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Motivation: Why real time?

Study QCD phase diagram through heavy-ion collisions:

Figure from
MADAI collaboration
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Figure adapted from C. S. Fischer, Prog. Part. Nucl. Phys. 105, 1 (2019) genUIne real-tlme methOdS
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Outline cncﬁﬁ

1. Real-time functional renormalization group
2. Field-theory application: critical dynamics
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Brief summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields: LV keldysh Sov. Phys. JETP 20 (1965) 1018

<O(t)> — tr (O(t) Po) (Heisenberg picture) ~ in particular: direct access to
real-time Green functions

= tr (U(—00,t)OU(t, —00)po) GE(t,t") = i({o(t), o(t)})
(extend evolution to t = +o0) GR(ta t/) — (t — )<[¢(t)a ¢(t/)]>
| _ Gt ) = i0(t" — t)([p(t"), d(t)])
_ Dot Do~ i(SleT1-5[¢ Do (o). 6= (1 ~
/po 5+ Do OO s
~ built
into the formalism!
+oo ) ) < - S —o0
! N - s . = =
Figure adapted from
Kamenev, Field Theory of Non-Equilibrium Systems closed-time path

(Cambridge University Press, 2011)
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Functional RG (flow) equations cncﬁﬁ

Wilson: introduce infrared cutoff to suppress fluctuations with p < k

ASk [qb] = %/ , qu(.CC)Rk(.CE,ZIZ/)qb(ZE‘/) ¢ — (¢C, ¢q)T (scalar field theory)

Integrate fluctuations ‘momentum shell by momentum shell’

I'l
7] rk ] ° ] Typical form:
k—0 % k=A |
k-ok k
IR Uuv § |

yelli :

) —1 ) B d/dt) R 7
e O A

(exact ‘flow’ equation) 2

k R B
First derived by K \ |
C. Wetterich, Phys. Lett. B 301 (1993) 90-94 kz p
Real time: p
J. Berges, D. Mesterhazy, Nucl. Phys. B Proc. Suppl. 228 (2012) 37-60 Figure taken from H. Gies, Lect. Notes Phys. 8562 (2012) 287-348
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Wilsonian renormalization in Minkowski spacetime? cncﬁ%

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually easy: Conceptually intricate:
integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality timelike momenta?

causal structure of propagators?

Find: Frequency-dependent regulators ~ General construction scheme
usually violate that guarantees causality?
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part ‘spectral density’

(trivially causal)
\ J(w, p) = 2Im Ry} (w, p)

R/A *_R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

JR, von Smekal, arXiv:2303.11817

JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022) %
- Interpret as coupling to fictitious heat bath: . @mgmy 2 w?
S
(Hubbard-Stratonovich transformation) . Js

nere: Ju(w) = 3 208 (3w — (k) - 3w+ (1)

~ Physical only_ for positive-semidefinite - Spectral density encodes
spectral densities Jx(w,p) >0 (w > 0) spectrum of bath oscillators
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Regulator trinity in real-time FRG flows cncﬁﬁ

requires invariant spectral distribution & momentum-independent mass shift

Ji(w,p) = 27 sgn(w) 0(p%) Jo(0?),  AME(p) = AM?

Lorentz
invariance

requires vanishing spectral

density and mass shift in the UV requires positive-semidefinite

spectral density

Ji(w,p) — 0 for w — oo Ji(w,p) >0 for w>0

AMZ(p) — 0 for p — oo

I
?T

| use for our field-theory applications (next)

Figure adapted from fQCD collaboration, SciPost Phys. Core 6, 061 (2023)
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Field-theory application: critical dynamics




Universality at (thermodynamic) critical points cncﬁ%

Example: Ising spinmodel ...y 4 § 4 ...

Critical point: Correlation length diverges

- Microscopic details irrelevant disordered —critical ordered
| | A

- Different systems group into T @

universality classes -

c T @

- Observables described by power laws with

universal exponents: o)
(> 0) ¢ = fT77 Y4 less singular g >

/" | |
correlation length reduced temperature T = (T - T¢)/Tc Phase diagram of Ising model

(Figure adapted from D. Schweitzer)

/ - — — —

Z> symmetry ~ ‘Ising’ universality class (has v =~ 0.63)
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Universal (critical) dynamics cncﬁﬁ

Universality also applies to (critical) dynamics!

