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From From BCSBCS--BEC BEC toto quarkquark--baryonic matter baryonic matter 
crcrossover in a bosonossover in a boson--fermion Modelfermion Model

Qun Wang
University of Science and Technology of China

Introduction
CSC: from weak to strong couplings
Boson-fermion model for BCS-BEC crossover
Baryon formation in quark-diquark model 
Discussions and outlooks

• J. Deng, A. Schmitt, QW, Phys.Rev.D76:034013,2007
• J. Deng, J.-C. Wang, QW, Phys.Rev.D78:034014,2008
• J.-C. Wang, et al, in preparation

QGP meets cold atoms, GSI, Sept 25-27, 2008
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Where does QGP meet cold atomsWhere does QGP meet cold atoms

Strongly coupled many body 
system

Yes
Relativistic

Yes
Non-relativistic

Collective flow
[Thomas’ talk, Schaefer’s talk]

Yes Yes

AdS/CFT [Schaefer’s talk] Maybe Maybe
BCS pairing/BEC 
[this talk, Grimm’s talk]

Yes Yes

Three particle bound state 
[this talk, also posters: Johim, Floerchinger]

Yes, 
baryon

Yes, trimer

Nucleon pairings in 
nuclear shell structure

Feschbach resonance
In baryon resonances

BCS pairings in 
Superconductivity

Feschbach resonance
In cold atom system

QGP cold atoms
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Phase diagram ofPhase diagram of
SStrongly interacting trongly interacting QQuark uark GGluon luon PPlasmalasma

See e.g.

• Braun-Munzinger, 
Wambach, 2008 (review)

• Ruester,Werth,Buballa, 
Shovkovy,Rischke,2005

•Fukushima, Kouvaris, 
Rajagopal, 2005

•Blaschke, Fredriksson, 
Grigorian, Oztas, 
Sandin, 2005 
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FreezeoutFreezeout temperature and chemical temperature and chemical 
potential in potential in HHeavy eavy IIon  on  CCollisionsollisions

Andronic, Braun-Munzinger, Stachel, 2006
Braun-Munzinger,Magestro,Redlich,Stachel, 2001 Cold baryonic matter
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CCoolloorr superconductivity in superconductivity in 
neutron starsneutron stars

Webber, astro-
ph/0407155
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WhyWhy ccoolloorr superconductivitysuperconductivity

Anti-symmetric channel: 
attractive interaction

Energy gap in quasi-particle excitation

Also see talks: Huang, Shovkovy
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CCoolloorr superconductivity superconductivity -- weak couplingweak coupling

Weak coupling gap equation (DS equation) in asymptotically high density
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[Son 1999; Schafer,Wilczek 2000; Hong et al. 2000; Pisarski,Rischke 2000; Brown 
et al 2000; Wang,Rischke 2002; Schmitt,Wang,Rischke 2003]

Weak coupling solution to gap equation Weak coupling solution to gap equation 
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Gauge parameter Gauge parameter dependencedependence

Gerhold, Rebhan, 2003
Hou, QW, Rischke, 2004
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GeneralisedGeneralised Ward identity with condensateWard identity with condensate

It can be proved that the contribution is of subsubleading order 
if all excitations are gapped

H.J.Xu and QW, in preparation
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Pairings within the same flavorPairings within the same flavor

Schmitt, QW, Rischke, Phys.Rev.Lett.91, 242301(2003)
Schmitt, Phys.Rev.D71, 054016(2005)
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MeissnerMeissner effects in weak couplingeffects in weak coupling

Son, Stephanov, Phys.Rev.D61,074012(2000);
Schmitt, QW, Rischke, Phys. Rev. D69, 094017(2004); 
Phys. Rev. Lett.91, 242301(2003)
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MeissnerMeissner effects in weak coupling: resultseffects in weak coupling: results

■ Rotated photon in CSL phase has a non-vanishing mass: Electromagnetic
Meissner effect.
■ Although rotated photon in polar phase has a zero mass but a system with 
2 or 3 favors still exhibits Electromagnetic Meissner effect because of different 
chemical potential or no single mixing angle for all favors.

Schmitt, 
QW, Rischke, 
2003, 2004
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Effective Theory of dense matterEffective Theory of dense matter

Hong, 2000
Schaefer, 2002, 2003
Reuter, QW, Rischke, 
2004p

L<< Λ

φL φH

k

relevant modes irrelevant modes

cut−off Λ

EF = μ
ΔE g μ

k

Fermi Sea

Fermi Surface ⇒ Controlled calculation in QCD

⇒ physics dominated by strip 
close to Fermi surface

⇒ separation of scales 
and need for EFT
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CCoolloorr superconductivity superconductivity 
–– intermediate coupling (NJL)intermediate coupling (NJL)

Buballa, 2005; (Review)
Ruester, Werth, Buballa, Shovkovy, Rischke, 2005; 
Fukushima, Kouvaris, Rajagopal, 2005;
Blaschke, Fredriksson, Grigorian, Oztas, Sandin, 2005 

NJL model
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−1−1

−1−1

CCoolloorr superconductivity superconductivity 
–– intermediate coupling (DS)intermediate coupling (DS)

Nickel, Wambach, Alkofer, 2006 (2SC,CFL)
Marhauser, Nickel, Buballa, Wambach, 2007 (CSL)
Nickel, Wambach, Alkofer, 2008 (CFL+neutrality)

DS approach
See Fischer’s talk
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CCoolloorr superconductivity superconductivity 
–– intermediate coupling (DS)intermediate coupling (DS)

Nickel, Wambach, Alkofer, 2006 (2SC,CFL)



18

It (QCD) provides the answer to a child-like question: What 
happens to matter, as you squeeze it harder and harder?  

