate the cut-off frequency for the
halien ke = — = — . Eebonr e
Ao C TMoi mode in a cylindrical conducting pipe

2 _ 2 2
from k2 = k% — k2 we also get the * 2 _ Wi oWl W
dispersion relation ©

® [ Mo waves propagate for: w > w,

® and are exponentially damped for: w < we

W

® the phase velocity Is: Uph = s
“

B



wave propagation in a cylindrical pipe

electric field vectors
magnetic field vectors , — 1 15, Az/2




dispersion relation (Brillouin diagram)

group velocity:

phase velocity:

36

* each frequency corresponds to a

certain phase velocity,
* the phase velocity is always larger
than c! (at W=Wc k,=0 and

* synchronism with RF (necessary
for acceleration) is impossible
because a particle would have to
travel at v=vpn>c!

* energy (and therefore information)

travels at the group velocity vg<c,



How can we slow down the phase velocity?

v

put some obstacles into the wave-guide: e.g: discs
h

—

2a I 2b

L

Only then can we achieve synchronism between the particles and the
phase velocity of the RF wave.

Si7/



Dispersion relation for disc-loaded circ. wave guides

= - <1
~ 3nJ?(2.405)b2L

| 2.405
damping: o =~

a
Brioullin diagram
0

IVph:C

K

W =

2.4
55‘3\/ 1+ k(1 — cos(k, L)e—oh)

|
|
| J
|
' . reflected wave

|
(] \

' \

l \

|

I
I
I
I
I
| |
_2n 14 0 Aiti: L 21
L L Bl L

typical operating point



Example of a 2/3TT traveling wave structure

A
synchronism condition: d = % with 8~ 1
pulsed RF
Power 9
source ?mode

Electric field  RF wall currents RF
\ ' load




[raveling wave structures

* Since the particles gain energy the EM-wave i1s damped along the
structure (“constant impedance structure”). But by changing the bore
diameter one can decrease the group velocity from cell to cell and obtain
a “constant-gradient” structure. Here one can operate in all cells near the
break-down limit and thus achieve a higher average energy gain.

* Traveling wave structures are often used for very short (us) pulses, and
can reach high efficiencies, and high accelerating gradients (up to 100

Meinny, (CE@F
» are generally used for electrons at B= 1,
- difficult to use for ions with B<1:1) constant cell length does not allow for

synchronism, i) long structures do not allow for sufficient transverse
focusing,

40



let us see If we can apply all of this to
calculate the resistive damping in a
circular wave guide for the 1Mo mode

to do this we need:

* Boundary conditions on electric surfaces (or Ampere’s Law);

* The complex notation of EM fields;

* The solution of the harmonic wave equation for the TMo; mode;
* Poynting’s Law;

* A bit of common sense;

- and the Power-Loss Method, which we will learn on the way.

41



attenuation of waves (power loss method)

We assume highly conductive wave guide boundaries, which means that
we have a small skin depth and that the electric fields will basically be
orthogonal to the surface. We can therefore assume that the fields In
the lossless wave guide (infinite conductivity) are basically identical to
the fields in the lossy wave guide.

[t seems therefore reasonable to calculate the surface currents from the
ideal fields, and then to apply the surface resistance to calculate the
losses.

We will proceed In 3 steps:
| .Definition of the attenuation constant

2.Calculation of the power transported in the wave guide
3.Calculation of the losses in the wave guide surface

A



| . Attenuation constant

Ve start by defining the power lost per longitudinal distance:

dP
=
dz
from B et = P
. | dP
we get immediately P’ = o 2aP
z

and thus the definition of the attenuation constant

P/
OCZFJ

415




2. Power transport in a wave-guide

e

N we

1 1 2 " 2 DT .
00

i

a

2
/Jf(k’cr)frdr — %le(kca,)
0
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3. Losses on wave-guide surface

L4
/N

Ampere’s Lavv:%H dl = T= %J - (05dl)

£;> I = @1y 2) :CCkCJl(kca)e_ikzz = J(2)0s
Hy =0 ";aAcp
: power density in the wall [W/m?3]:
1 R

N AN : 1
S —hk N ¥4 = _E ] J>I< ek _JZJ* sy
K = Ka S ol 2~ (Or)(ndblltdE)
power loss per meter along z [W/m]:
R 7 C2k2 T2 (k
0z KO g
aiese () T

0, <K a
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attenuation per unit length

. 1
surface resistance Rsurf =
KO g
wave Impedance T Ho
(vacuum) £0

4 0e-04
3.5e-04

e.g. damping In an
aluminum wave guide
with

3.0e-04
2.5e-04

2.0e-04 r

damping/m

S
ki = 3.66- 107 = s |

2e+09  4e+09 6e+09 8e+09 le+10
frequency [Hz]



what we should know by now

* The power of Maxwells Equations,

* Vector analysis: Gauss' Law, Stokes' Law

* Ampere's Law, Faraday's Law

b CBlaccient cUrtent

* Boundary conditions for electric and magnetic fields

- Wave equation/plane waves and the complex form of time-harmonic fields
B Rciican

* Poynting’s law

» Solution of the wave equation for circular geometries

- Dispersion relation, group velocity, traveling wave structures
 Power-loss method and damping in wave guides

* write-up of this lecture: soon available as CAS proceedings of Bilbao 201 | school
47



Annex: differential operators in cylindrical coordinates

g oa, da,
8_f \ ( 7“890 & 8z \
2 Oar oa,
VQb = raqcbp N/ A= PR
\ i \ O(ray)  day
0z ror rOp
a(rar) Oa aaz 82¢ a¢ 82¢ 62§b
N 00y N RO 029
r ror 24 roy 4 0z ¢ Or?2 & ror T r20p? i 72
A sicos o with 0 < r < oo dr
=i with 0 < » < 27 dl = ’r’ggp
7z,
L = Z

dV = rdrdpdz
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