
Critical dynamics from the real-time 
functional renormalization group

Johannes Roth
Institut für Theoretische Physik, Justus-Liebig-University Gießen


Based on 
JR, L. von Smekal, arXiv:2303.11817

JR, D. Schweitzer, L. J. Sieke, L. von Smekal, Phys. Rev. D 105, 116017 (2022)

JR, S. Schlichting, L. von Smekal, Y. Ye, in preparation

FUNSCS2023, Hirschegg, 10-15 September 2023

An overview on



 

 

CRC -  TR 

FUNSCS2023Critical dynamics from the real-time FRGJohannes Roth

Motivation: Why real time?

Study QCD phase diagram through heavy-ion collisions:

2

⤳ proper description needs 
   genuine real-time methods

Fireball

expands & 

cools

System 
equilibrates

Figure adapted from C. S. Fischer, Prog. Part. Nucl. Phys. 105, 1 (2019) 

Fireball passes critical point:


Critical slowing down ⤳

System falls out of equilibrium 

• non-perturbative


• off-equilibrium

Figure from 
MADAI collaboration

critical point
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Outline

1. Real-time functional renormalization group

2. Field-theory application: critical dynamics 
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Brief summary of Schwinger-Keldysh formalism

Goal: compute non-equilibrium correlation functions


⤳ Path integral requires doubling number of fields:

4
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1 = Z

⤳ in particular: direct access to 
    real-time Green functions

<latexit sha1_base64="GJ9vGRwOPJnrryne+boOhmJBAXA="></latexit>

GR(t, t0) = i✓(t� t0)h[�(t),�(t0)]i
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GA(t, t0) = i✓(t0 � t)h[�(t0),�(t)]i
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GK(t, t0) = ih{�(t),�(t0)}i
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G
eK(t, t0) = 0

⤳ Causal structure built 
    into the formalism!

<latexit sha1_base64="Wdu+XWQJ18JV0wQqp6mhfvVTa80="></latexit>

hO(t)i = tr (U(�1, t)OU(t,�1)⇢0)
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hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

Figure adapted from 
Kamenev, Field Theory of Non-Equilibrium Systems 
(Cambridge University Press, 2011)

2.2 Partition function 13

+ ∞ − ∞
t

tN

tN+1 t2N

t1

Fig. 2.1 The closed time contour C. Dots on the forward and backward branches
of the contour denote discrete time points.

sometime after (before) t = −∞. This constant is therefore frequently omitted
without causing confusion.

The next step is to divide the C contour into (2N − 2) time intervals of length δt ,
such that t1 = t2N = −∞ and tN = tN+1 = +∞, as shown in Fig. 2.1. One then
inserts the resolution of unity in the over-complete coherent state basis, Eq. (2.7),

1̂ =
∫

d[φ̄ j ,φ j ] e−|φ j |2 |φ j 〉〈φ j | (2.15)

at each point j = 1, 2, . . . , 2N along the contour. For example, for N = 3 one
obtains the following sequence in the expression for Tr{ÛC ρ̂0}, Eq. (2.10) (read
from right to left):

〈φ6|Û−δt |φ5〉〈φ5|Û−δt |φ4〉〈φ4|1̂|φ3〉〈φ3|Û+δt |φ2〉〈φ2|Û+δt |φ1〉〈φ1|ρ̂0|φ6〉, (2.16)

where Û±δt is the evolution operator (1.1) during the time interval δt in the positive
(negative) time direction. Its matrix elements are given by:
〈
φ j

∣∣∣Û±δt

∣∣∣φ j−1

〉
≡
〈
φ j

∣∣∣e∓iĤ(b†,b)δt

∣∣∣φ j−1

〉
≈
〈
φ j

∣∣∣
(
1∓ iĤ(b†, b

)
δt
)∣∣∣φ j−1

〉

=
〈
φ j |φ j−1

〉(
1∓ iH(φ̄ j ,φ j−1)δt

)
≈ e φ̄ jφ j−1 e∓iH(φ̄ j ,φ j−1)δt , (2.17)

where the approximate equalities are valid up to the linear order in δt . Here we have
employed expression (2.4) for the matrix elements of a normally-ordered operator
along with Eq. (2.6) for the overlap of the coherent states. For the toy example
(2.12) one finds H(φ̄ j ,φ j−1) = ω0φ̄ jφ j−1. However, Eq. (2.17) is not restricted to
it, but holds for any normally-ordered Hamiltonian. Notice that there is no evolu-
tion operator inserted between tN and tN+1. Indeed, these two points are physically
indistinguishable and thus the system does not evolve during this time interval.