-- Wilczek

Answer: Perturbation in QCD in weak coupling

An opposite question: What happens to matter, as you 
increase interactions stronger and stronger?  

What happens to quark-quark pairings: do they survive  
stronger  and stronger interactions?

Answer:   unclear



19

BCSBCS--BECBEC CrossoverCrossover

Science
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RRelativistic elativistic BCSBCS--BECBEC crossovercrossover

Recent works by other group:

• Nishida & Abuki, PRD 2007 -- NJL approach
– Abuki’s Talk

• Abuki, NPA 2007 – Static and Dynamic properties 
• Sun, He & Zhuang, PRD  2007 – NJL approach
• He & Zhuang, PRD 2007 – Beyond mean field
• Kitazawa, Rischke & Shovkovy, arXiv:0709.2235v1 –

NJL+phase diagram
– Kitazawa’s Talk

• Brauner, arXiv:0803.2422 – Collective excitations 
– Brauner’s Talk

• Chatterjee, Mishra, Mishra, arXiv:0804.1051 -- Variational
approach
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Relativistic bosonRelativistic boson--fermionfermion
model (model (MFAMFA))

With With bosonicbosonic and and fermionicfermionic degrees of freedom and their degrees of freedom and their 
coupling, but neglect the coupling of thermal bosons and coupling, but neglect the coupling of thermal bosons and 
fermions as fermions as MMean ean FField ield AApproximationpproximation Friedberg-Lee model, 1989

zero mode of boson

J. Deng, A. Schmitt, QW, Phys.Rev.D76:034013,2007
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Thermodynamic potetialThermodynamic potetial
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Density and gap equationsDensity and gap equations

Crossover parameterCrossover parameter

x<0, BCS regime
x>0, BEC regime
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At zero T or critical TAt zero T or critical T
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Dispersion relationDispersion relation

In In BCSBCS regime, fermions are slightly gapped, antiregime, fermions are slightly gapped, anti--fermions fermions 
are strongly gapped. are strongly gapped. 

In In BECBEC regime, both are strongly gapped, indicating the regime, both are strongly gapped, indicating the 
formation of bound states with large binding energyformation of bound states with large binding energy
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Finite TFinite T

BCSBCS regime: regime: 
Melting condensation Melting condensation 
of of fermionfermion pairspairs

BECBEC regime:regime:
Melting condensation  of Melting condensation  of 
bosonsbosons
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Unitary RegimeUnitary Regime
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Pairing with imbalance populationPairing with imbalance population

• Alford, Berges & Rajagopal, PRL 2000; Alford, Kouvaris & Rajagopal, PRL 04, 
PRD 05  -- Gapless and crystalline color superconductivity (LOFF)
• Huang, Shovkovy, PLB 2003 and NPA 2003; PRD 04; PRD 04 -- Gapless color 
superconductivity in 2SC, instablility in Meissner masses
• Many others ……

---- see Mei Huang’s talk
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Fermi surface topologiesFermi surface topologies
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Homogeneous solutionHomogeneous solution

The The fermionfermion--boson mixture in BCSboson mixture in BCS--BEC regime has been found BEC regime has been found 
in cold atomic system. Stable gapless phase in strong coupling in cold atomic system. Stable gapless phase in strong coupling 
(see also (see also Kitazawa,RischkeKitazawa,Rischke, , ShovkovyShovkovy, 2006) , 2006) 

[ Realization of a strongly interacting Bose[ Realization of a strongly interacting Bose--Fermi mixture from a Fermi mixture from a 
twotwo--component Fermi gas, MIT group, arXiv:0805.0623 ]component Fermi gas, MIT group, arXiv:0805.0623 ]
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Phase diagramPhase diagram

Shaded area: unstable, with negative susceptibility

Non-relativistic relativistic
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Beyond meanBeyond mean--field field aproximationaproximation

J. Deng, J.-C. Wang, QW, 
Phys.Rev.D78:034014,2008
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Global U(1) symmetry, Higgs and Goldstone fields

Propagator
inverse

LagrangianLagrangian in Higgs and in Higgs and 
Goldstone fieldsGoldstone fields
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The fluctuation of condensateThe fluctuation of condensate
CJTCJT formalismformalism

Gasenzer ‘s talk
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DysonDyson--SchwingerSchwinger equationsequations

