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Lattice	QCD	as	a	first-principles	approach

Lattice	calculations	increasingly	competitive:	

Precise	enough	to	challenge	conventional	wisdom	/	phenomenology	/	experiment
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Hadron	spectroscopy	and	few-body	dynamics

49	new	conventional	and	23	new	exotic	hadrons	discovered	at	LHC,	Belle,….	since	2012	

Finite-volume	quantisation	(“Lüscher	method”):		rigorous	formalism	amenable	to	Lattice	QCD

Topics	/	Examples:	

• 	dibaryon	—	hyperon-hyperon	interactions	
• 	scattering	and	nucleon	resonances	

• Resonances	in	charm	sector;		tetraquarks:	 		

• Interpretation	of	the	 	

• ….
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B(EL, L) : analytically	known	function

	scattering	amplitude2 → 2
<latexit sha1_base64="VAPS+jelatz8dBU9tKoGwf4ouLw="></latexit>

K̃(EL) :

<latexit sha1_base64="sROBuEUdxInk8KxHAYId8OmN/O4="></latexit>

EL : multi-particle	energy	levels	in	finite	volume
H dibaryon: a ! 0 universality (PRELIMINARY)

BaSc: Baryon Sca�ering collaboration — combined e�ort of “Mainz” and sLapHnn
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La�ice 2022 Jeremy R. Green — Nucleon-nucleon sca�ering from distillation 5

Preliminary

[Green	et	al.,	PRL	127	(2021)	242003,	and	in	prep.]
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Hadron	spectroscopy	and	few-body	dynamics

Current	challenges:	

• Role	of	the	continuum	limit	—	extrapolation	to	the	physical	point	

• Perform	coupled-channel	analyses,	incorporate	higher	partial	waves	

• Two-particle	finite-volume	quantisation	fails	above	3-	and	4-particle	thresholds	and	below	left-hand	cut			
—>	employ	and	implement	3-particle	quantisation	conditions

4

FIG. 3. Fit results for the lattice data from [21]. The solid and dashed vertical lines indicate the DD⇤ threshold and the
lhc, respectively, while the green dashed curve shows the function ip. The gray line and gray band show the fit and its 1�
uncertainty, respectively, found in [21] using ERE formula from (3) in the entire energy range both above and below lhc. The
red solid line and the orange band show the best fit and its 1� uncertainty, respectively, calculated in this work. In the right
panel, only the three most right data points were used in the fit while in the left panel, in addition, a part of the error bar
of the fourth (from right to left) point located above the lhc (for (p/EDD⇤)2 > �0.0010) is included in the fit for illustrative
purpose. Below the lhc, p cot � acquires an imaginary part, which is shown as the blue line with the pink uncertainty band.

orange uncertainty band [39]. Uncertainty in [21] is given
by the probability distribution for each phase shift data
point. The nonzero probability of real phase shift data
below the lhc is an artifact of the lhc being ignored in
[21]. Therefore, the lowest data point in [21] is discarded
in our analysis. We perform two fits: one where we use
the part of the second data point that is above the lhc
(left panel of Fig. 3) and the other one where we ignore
it (right panel of Fig. 3). The upper three data points
are included in both fits.

The poles of the T -matrix are now extracted using (2).
From the left panel of Fig. 3 we conclude that, for the
majority of the 1� parameter space including the best
fit, the amplitude contains two virtual states, both resid-
ing closer to the DD⇤ threshold than the pole extracted
in [21], where only a single virtual state was found. Those
fits within the 1� band, where p cot � does not cross the
ip curve above the lhc, describe the presence of a very
narrow resonance showing up as a pair of complex poles
below the DD⇤ threshold. The appearance of a pair of
virtual states is natural near the point where they are
about to turn to a narrow resonance, as discussed in de-
tail in [40–43]. The position of the lhc sets the upper
bound on the virtual pole binding energy—the collision
between the virtual pole and its counterpart always takes
place between the lhc branch point and the two-body
threshold. The fit results presented in the right panel of
Fig. 3 are also consistent with the picture just drawn,
with the narrow resonance scenario preferred.