Employing the following property of the coherent states (see Eq. (2.11)):
〈φ1|e−β(ω0−µ)b†b|φ2N 〉 = exp

{
φ̄1φ2Nρ(ω0)

}
and collecting all the exponential

factors along the contour, one finds for the partition function, Eq. (2.13),

Z = 1
Tr{ρ̂0}

∫ 2N∏

j=1

d[φ̄ j ,φ j ] exp



i
2N∑

j, j ′=1

φ̄ j G−1
j j ′ φ j ′



 . (2.18)
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hO(t)i

closed-time path

<latexit sha1_base64="Q++pQ4CugwXjUk12EV0AyddfS18="></latexit>

=

Z

⇢0
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O
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+(t),��(t)
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ei(S[�+]�S[��])

(extend evolution to t = +∞)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018
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Diagrammatically, the flow equation has the form of a 1-loop integral,

∂kΓk =
i

2
tr

"
∂kRk ◦

)
Rk + Γ

(2)
k

*−1
#

= − i

2
, (2.22)

where we used the color-coding conventions of Ref. [11] which we explain in more detail be-

low. Eq. (2.22) can be used to derive the flow equations for higher order n-point functions by

functional differentiation [13].

The starting point for our flow (2.19) is given by choosing the initial scale k = Λ very large where

all quantum and thermal fluctuations are effectively suppressed, and the effective average action

ΓΛ = S equals the bare action (which can be shown via a saddle-point approximation [7, 11]).

One then chooses a finite subset of couplings as a truncation for the full effective average action

and allows these couplings to acquire thermal and quantum fluctuations momentum shell by

momentum shell when solving (2.19).

2.1 Relativistic Z2 Theory

We consider the following microscopically defined bare action S, describing a dissipative one-

component (N = 1) self-interacting real scalar field theory in d spatial dimensions on the closed

time path, which reads
2

S[φ] =
1

2

!
dDp

(2π)D
φT (−ω,−p)

'
0 ω2 − p2 − iγω −m2

ω2 − p2 + iγω −m2 2iγω F (ω)

(
φ(ω,p)

−
!

dDx

+
λ

12
φc(x)φc(x)φc(x)φq(x) +

λ

12
φc(x)φq(x)φq(x)φq(x)

,
, (2.23)

with the quartic coupling constant λ, and the negative squared mass m2 < 0 to spontaneously

break the Z2 symmetry. The latter determines its static universality class to be the one of

the d-dimensional Ising model. The finite damping γ > 0 models a dissipative coupling to an

external heat bath in thermal equilibrium at temperature T . We define the statistical function

F (ω) = coth (ωβ/2) = 1+2nB(ω) with the Bose-Einstein distribution nB(ω) = 1/(eβω − 1) and

the inverse temperature β = 1/T . The lower right ‘Keldysh’ component of the correlation matrix

in (2.23) is set by the Fluctuation-Dissipation-relation (FDR), which follows from the Kubo-

Martin-Schwinger (KMS) condition [40, 41], and relates the 2-point functions and propagators

according to

GK
k (ω,p) = F (ω)

%
GR

k (ω,p)−GA
k (ω,p)

&
, and (2.24)

Γqq
k (ω,p) = F (ω)

%
Γqc
k (ω,p)− Γcq

k (ω,p)
&
, (2.25)

remaining valid at all FRG scales k, if the regulator is chosen appropriately, see Eq. (3.49) in

the following section. Similar relations for higher n-point functions are given in Ref. [42]. We

2We use the combined notation φ = (φc,φq)T .
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Functional RG (flow) equations