Example: Spectral function typical non-critical spectral function (pion):

p(w)
A

pw) = 5z [ dt e [ e i(6(t,2).6(0,0))

> W
w = Ny, W= Mgty

also universal at criticality! — e
Figure adapted from A. Tripolt

o)

typical critical form: p(w) ~ w™

scaling exponent: 0 = (2 —1n)/z

related to dynamic critical exponent z: & ~ &° critical slowing down

/ N

correlation time correlation length

z determined by dynamic universality class
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into dynamic universality classes:

classified into ‘Models A ... J’ by Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static Z> (Ising)
universality class

Model A / \ Model H

No conserved quantities Order parameter conserved
No Poisson brackets Poisson bracket {¢,7} with shear modes

<

Model B Model C
Order parameter conserved Conserved energy density
No Poisson brackets No Poisson brackets

< <

Dynamic universality class of QCD’s critical endpoint!
Son and Stephanov, Phys. Rev. D 70, 056001 (2004)
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Dynamic universality classes CRC-TR2n

Similarly for O(4) universality class:

Static 0(4) (Universality class of two-flavour

QCD’s chiral phase transition)

unlversallty CIaSS Rajagopal and Wilczek,

Nucl. Phys. B 399 (1993) 395-425

\4

Model G
* O(4) order parameter ¢ not conserved
« Conserved (isovector and isoaxial-vector) charges n
« Poisson brackets {¢, n}, {n, n}

see also

Florio, Grossi, Soloviev, Teaney, PRD 103, 054512 (2022) see Yunxin Ye’s talk JR, Schlichting, von Smekal, Ye, in preparation
Florio, Grossi, Teaney, arXiv:2306.06887
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Dynamic universality classes CRC-TR2n

Statics: Landau-Ginzburg-Wilson functional

p 1 o ) equilibrium distribution:
F= /d x {§(V¢) +V(p) } Plo] ~ e=PF
- Dynamics: Langevin equations of motion describes particle
submerged in heat bath:
5 oF
Ofp+70p = —— +¢

)% \

Gaussian white noise

« No conservation laws here! ~ Model A

- Slow modes determine critical dynamics

Image adapted from P. Moérters, Y. Peres, Brownian Motion
(e.g. densities of conserved quantities) (generally true!) (Cambridge University Press, 2010)
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Dynamic universality classes cncﬁﬁ

. Model B |
Statics: Landau-Ginzburg-Wilson functional ﬂ z=4-n
4 1 - 5 n2 equilibrium distribution:

- Dynamics: Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Critical dynamics dominated by diffusion ~ Model B

* Include hydrodynamic shear modes of energy-momentum tensor
~ Model H
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Dynamic universality classes cncﬁﬁ

Statics: Landau-Ginzburg-Wilson functional

4 1 - 5 n2 equilibrium distribution:
F=|[d —(V % —
j/ x {gz( P)* +V(p) t o } Plovn] ~ e PF

- Dynamics: Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Order parameter not conserved but interacts non-linearly with
conserved (energy) density ~
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Critical dynamics - truncation cncﬁﬁ

1PI vertex expansion around scale-dependent minimum ¢o:

- effective average action: - flow of 2-point function:

. 1 c c O ch(x,x’) ¢c — ¢(C),k qgc N iy
L'y = §/ml<¢ —¢0,kv¢q)m (ch(a:,x’) I‘gq(a;,az’)> ( P4 . Ol (x, %) = —13 X * X "

B [ e Zge V2oa — 2 [ ise _ge V3 g
RGO Y RS t %
generate non-local power-law + 5 > +

expand 2-point function in spatial gradients,

behavior in spectral function T ox
but keep full frequency dependence: X X /
Ii(w,p) = Tg% (W) — Zyp* + -+ | | |
059w, p) = T (w) — ZEp? + -+ interaction” with scale-
o dependent minimum

Df(w,p) = = (T5,(w) — T (@)

- flow of effective potential: - flow of couplings to density: (Model B)

