
Quantum critical scaling
of long-range systems 

and beyond

- Constructing effective theories of  (universal) phenomena-

“Long-range interacting quantum systems”, N. Defenu, et al. Rev. Mod. Phys. 95, 035002 (2023)



2Why not this



Long-range quantum Ising model

Long-range interactions:
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Quantum Critical Point at hc > 0

Jij =
1

Nα

1
| i − j |α N−1

α ≈
(1 − α)2(1−α)Nα−1 if α < 1
1/log(N ) if α = 1
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5Spin-wave approximation

H = − ∑
l<j

Jijσx
l σx

j − h∑
j

σz
j ,

Holstein-Primakoff transformation
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6Long-range interactions

Jk =
N

∑
ℓ=1

cos(kℓ)
ℓα

≈ Liα (eik) + Liα (e−ik)
lim
k→0

Vk = hc + c kσ + O(k2), σ = α − 1

Continuous limit:  lim
k→0

ωk = ckσ − μ

Bose gas with non-analytic dispersion relation



7 Theories in fractional dimensionφ4

1) Y. Holovatch, Theor. Math. Phys. 96, 1099–1109 (1993).
2) S. El-Showk et al., J. Stat. Phys. 157, 869–914 (2014).
3) A. Codello, ND, G. D’Odorico, Phys. Rev. D 91, 105003  (2015). 
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• ND, A Trombettoni, A Codello, Phys. Rev. E 92, 052113 (2015)
• ND, et al., J. High Energ. Phys. 2015, 141 (2015).
• ND, A Trombettoni, S Ruffo, Phys. Rev. B 94, 224411 (2016)
• ND, A Trombettoni, S Ruffo, Phys. Rev. B 96, 104432 (2017).

What is the meaning of  non-integer dimensions?
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9New tools are needed 

Theoretical understanding is limited as the scaling of  couplings 
becomes super-extensive

All to all couplings severely reduce numerical performance



10The Spectral Dimension

At low frequencies the vibrational spectrum of 
coupled oscillators on a network obeys:

Vibrational spectrum

⇢(!) / !ds�1
<latexit sha1_base64="CGwBIJRqepFaK1g/rTLYx6jAyOM=">AAACDHicdVDLSgMxFM3UV62vqks3wSLUhcNMFbW7ohuXFewDOmPJpJk2NDMJSUYow3yAG3/FjQtF3PoB7vwb04fg80Dg5JxzSe4JBKNKO867lZubX1hcyi8XVlbX1jeKm1tNxROJSQNzxmU7QIowGpOGppqRtpAERQEjrWB4PvZbN0QqyuMrPRLEj1A/piHFSBupWyx5csDLHo9IH+17QnKh+fR2nfa6qcoO3MykHLvquNVjF/4mru1MUAIz1LvFN6/HcRKRWGOGlOq4jtB+iqSmmJGs4CWKCISHqE86hsYoIspPJ8tkcM8oPRhyaU6s4UT9OpGiSKlRFJhkhPRA/fTG4l9eJ9HhqZ/SWCSaxHj6UJgwqDkcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCV8bgr/J82K7R7alcujUu1sVkce7IBdUAYuOAE1cAHqoAEwuAX34BE8WXfWg/VsvUyjOWs2sw2+wXr9AJi9m/0=</latexit>

Random Walk Return Rates
A random walker hopping on networks will return at its 
starting point with probability:

P0(t) / t�ds/2
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Spontaneous symmetry breaking of continuous 
symmetries is forbidden for 

Mermin-Wagner Theorem

ds  2
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Does it control universal properties?

1) R. Burioni, D. Cassi, Phys. Rev. Lett. 76, 1091 (1996).
2) R. Burioni, D. Cassi, A. Vezzani, Phys. Rev. E 60, 1500 (1999).

What about discrete symmetries?



11My solution

A. P. Millán, G. Gori, F. Battiston, T. Enss, N. Defenu, Phys. Rev. Res. 3, 023015 (2021).

Regular lattice  
in -dimensiond p ∼

1
rα
ij

Self-averaging graph 
structure

Additional random 
bonds 

~  new bondsN



12Complex networks with tuneable dimension

The average of the random walker return rates 
for several network realisations with different 
number of sites are collapsed to obtain an 
estimation of the spectral dimension.

The power law scaling of the first eigenvalue of the 
laplacian operator as a function of the network size 
is studied for large network sizes.

Scaling of the smallest eigenvalues

Collapse of the return probabilities

0.0 0.5 1.0 1.5 2.0
æ

0

2

4

6

d s

2/æ

Fit

LS

PC

Research funded by the STRUCTURES collaboration under exploratory project (EP)
2.3: “Universality on Network Structures from Quantum Dynamics to Big Data”. PI: ND



Anomalous Dimension?
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14The universality conjecture

G. Bighin, T. Enss, N. Defenu, arXiv:2211.13302 (2022).

Match the low-energy 
spectra 
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15My goal

Advantages:
• Fast entanglement spreading inherited by long-range couplings 

• Amenable numerics thanks to sparse coupling matrices 

• Universal tool to describe long-range interacting systems

VS

Fully connected Sparse



16Speed up



17Methodology

Synergy of   
theoretical  

tools

Γk=Λ

(Out-of-equilibrium) 
RG study at α > d

Γk=0

-expansion at 1/N α < d

+ +

(Variational) Quantum MC 
simulations at all α

h1 h2 hMh3 . . .

σ z
1 σ z

2 σ z
3 σ z

N. . .



18Entering a new era of  quantum information 

Manipulate fundamental physics laws via complex 
geometric structures

Tuneable Spectrum Strong Interactions

Novel fundamental  
physics phenomena

Novel proposals for  
Quantum Technologiesh(t)

ERC-Stg QLR-Net (2022)
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