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Lattice QCD results on conserved charge fluctuations 

  Frithjof Karsch 
 Bielefeld University

   QCD phase diagram –  constraining the location of a critical endpoint           

   Precision results for 2nd order cumulants 

   Higher order cumulants: Skewness, kurtosis and beyond
 
   Charmed cumulants: Towards continuum extrapolated results 

with a lot of input
from 'HotQCD,

in particular,
Sipaz Sharma
Jishnu Goswami
Mugdha Sarkar
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singular

 close to the chiral limit thermodynamics in the vicinity of the 
 QCD transition(s) is controlled by a  universal scaling function

regular

Critical behavior in QCD Critical behavior in QCD 

Pseudo-critical temperatures Pseudo-critical temperatures 
 magnetic             mixed                    thermal     

divergence:divergence:                   strong   strong                                            moderate moderate                         none                        none

O(4) critical 
exponents

response functionsresponse functions
22ndnd order cumulants order cumulants
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Fluctuation observables in QCD Fluctuation observables in QCD 

– chiral condensate:

– chiral susceptibility:

– mixed chiral susceptibility:

– conserved charge fluctuations:

magnetic

mixed

thermal

– chiral order parameter:
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Taylor expansion of the QCDQCD pressure:

cumulants of net-charge fluctuations and correlations:

                                    Higher order cumulantsHigher order cumulants
 –  – Taylor expansion of QCD EoS and the HRG Taylor expansion of QCD EoS and the HRG  –   –  

cumulants at vanishing chemical potentialcumulants at vanishing chemical potential
provide information on the equation of stateprovide information on the equation of state
as well as freeze-out conditions at small as well as freeze-out conditions at small 
non-zero chemical potentialnon-zero chemical potential
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EoS:2017: 
arXiv:1701.04325

EoS 2022:
arXiv:2202.09184

all newadded  O(20)
times new confs.

added  O(10)
times new 
confs.

HotQCD data collection for (2+1)-flavor QCD-EoS

A. Bazavov et al. (HotQCD), Phys. Rev. D 105 (2022) 074511, arXiv:2202.09184  &  arXiv:1701.04325
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Up to 8Up to 8thth order Taylor expansion for pressure order Taylor expansion for pressure
                                      

D. Bollweg et al. (HotQCD), arXiv:2107.10011
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S. Borsanyi et al. , JHEP 10 (2018) 205, arXiv:1805.04445

Up to 8Up to 8thth order cumulants are used frequently order cumulants are used frequently
           –            – imag. chem. pot. extrapolationsimag. chem. pot. extrapolations –  – 

based on a 
constraint fit
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Comparing Taylor series and Pade resummation

pressure:

Taylor series

Pade approximation

use

to this order: poles are obtained from a quadratic eq. in 
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distance of complex poles from the 
origin is given by the Mercer-Roberts
estimator for the radius of convergence

complex poles move to real axis as 
temperature decreases

within current errors poles on the  real axis (critical point) 
are possible only for 

higher statistics will sharpen the constraint

Poles of [n,n] Pade approximants  in QCD Poles of [n,n] Pade approximants  in QCD 

HotQCD,  arXiv:2202.09184
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chiral limit extrapolations     

H.T Ding et al (HotQCD), 
                      arXiv:1903.04801
Anirban Lahiri et al, 
                      arXiv:2010:15593

physical 
masses

A. Bazavov et al (HotQCD), arXiv:1812.08235

physical masses

also: A. Y. Kotov et al., arXiv: 2105.09842

Pseudo-critical and critical temperatures 

from Tpeak 
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Summary: Phases of strong-interaction matterSummary: Phases of strong-interaction matter
determination of        puts an upper limit on                  

H.T. Ding et al (HotQCD), arXiv:1903.04801 
A. Bazavov et al (HotQCD), arXiv:1812.08235 

HotQCD@Lattice2021 (M. Sarkar) 
arXiv:2112.15398 

constraint on the location of the CEP

the temperature range below         is 
most important for getting information 
on a possible CEP 

mailto:HotQCD@Lattice2021


  

12                                                      F. Karsch,  EMMI-RRTF,  November 2023 F. Karsch,  EMMI-RRTF,  November 2023 

Summary: Phases of strong-interaction matterSummary: Phases of strong-interaction matter
determination of        puts an upper limit on                  

H.T. Ding et al (HotQCD), arXiv:1903.04801 
A. Bazavov et al (HotQCD), arXiv:1812.08235 

HotQCD@Lattice2021 (M. Sarkar) 
arXiv:2112.15398 

the temperature range below         is 
most important for getting information 
on a possible CEP 

more likely, if 

mailto:HotQCD@Lattice2021
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Hadron Resonance Gas (HRG)

Free Quark Gas

Conserved charge correlationsConserved charge correlations

baryon number  –  strangeness 
                 correlations
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                              Fluctuations and  CorrelationsFluctuations and  Correlations
– – precision calculation of all 2precision calculation of all 2ndnd order cumulants –  order cumulants – 

two constraints: only 4 out of 6two constraints: only 4 out of 6
22ndnd order observables are independent order observables are independent

– continuum extrapolated results for all 2nd order cumulants in (2+1)-flavor QCD

D. Bollweg et al (HotQCD), Phys. rev. D104 (2021) 7, arXiv:2107.10011

– exact relations in QCD for
– satisfied in HRG models to better than 1% 

– well controlled continuum extrapolation

81216

scale setting used: colored af_K, black: r1/a
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D. Bollweg et al (HotQCD), Phys. rev. D104 (2021) 7, arXiv:2107.10011

– exact relations in QCD for
– satisfied in HRG models to better than 1% 

significant difference in 
BS         and          BQ        
        correlations
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22ndnd order cumulants: fluctuations and correlations order cumulants: fluctuations and correlations

– largest  deviations from HRG seen for           :  ~25%

at 

– strangeness fluctuations and correlations
   are well described by QMHRG2020 at

– electric charge fluctuations and correlations
   deviate from QMHRG2020 already at about
   145 MeV  
    
– baryon number fluctuations are sensitive to 
   BS-correlations
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Ratio of baryon number – strangeness correlation and 
net strangeness fluctuations

PDG-HRG: uses experimentally known hadron spectrum listed by the Particle Data Group
QM-HRG: uses additional hadrons predicted to exist in Quark Model calculations
 

evidence for experimentally
not yet observed strange
baryons?