Wilson: introduce infrared cutof to suppress fluctuations with 


 

Integrate fluctuations ‘momentum shell by momentum shell’

5
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�Sk[�] =
1

2

Z

xx0
�T (x)Rk(x, x

0)�(x0)
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� = (�c,�q)T (scalar field theory)

Introduction to the Functional RG and Applications to Gauge Theories 7

p2k2

k2
Rk

(d/dt) Rk

Fig. 1. Sketch of a regulator function Rk(p2) (lower curve) and its derivative
∂tRk(p2) (upper curve). Whereas the regulator provides for an IR regularization
for all modes with p2 ! k2, its derivative implements the Wilsonian idea of integrat-
ing out fluctuations within a momentum shell near p2 ! k2.

(Note that we frequently change from coordinate to momentum space or vice
versa by Fourier transformation for reasons of convenience.) Now, we are in a
position to define the interpolating effective action Γk by a slightly modified
Legendre transform,3

Γk[φ] = sup
J

(∫
Jφ− Wk[J ]

)
− ∆Sk[φ]. (20)

Since we later want to study Γk as a functional of a k-independent field φ, it is
clear from Eq. (20) that the source J ≡ Jsup = J [φ] for which the supremum
is approached is necessarily k dependent. As before, we get at J = Jsup:

φ(x) = 〈ϕ(x)〉J =
δWk[J ]

δJ(x)
. (21)

The quantum equation of motion receives a regulator modification,

J(x) =
δΓk[φ]

δφ(x)
+

(
Rkφ

)
(x). (22)

From this, we deduce4:

δJ(x)

δφ(y)
=

δ2Γk[φ]

δφ(x)δφ(y)
+ Rk(x, y). (23)

3 Now, only the “sup” part of Γk is convex. For finite k, any non-convexity of Γk

must be of the form of the last regulator term of Eq. (20).
4 In case of fermionic Grassmann-valued fields, the following φ derivative should

act on Eq. (22) from the right.

Figure taken from H. Gies, Lect. Notes Phys. 852 (2012) 287-348

(exact ‘flow’ equation)

Typical form:

First derived by

C. Wetterich, Phys. Lett. B 301 (1993) 90-94


Real time:

J. Berges, D. Mesterházy, Nucl. Phys. B Proc. Suppl. 228 (2012) 37-60

<latexit sha1_base64="GDwtfwctPIcB5Rnq8p0xiAtTmJk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVv45FLx4rWFvoLiWbZtvQJBuSrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThLZIylPdibGhnEnassxy2lGaYhFz2o5Ht1O//US1Yal8sGNFI4EHkiWMYOukUKGQU2MME2jUq9b8uj8DWiZBQWpQoNmrfoX9lGSCSks4NqYb+MpGOdaWEU4nlTAzVGEywgPadVRiQU2Uz26eoBOn9FGSalfSopn6eyLHwpixiF2nwHZoFr2p+J/XzWxyHeVMqsxSSeaLkowjm6JpAKjPNCWWjx3BRDN3KyJDrDGxLqaKCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAQEFz/AKb17mvXjv3se8teQVM4fwB97nD6cIkXM=</latexit>

p . k
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Wilsonian renormalization in Minkowski spacetime?

6
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<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Wilsonian renormalization in

Euclidean spacetime

Wilsonian renormalization in

Minkowski spacetime

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p

<latexit sha1_base64="VHrQ9eClRmAVgOrOT/oHjGRjlwM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrhJ0gHvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPk3GPJQ==</latexit>!

?

?

<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Conceptually easy: 
integrate out (hyper-)spheres


no need to worry about causality

?

vs.

⤳ General construction scheme 
that guarantees causality?

Find: Frequency-dependent regulators 
usually violate causal structure 

Conceptually intricate: 
integrate hyperboloids?


timelike momenta?

causal structure of propagators?