I
p V’( )= vanish!
kVi\p NG Q (coupling is linear ~ mixing)

use for squared mass and quartic coupling

for color coding and diagrammatic conventions, see
S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020)
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Critical dynamics — truncation CRC-TR2n

1PI vertex expansion around ¢ = O:

- effective average action: - flow of 2-point and 4-point functions:
—1 q 0 ch(xaxl) ¢C
L 2 / (9% ¢ ) (Fqc(x x') F]iq(x,l’/)) <¢q) " i 5quc(x X)=——

52 / 9 an (g, 2) ¢ (') g7 (2 ) + Q ‘ ) ;;
oV, " (x, x)——l
/ 6% ()¢ (@) VEA (, ') (2 4 (o) —y :

expand 2- and 4-point functions in spatial gradients, _ _
but keep full frequency dependence: - flow of couplings to density: (Model C)

[ (w,p) = T8% (w) — Zip® + q
[y (w,p) = Toh(w) — Zip? +
qu 2 qc cq o i
i (W, p) = W (Fo,k(w) - Fo,k(w )
Ve w,p) = Vo (@) + VI 0)p® + !
)

for the QM case, see
S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020)
JR, D. Schweitzer, L. J. Sieke, L. von Smekal, Phys. Rev. D 105, 116017 (2022)
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Spectral functions at criticality (Models A & C) cncﬁﬁ

2-1
plw) ~w™? with o=
z
1010
108 [~ mean field, o=1 —_—T=0 -=7=0 8: - mean field, =1 —1=0

. r=00043- -1=00022  ° | £ 00022
> —1=003 --71=0.028 108 oo
2 4 - — T = - - = B —T = -
= 10t 1=0.094 --7=0.092 i 1=0.28
3 —1=029 --71=0.28 -
a i 10% -
S 100+ 0
= 10° -
c ol B
2 10 102
= N
g 1074 - o 1074 -
o i A i
» 106+ \\ 1076 -

B \ N

10—8 | 10—8 | | | |
1070 107° 10° 107" 10710 107° 10°
w / MeV w / MeV
d = (zero momentum)
2~ 2.042 (dashed) 2z~ 2.31

2~ 2.030 (solid)

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Spectral functions at criticality (Model B) cncﬁﬁ

. Model B E
Zz=4-n

|

spectral function p(w, p) / MeV-2

10°
s T =-0.356
(non-critical)
10710
A
lpl/MeV 107 T
105 w/MeV L ?
1077 C)/
10—10
>
J=0 J

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Spectral functions at criticality (Model B) cncﬁﬁ
” IGZdeIBM

T =-0.0021

(near criticality)

spectral function p(w, p) / MeV-2

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Spectral functions at criticality (Model B) cncﬁﬁ
d= —
| Model® |

T=0
(critical)

\\

&
¢
i1

AN
|
S

(here)

spectral function p(w, p) / MeV-2

lp| /MeV  107°

10710

Universal scaling functions:
Model A, C: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 960, 115165 (2020)
Model B, BC: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 984, 115944 (2022)

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Summary & Outlook cncﬁﬁ

Summary:

e causal regulators for real-time FRG JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

- critical spectral functions of Models A, B, and C JR, von Smekal, arXiv:2303.11817

Outlook:

- dynamic critical exponent & scaling functions of Model G~ ™ >, "or ekl e
- real-time dynamics of Model H

- new dynamic scaling functions

- non-equilibrium phase transitions (Kibble-Zurek scaling)

Thank you!
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QM example for causal regulator cncﬁﬁ

R/JA, \  -R/A > dw’ 2w Ji (W) : ), N2 D R
R (w)=R,"(0) —/0 o (o £ ie)2 — ) in 'Y (w) = (w+ie)” —m” + Ry (w)
- spectral density: ~  Regulator (retarded part):

negative mass shift!
Ji(w) = 2kw e~ /¥ = 21m Rl (w)
\06
- assume UV finiteness: el | \
m[Rk(w)/k?] _

R/A *dw Jp(w')
AMEy () = —RUA0) + [ SEAE Lo

N ~ J E ~
>0 (positivity) ‘4\ /

= IR mass shift:

AM:s(k) = —R,f/ 40) <0 s negative! 6

Solution: choose IR mass shift AM7,(k) > 0 positive (at cost of UV finiteness)
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