D. Bollweg et al. (HotQCD), arXiv:2107.10011

evidence for strong flavor
correlations

– description of BS-correlations in HRG models is particularly sensitive to
   ''missing resonances''  in the strangeness sector
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Baryon number – strangeness chemical potentials at 
freeze-out from strange baryon yields

at QCD:

PDG-HRG:

STAR multi-strange baryon yields are
consistent with freeze-out at
and a                 that reflects contributions 
from additional strange baryons  

STAR, arXiv:1906.03732

STAR, 
arXiv:1010.0142

BS ratios probe strangeness content in an HRG

arXiv:1412.8614
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P. Braun-Munzinger, A. Kalweit, K. Redlich, J. Stachel,
Phys. Lett. B747 (2015) 292, arXiv:1412.8614

Experimental access to
   baryon number – strangeness correlation ?

testing  assumption of Skellam distribution:

from ALICE data:
the lower limit
arXiv:1412.8614

for Skellam distributions mean values 
and second order cumulants as well as
correlations are related:

getting control over B rather than Pgetting control over B rather than P
fluctuations is important!!!fluctuations is important!!!

QCD ~ 0.24
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P. Braun-Munzinger, A. Kalweit, K. Redlich, J. Stachel,
Phys. Lett. B747 (2015) 292, arXiv:1412.8614

testing  assumption of Skellam distribution:

from ALICE data:
the lower limit
arXiv:1412.8614

for Skellam distributions mean values 
and second order cumulants as well as
correlations are related:QCD ~ 0.24

consistent with QCD constraint

Experimental access to
   baryon number – strangeness correlation ?
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from STAR data using proton number distribution as proxy and
implementing a “simple treatment for strange baryon contributions”
to obtain   

M. Kitazawa et al, arXiv:2205.10030

– result is about a factor 2 smaller than expected

– consistent with the expected, missing strange baryon contribution?

A puzzle ?A puzzle ?
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at ALICE freeze-out temperature

Ratios of 4Ratios of 4thth and 2 and 2ndnd order cumulants order cumulants
                  – – large deviations from Skellam – large deviations from Skellam – 

– ratios of 4th and 2nd order cumulants differ
   from non-inter. HRG for T>145 MeV

– they change by ~(20-40)% in the crossover
   region

         sensitive probes for freeze-out
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Ratios of 4Ratios of 4thth and 2 and 2ndnd order cumulants order cumulants
                  – – large deviations from Skellam – large deviations from Skellam – 

– Why are cumulants of proton number fluctuations a good proxy for ratios of 
   baryon number cumulants, although  they may not be good proxies for
   the individual cumulants ? 

STAR PRL 2023, arXiv:2207.09837 

constraint:
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unlike                 themselves, their ratio
is much less sensitive to BS-correlations

Ratios of 4Ratios of 4thth and 2 and 2ndnd order cumulants order cumulants  

reminder:
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updated by Jishnu Goswami

Ratio of 4Ratio of 4thth and 2 and 2ndnd  order cumulants  order cumulants  
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Higher order cumulant ratios on the pseudo-critical line Higher order cumulant ratios on the pseudo-critical line 
A. Bazavov et al. (HotQCD), PRD 101, 074502 (2020), arXiv:2001.08530 
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Charm fluctuations and correlations  Charm fluctuations and correlations  

– calculating cumulants involving charm is difficult  because

a) the large charm quark mass cumulants are strongly,
    exponentially suppressed 

b) as a consequence the quark mass needs to be well tuned
    to get accurate charm hadron masses: 5% error on charmed
    hadron mass changes cumulants by a factor 2  

c) charmed hadron spectrum less well known 
    (in particular in the baryon sector):
    influence of missing states in the charm sector is much larger than
    in the light and strange quark sector 

– lattice cut-off effects need to be controlled well
   to allow for a unique definition of a “line of constant physics”
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– tuning the charm quark mass on the lattice using different criteria introduces cut-off effects
– approaching the continuum limit on different trajectories
   the choice of a trajectory is irrelevant in the continuum limit, results will be unique

all currently published data on charm cumulants are 
based on data from               lattices 

Sipaz Sharma, arXiv:2212.11148
A. Bazavov et al, arXiv:1404.4043

first continuum extrapolations using                           data: Sipaz Sharma @ Lattice2023

Charmed cumulants: towards a controlled continuum limit extrapolation
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–  largest in baryon sector: using Quark Model calculations amounts to a change
                                              of almost a factor 2 compared to PDG-HRG
                                              (compared to about 15% in the strange hadron sector)

Sipaz Sharma, HotQCD preliminary

Charmed cumulants: the influence of missing charmed resonances
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– charm quark degrees of freedom
   start showing up at 

Sensitivity to different sectors of the charmed hadron spectrum
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May be discussed furtherMay be discussed further    
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from ALICE data:
the lower limit
arXiv:1412.8614

QCD ~ 0.24

constraining the location
           of the CEP

the influence of  BS-corr. 
            B-fluctuations

getting control over
higher order cumulants

influence of poor knowledge of charm
spectrum on cumulants (and yields)
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