…
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

7

mass-like part

(trivially causal)

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

‘spectral density’
<latexit sha1_base64="aMXDCbaietVe1yZ+/YMSvsbd5GA="></latexit>

Jk(!,p) = 2 ImRR
k (!,p)

⤳  Physical only for positive-semidefinite 
    spectral densities

<latexit sha1_base64="fYaUceHRhqZGnypBhnElVyxSX7o=">AAACCnicbVDLSgMxFM3UV62vqks30SJUkDIjvpZFN+Kqgn1AZxgy6Z02NDMZk4xQhq7d+CtuXCji1i9w59+YPhZaPRByOOde7r0nSDhT2ra/rNzc/MLiUn65sLK6tr5R3NxqKJFKCnUquJCtgCjgLIa6ZppDK5FAooBDM+hfjvzmPUjFRHyrBwl4EenGLGSUaCP5xd1rv192RQRdcugGgnfUIDJflgwPsNuFO2z7xZJdscfAf4kzJSU0Rc0vfrodQdMIYk05Uart2In2MiI1oxyGBTdVkBDaJ11oGxqTCJSXjU8Z4n2jdHAopHmxxmP1Z0dGIjVa0VRGRPfUrDcS//PaqQ7PvYzFSaohppNBYcqxFniUC+4wCVTzgSGESmZ2xbRHJKHapFcwITizJ/8ljaOKc1o5uTkuVS+mceTRDtpDZeSgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q0Z017ttEvWB/fObSZ+Q==</latexit>

Jk(!,p) � 0
<latexit sha1_base64="ImNpR2at5ivMYfQ7fguYwbBvaQU=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfJ0k6MVjBPOA7BJmJ7PJkJnZZWZWCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdju6mfvuJKs1i+WjGCQ0EHkgWMYKNlfyqHws6wOgGuae9csWtuTOgZeLlpAI5Gr3yl9+PSSqoNIRjrbuem5ggw8owwumk5KeaJpiM8IB2LZVYUB1ks5sn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UxNdBxmTSWqoJPNFUcqRidE0ANRnihLDx5Zgopi9FZEhVpgYG1PJhuAtvrxMWmc177J28XBeqd/mcRThCI6hCh5cQR3uoQFNIJDAM7zCm5M6L8678zFvLTj5zCH8gfP5AwMnkGA=</latexit>

(! > 0)

JR, von Smekal, arXiv:2303.11817 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

<latexit sha1_base64="IW74oZth54iDVbNOfo2RbpTklN8="></latexit>

Jk(!) = ⇡
X

s

g2s(k)

!s(k)
(�(! � !s(k))� �(! + !s(k)))

...
.

. . .
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x <latexit sha1_base64="OQ6vcQT4vElzZ+PhJapbLQDXCdo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHtUDJppg1NMiHJFMrQr3DjQhG3fo47/8a0nYVWD1w4nHMv994TKc6M9f0vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7cxvjak2LJEPdqJoKPBAspgRbJ302B1jrYasZ3rlil/150B/SZCTCuSo98qf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjND56iE6f0UZxoV9KiufpzIsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboNn3qM80JZZPHMFEM3crIkOsMbEuo5ILIVh++S9pnlWDy+rF/XmldpPHUYQjOIZTCOAKanAHdWgAAQFP8AKvnvaevTfvfdFa8PKZQ/gF7+MbDP2Qlg==</latexit>'s

<latexit sha1_base64="CRd2yjlu3ugbWp5S9OmpaSdFDGE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw6BneuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFZEo3b</latexit>gs

<latexit sha1_base64="qeRFptRkdn/pzlFA85rBfHDCCTw=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWTAZQ0+nkzTpZejuEcKQv/DiQRGv/o03/8ZOMgdNfFDweK+KqnpRzJmxvv/t5VZW19Y38puFre2d3b3i/kHDqEQTWieKK92KsKGcSVq3zHLaijXFIuK0GY1upn7ziWrDlLy345iGAg8k6zOCrZMeOkrQAe6ax0q3WPLL/gxomQQZKUGGWrf41ekpkggqLeHYmHbgxzZMsbaMcDopdBJDY0xGeEDbjkosqAnT2cUTdOKUHuor7UpaNFN/T6RYGDMWkesU2A7NojcV//Paie1fhSmTcWKpJPNF/YQjq9D0fdRjmhLLx45gopm7FZEh1phYF1LBhRAsvrxMGpVycFE+vzsrVa+zOPJwBMdwCgFcQhVuoQZ1ICDhGV7hzTPei/fufcxbc142cwh/4H3+AEvfkK8=</latexit>

