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Mo8va8on 1

2

We are neglec8ng any hydro-dynamics of the chiral condensate  !



Visually good agreement,  
but not amazing fit  

The main discrepancy is for pions at low pt
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Maybe in the data ?
Fit the pt spectra of pions in the first five centrali8es 

D. Devetak , et al JHEP (2019) 



Physical picture T~Tc
Working regime 

So\ pions+sigma mode on Hydro 
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Rajagopal Wilczek hep-ph/9210253 
Son and Stephanov hep-ph/020422  



Equa8on of mo8on (Model G)
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Ideal part Dissipa8ve part Gaussian Noise 
• The ideal part is charge conserva8on and Josephson constraint  

• Two dissipa8ve coefficient  and  and noise Γ0 D0

Diffusion at high temperature, pion propaga8on at low 
temperature  as the vev  develops 

Chiral condensate  + Axial and Vector charge   ϕa nab = χ0μab

Rajagopal Wilczek (93)
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A. Florio, E.G., A. Soloviev, D, Teaney PRD (2022) 
 A. Florio, E.G., D, Teaney (2023)



Snap shoot of what is going on
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The dispersion rela8on of the of the waves actually  
is determine by the GOR rela8on

v2 / h�2i

<latexit sha1_base64="yCZZKyxP6o8V9nBaIUeSSV1WA/o="></latexit>
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In the broken phase one has pion waves 



Langevin Dynamics 

Martin-Siggia-Rose action

Z = ∫ 𝒟 [ϕa, ϕr] eiS[ϕa, ϕr]

Stochastic  Process with a phase transition 

One can cast the stochastic process in a action  

Hohenberg and B. I. Halperin, Rev. Mod. Phys. 49, 435 (1977), 
P. Glorioso and H. Liu, arXiv:1805.09331 
L. Canet, H. Chaté, B. Delamotte, arXiv:1106.4129,....
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https://arxiv.org/abs/1106.4129


Real 8me genera8ng func8on 
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Z[J+, J�] =

Z
D'+D'�⇢['+,'�]e

iS['+,J+]�iS['�,J�] ,

<latexit sha1_base64="e8NgLlYW9o7LC3SSdD5nyqab9z8="></latexit>

'r(t,x) =
1

2
('+(t,x) + '�(t,x)) ,

'a(t,x) = '+(t,x)� '�(t,x)

To undersand the renormaliza8on is convienient introduce the 
Close 8me path integrals with a thermal density matrix  

The good basis is the r/a defined as 

In this basis there are two symmetry that one can exploit to  
Construct consitent trunca8on for high temperature 

<latexit sha1_base64="jPOF2Of872mYDTZofDoP+0vOgic="></latexit>

T�'±(t,x) = '±(�t± i�/2,x)

In thermal equilibrium we have the KMS symmetry 



Symmetry of the effec8ve ac8on 
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Z[J+ = J, J� = J ] = 1

<latexit sha1_base64="TxnIWrZY/UMgCaP6LHTubLXdV8M="></latexit>

(�i)n+1 �
n logZ[Jr, Ja]

�Jr · · · �Jr
= Ga···a = 0

The 8me deriva8ve of the calssical filed is related to the quantum 
one

No terms with no a field are allowd 

For high temperature one obtain a local disctrete symmetry 



High temperature expansion
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E = E0 + E1 + E2 ,

X = X0 +X1 ,

Y = Y0 .

Expand in power of 8me 8me deriva8ve 

Impose the flactua8on dissiap8on theorem 

P. Glorioso and H. Liu, arXiv:1805.09331 
L. Canet, H. Chaté, B. Delamotte, arXiv:1106.4129 

The 8me derivate mix with a field then is natural to organize the 
ac8on in monomials 

Up to 2 dervia8ve 

Up to 1 dervia8ve 
Only constant term  

https://arxiv.org/abs/1106.4129


High temperature expansion
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The ac8on up to first order 8me deriva8ve 

The ac8on up to second order  deriva8ve 
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The coefficient can be field dependent



Effective potential 
derivative

Hohenberg and B. I. Halperin, Rev. Mod. Phys. 49, 435 (1977), 
L. Canet, H. Chaté, B. Delamotte, arXiv:1106.4129 
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Relaxation rate

Schwinger Keldysh

12

Trunca8on up to first order in the deriva8ve with  
Field depndence poten8al and relaxa8on rate

With Spa8al Li8m regulator 

Already studied in detail by many authors 

https://arxiv.org/abs/1106.4129


Numerical implementa8on

• Field discretization

Transport equation

•  First-order upwind 
scheme  

•  Alternating pattern

• Litim regulator  

• Similar for the relaxation rate equation
13



Sta8c exponent 
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Correla8on lenght Field expecta8on value 