In both fits p cot � contains a near-threshold pole as
a result of a subtle interplay of the repulsive OPE and
the attractive short-range interaction. According to (1),
this pole manifests itself as a zero in the T -matrix and
provides yet another illustration that, in the current set-

ting, p cot � cannot be approximated by a polynomial
with a finite number of terms. Moreover, it emphasizes
the important role played by the OPE for understand-
ing the analytic structure of the scattering amplitude.
The existence of such a pole in p cot � for the neutron-
deuteron scattering was already investigated half a cen-
tury ago [44, 45]. Here the location of the pole in p cot �
very close to the lhc branch point is dictated by the par-
ticular lattice data points taken from [21]. Indeed, while
the lhc branch point depends only on the masses involved,
the exact location of the pole is sensitive to the interac-
tion strength. If the pion coupling constant is artificially
decreased or increased by some factor and the lattice data
are refitted to fix the contact terms, the pole in p cot �
either disappears below the lhc or moves closer to the
two-body threshold [34]. In the latter case, it may im-
pose a stronger constraint on the ERE convergence radius
than the lhc branch point.

Concluding remarks.—An interesting question is what
our findings imply for the nature of the T+

cc given an
intriguing relationship between the location of a near-
threshold bound state pole and the size of the molecular
component [46, 47] [48]. This formalism relies on the
assumption that the binding momentum � is by far the
smallest scale in the problem. However, the lhc induces
an additional small scale, which not only strongly limits
the range of applicability of ERE (see [30] for a related
discussion), but also calls for an improvement of the en-
tire Weinberg approach to describe the compositeness of
a hadronic state [49]. On the other hand, a clear visi-
bility in the amplitude of the lhc induced by the OPE
provides an additional strong support for the molecular
nature of the Tcc(3875)+.

In summary, we have demonstrated that the lhcs from

[Padmanath	&	Prelovšek,	PRL	129	(2022)	032002]
[Du	et	al.,	PRL	131	(2023)	131903]
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Hadron	spectroscopy	and	few-body	dynamics

Future	plans:	

• Comprehensive	programme	on	baryon-baryon,	meson-baryon,	meson-meson	scattering:	

• 	dibaryon,	nucleon-nucleon	channels	—	approach	to	the	physical	point:		 	

• Charmed	tetraquarks	

• Investigation	of	left-hand	cut	—	precursor	to	studying	3-particle	quantisation	condition

H mπ = mphys
π , a → 0

Collaborators:	

• DESY-Zeuthen	(Jeremy	Green);	GSI,	TU	Darmstadt	(Daniel	Mohler)	

• BaSc	Collaboration	[“Baryon	Scatterers”]	(John	Bulava,	Colin	Morningstar,	André	Walker-Loud)
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Hadron	structure	observables

Examples	for	first-principles	determinations	of	nucleon	hadronic	matrix	elements:

• Axial	form	factor	of	the	nucleon	—	input	for	future	neutrino	experiments:	DUNE,	T2HK	

• Electric,	magnetic	and	Zemach	radii	of	the	proton		—		final	resolution	of	proton	radius	puzzle	

• PDFs	and	GPDs		—		input	for	EIC

[Djukanovic	et	al.,	2309.17232]
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Nucleon	axial	form	factor
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Hadron	structure	observables

Current	challenges:	

• Noise	problem:	exponential	growth	of	signal-to-noise	ratio	in	baryonic	correlators	

• Related	problem:	unsuppressed	contributions	from	excited	states:		 	

• GPDs,	PDFs:	complicated	renormalisation	of	bilocal	operators;	inverse	problem	

• Incorporation	of	isospin-breaking	corrections

Nπ, Nππ

0, !p, s ts, !p′, s′
t

γµ

∼ 〈N(p′, s′) |Vµ(x)|N(p, s)〉

0, !p, s ts, !p ′, s′
t

Vµ, Aµ

0, !p, s ts, !p ′, s′

t

Vµ, Aµ

2

ts
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Hadron	structure	observables

Future	plans:	

• Comprehensive	programme	to	study	electromagnetic,	axial	and	strangeness	form	factors	