Taking derivatives of the 
effective potential 
with respect to propagator
Dyson-Schwinger eqs
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Gap & Density equationsGap & Density equations
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At small TAt small T

The results are similar to the The results are similar to the MFAMFA resultsresults
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At T=At T=TcTc

Fluctuations become important in Fluctuations become important in BECBEC regime.regime.
In In BECBEC regime T*>regime T*>TcTc..
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TT--dependencedependence

The fluctuation effects become larger.The fluctuation effects become larger.
BEC criterion is related to the  minimization of BEC criterion is related to the  minimization of 
the thermodynamic potential.the thermodynamic potential.
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Introduction of         term in            : Introduction of         term in            : 

B.I.HalperinB.I.Halperin, , T.C.LubenskyT.C.Lubensky and S. Ma 1974and S. Ma 1974 (magnetic field fluctuations)(magnetic field fluctuations)
I. I. GiannakisGiannakis, D. f. , D. f. HouHou, H. c. , H. c. RenRen and D. H. and D. H. RischkeRischke, 2004, 2004
((Gauge Field Fluctuations)Gauge Field Fluctuations)
Sasaki, Sasaki, FrimanFriman, , RedlichRedlich, 2007, 2007
(baryon number fluctuation in 1st (baryon number fluctuation in 1st chiralchiral phase transition)phase transition)

1st order phase transition from 1st order phase transition from 
fluctuations: fixed fluctuations: fixed μμ
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First order phase transition with First order phase transition with 
fixed  particle numberfixed  particle number
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DiquarksDiquarks in baryonsin baryons

Quarks, diquarks and pentaquarks, 
Jaffe, Wilczek, 2004
[Diquarks as building blocks of 
exotic hadrons]

Diquark models:
Anselmino, et al., 1993
Abu-Raddad,Hosaka,Ebert,Toki, 2002
Many other papers……
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DiquarksDiquarks in baryonsin baryons

Diquark-cluster          Meson Cloud

Diquark configuration in proton: 
positive magnetic moments 
from strange quarks  
Zou, Riska, 2005

u

du

⎯S
S

⎯S
u

uS

d

Diquark configuration:  inverse 
mass order in  resonances 
Zou, 2007
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QuarkQuark--baryonic matter crossover in baryonic matter crossover in 
N_fN_f=3 dense matter =3 dense matter 

BCS-BEC crossover
with boson-fermion model

crossover of 
quark-baryonic matter 

■ Continuity of quark and hadron matter, Schafer, Wilczek, 2000
[ CFL-hadronic matter: a weak coupling realization of confinement and  chiral
symmetry breaking in idealization of QCD ]

■ New critical point induced by the axial anomaly in dense QCD, Hatsuda, 
Tachibana, Yamamoto, Baym, 2006

■ N_f=3, there is a new critical point near 
chemical potential axis due to coupling of 
chiral and diquark condensate: quark-nuclear 
matter crossover

■ N_f=2, no critical point: quark-nuclear 
matter transition
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Baryonic pole structure in quark and Baryonic pole structure in quark and 
nuclear matter: quarknuclear matter: quark--diquarkdiquark modelmodel

chiral condensatediquark condensateTwo flavor case

J.-C. Wang, et al,
in preparation Relativistic 

version of trimer



46

Baryonic pole structure in quark and Baryonic pole structure in quark and 
nuclear matternuclear matter

baryonic pole

pole width 
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Baryonic pole structure in quark and Baryonic pole structure in quark and 
nuclear matter: phase diagramnuclear matter: phase diagram
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Analytic property of baryonic pole Analytic property of baryonic pole 
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Baryonic pole and widthBaryonic pole and width
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SummarySummary
CSC CSC in weak and intermediate couplings has been in weak and intermediate couplings has been 
extensively studied. extensively studied. 

RelativisticRelativistic BCSBCS--BECBEC crossover can be well described in crossover can be well described in 
bosonboson--fermionfermion model within or beyond model within or beyond MFAMFA..

With With chemical potential mismatchchemical potential mismatch, part of gapless , part of gapless 
solutions are stable in strong couplings. solutions are stable in strong couplings. 
[Recent experiments in cold atom system][Recent experiments in cold atom system]

FluctuationFluctuation effects lead to first order transition.effects lead to first order transition.

Baryon formationBaryon formation is controlled by is controlled by chiralchiral symmetry and symmetry and 
can be described by quarkcan be described by quark--diquarkdiquark model in dense model in dense 
matter. matter. [99% of nucleon mass from χ-symmetry, see Stachel’s talk]
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OutlookOutlook

Our model  can be extended to discuss Our model  can be extended to discuss 
quarkoynic quarkoynic ccontinuity  with finite chemical ontinuity  with finite chemical 
potential where the confinement and chiral potential where the confinement and chiral 
symmetry breaking do not coincide (L. symmetry breaking do not coincide (L. 
Mclerran and R. D. Pisarski ).Mclerran and R. D. Pisarski ).

QuarkQuark--baryonic matter crossover baryonic matter crossover for three for three 
flavor case in quarkflavor case in quark--diquarkdiquark picture.picture.
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