<latexit sha1_base64="q2+14sXTgzMJ8mTyVzv0GrDjZDI=">AAACIHicbVDLSgNBEJz1GddX1KOXwSBEkLArvo5BLx4VjBGyMfROOjo4+3CmV5Rlf8JP8Cu86smbeFTwX9yNOWhinYqqbrqr/FhJQ47zYY2NT0xOTZdm7Nm5+YXF8tLymYkSLbAhIhXpcx8MKhligyQpPI81QuArbPrXh4XfvEVtZBSe0n2M7QAuQ9mTAiiXOuVN705WqaM3uIc3ibzlnrnRlHKvp0GkbpY2LtLq1kaWZbZtd8oVp+b0wUeJOyAVNsBxp/zldSORBBiSUGBMy3ViaqegSQqFme0lBmMQ13CJrZyGEKBpp/1UGV9PDFDEY9RcKt4X8fdGCoEx94GfTwZAV2bYK8T/vFZCvf12KsM4IQxFcYikwv4hI7TM60LelRqJoPgcuQy5AA1EqCUHIXIxyfsr+nCH04+Ss62au1vbOdmu1A8GzZTYKltjVeayPVZnR+yYNZhgD+yJPbMX69F6td6s95/RMWuws8L+wPr8Bp93oi4=</latexit>

⇠(tr) ⌘
r

1

U (2)

<latexit sha1_base64="ukR6Oq7D1TRVkBwkDW2dHaeillg=">AAAB/nicbVC7TsNAEDyHVzCvACXNiQgpNJGNeDVIETSUQcJJpMRE58smnHJ+6G6NFFmR+ApaqOgQLb9Cwb9gGxeQMNVoZlc7O14khUbL+jRKC4tLyyvlVXNtfWNzq7K909JhrDg4PJSh6nhMgxQBOChQQidSwHxPQtsbX2V++wGUFmFwi5MIXJ+NAjEUnGEq9Zy7pGYfTi8s0zT7lapVt3LQeWIXpEoKNPuVr94g5LEPAXLJtO7aVoRuwhQKLmFq9mINEeNjNoJuSgPmg3aTPPOUHsSaYUgjUFRImovweyNhvtYT30snfYb3etbLxP+8bozDczcRQRQjBDw7hEJCfkhzJdIygA6EAkSWJQcqAsqZYoigBGWcp2KctpP1Yc9+P09aR3X7tH5yc1xtXBbNlMke2Sc1YpMz0iDXpEkcwklEnsgzeTEejVfjzXj/GS0Zxc4u+QPj4xu1zZQ5</latexit>

U (1) = 0



Near the critical point 

• Correlation length diverges 

• Correlation time diverges

dynamical critical 
exponent 

Correlatio
n time

Correlatio
n length

Critical 
temperatur

Cri8cal Slowing Down 
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• Periodic boundary conditions  

• Discretize the momenta in a 
box

Relaxation rate Eff. Potential derivative 
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Finite size Cri8cal temperature 
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tc ≡
X(ϕc)

U(2)(ϕc)



Gra(t, p = 0) = exp (−
U(2)

X
t) Θ(t) tc ≡

X(ϕc)
U(2)(ϕc)

101 102

Linear box size L

102

103

104

R
el

ax
at

io
n

tim
e

t c

T = Tc

Fit z = 2.01

Finite size FRG

Relaxation time

• Scaling form
• Retarded function
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Finite size fRG

 fRG LPA L. Canet and H. Chaté (2007) J. Phys. A: Math. Theor. 40 1937 
 MC N. Ito, et al. (2000) J. Phys. Soc. Japan 69 1931 

z ≈ 2.05
z ≈ 2.03

Cri8cal scaling 
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Really close to mean field 



Finite size in broken phase 
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The poten8al get flat and 

tc ≡
X(ϕc)

U(2)(ϕc)

The relaxa8on rate get infinity 

In the broken phase things are gepng weird  

The flat region of the is non accessible from the field  



Thank you for your attention!

Summary and Outlook 

19

• We studied the the field dependence of the relaxa8on rate  
for Ising model  

• The cri8cal exponent are consitent with previous extrac8on 
• In the broken phase the field dependece diverge in the flat  

region of the poten8al  
• Can be extendend with a lot of pain to the O(4) model. 
• About the wave func8on renormaliza8on? 
• How much it is for Model G in real QCD? Is small is big  

compare to the expan8on rate of the fireball? 