• Determine	nucleon	charges	( ),	 -terms,	and	moments	of	structure	functions	

• Novel	noise-reduction	technology:	multi-particle	interpolating	operators,	machine-learning	techniques

gA, gS, gT σ

+	…

+	…

+	…

+	…

exact “cheap” correction

<latexit sha1_base64="Mk4gY6n2XgXRIWT9gpHYDCjLEx0="></latexit>

hOi = hOiapprox +
D
(O � Oapprox)

E

Nucleon	3-point	function	with	explicit	 	interpolators:Nπ
Cost-efficient	observables	via	trained	networks:
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Ancillary	calculations

Precision	scale	setting	
• Lattice	scale	from	lowest-lying	octet	and	decuplet	baryon	masses	including	isospin-breaking	effects
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Precision	of	 in	 -baryon	mass;	

Isospin-breaking	effects	smaller	than	
statistical	error

≲ 0.5 % Ω

[Segner,	Hanlon,	Risch,	HW,	arXiv:2212.07176]

Pion-pion	scattering	and	pion	form	factor	
• Constrain	long-distance	behaviour	of	correlator	for	precision	observables	(e.g.	 )(g − 2)μ, Δαhad

Pion	mass-dependence	of	octet	baryons	

• Alternative	determination	of	 -terms	via	Feynman-Hellmann	theoremσ
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Differential	photon	emission	rate	per	unit	volume	in	hot	QCD	matter:

10

QCD	Thermodynamics:	Photon	emissivity	of	QGP

[Cè,	Harris,	Krasniqi,	Meyer,	Török,	2309.09884]

		in-medium	spectral	function;	

						 		photon	energy

σ(ω) :
ω :

<latexit sha1_base64="mUHUWHzo3oqPEBLwSyqRw8t5eog="></latexit>

d��

d!
=
↵e.m.

⇡

2!�(!)

e!/T � 1
+ O(↵2

e.m.)

Perform	first-principles	determination	of	properties	of	the	thermal	medium

Can	determine	 	via	dispersion	relation	without	numerically	ill-posed	inverse	problemσ(ω)
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Rich	research	programme	in	hadron	structure	&	spectroscopy,	and	QCD	thermodynamics	

State-of-the-art	calculations	

Innovative	methodology	to	turn	Lattice	QCD	into	a	precision	tool

11

Summary	&	PoF	V	Outlook

Crucial	requirement:	High-performance	computing	

Dedicated	resources	of	≈	500	Mcore-hours	p.a.	required	

Major	new	investment	at	HIM:		HIMSTER-3		—		1.88	M€	

Shared	with	experimentalists	in	EMP,	SPECF	

Procurement	planned	in	Q4/2024	—	Q1/2025	

Will	need	replacement	during	latter	half	of	PoF	V



Thank you!
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Hadron	spectroscopy	and	few-body	dynamics

Issues:	

Role	of	the	continuum	limit	

3-particle	quantisation	condition
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

[LHCb,	Nature	Phys.	18	(2022)	751]

Fit 1: JJ
⇤
O = 0 Y wave
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Significant tension with
coarser la�ice spacings.

Jeremy R. Green | DESY ZPPT | La�ice 2023 | Page 15

Preliminary

H dibaryon: a ! 0 universality (PRELIMINARY)

BaSc: Baryon Sca�ering collaboration — combined e�ort of “Mainz” and sLapHnn
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Hadron	spectroscopy:	Nucleon-nucleon	interactions

Disagreement	over	existence	of	 -bound	states	at	heavier-than-physical	pion	mass	

Perform	scaling	study	for	 -states	at	 		—		 		(deuteron)	and	27plet	(dineutron)

NN

NN mπ = mK ≃ 420 MeV 10

[Green,	Hanlon,	Junnarkar,	HW,	arXiv:2212.09587]
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Antidecuplet,	 		(deuteron):S = 1, I = 0

• 300	different	energy	levels	resolved	—	sensitivity	to	higher	partial	waves
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Hadron	spectroscopy:	Nucleon-nucleon	interactions

Antidecuplet,	 	phase	shift	analysisI = 0, 3S1

[Green,	Hanlon,	Junnarkar,	HW,	arXiv:2212.09587]
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Include	higher	partial	waves	in	the	fits
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