!2
s

⤳ Spectral density encodes

           spectrum of bath oscillators

⇔

• Interpret as coupling to fictitious heat bath:

here:

(Hubbard-Stratonovich transformation)
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Regulator trinity in real-time FRG flows

8

Figure adapted from fQCD collaboration, SciPost Phys. Core 6, 061 (2023)

Pos
itiv

ity
(   

    
    

    
 )

<latexit sha1_base64="UYnADJEA0qKZomLmaXuo5vPkI00="></latexit>

Jk(!,p) � 0 for ! > 0

requires positive-semidefinite

spectral density

requires vanishing spectral

density and mass shift in the UV

requires invariant spectral distribution & momentum-independent mass shift 
<latexit sha1_base64="nFprIGtDvVgGOQhsbYHlYQYo+2Q="></latexit>

Jk(!,p) = 2⇡ sgn(!) ✓(p2) eJk(p2) , �M2
k (p) = �M2

k

<latexit sha1_base64="1orlsDflu+dNWLwmk7hLgxBZHMI="></latexit>

Jk(!,p) ! 0 for ! ! 1
�M2

k (p) ! 0 for p ! 1

use for our field-theory applications (next)



/ #S

Field-theory application: critical dynamics
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Chiral endpoint of QCD
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I Universality class of QCD CEP: Z2 Ising
chiral SU(2)A symmetry sponaneously broken
order parameter h ̄ i

I Landau-Ginzburg-Wilson

P[�] ⇠ e��H[�],

H[�] =
1

2
(~r�)2 + m2

2
�2 +

�

4!
�4 � J�

I J = 0: Z2 symmetry �! ��
m2 < 0: spontaneous symmetry-breaking at
T < Tc

order parameter M ⌘ h�i

T

JJ = 0

Tc

M > 0M < 0

M = 0

Figure: Semi-Quantitatives
Phasendiagramm der LGW-Theorie

D. Schweitzer Critical dynamics AG Schlichting | Dec 16, 2021 4 / 24

Universality at (thermodynamic) critical points

10

Critical point: Correlation length diverges


• Microscopic details irrelevant


• Different systems group into 
universality classes

Phase diagram of Ising model 
(Figure adapted from D. Schweitzer)

Example: Ising spin model

Z2 theory  
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T

JJ = 0

TC

M > 0M < 0

M = 0

L (�) =
1

2

⇣
@µ�@µ��m2�2

⌘
� �

4!
�4 � J�

I For J ! 0 invariant under change of sign
� ! ��

I If m2 < 0, ⌧ = T�Tc
Tc

< 0: symmetry
spontaneously broken, M = h�i 6= 0

I CEP of phase border at T = Tc, J = 0,
Ising universality class

D. Schweitzer Spectral functions of Z2 Lunch Club | 16.12.20 3 / 24

critical

… …

reduced temperature τ = (T – Tc)/Tc correlation length

<latexit sha1_base64="b/LyNhOj+G5vUxwASN7cqnyXpt4=">AAACFXicbVDLSgMxFM34tr6qLt0EiyCoZUZ8bYSiG5cVrAqdWjLpnRqayQzJjViG/oQbf8WNC0XcCu78G9Paha8DF07OuZfce6JMCoO+/+GNjI6NT0xOTRdmZufmF4qLS+cmtZpDjacy1ZcRMyCFghoKlHCZaWBJJOEi6hz3/Ysb0Eak6gy7GTQS1lYiFpyhk5rFzfBW0EMaX23QEJm9yrdCZXu0/4JbzCUYQ41QbSuZ7jWLJb/sD0D/kmBISmSIarP4HrZSbhNQyCUzph74GTZyplFwCb1CaA1kjHdYG+qOKpaAaeSDq3p0zSktGqfalUI6UL9P5CwxpptErjNheG1+e33xP69uMT5o5EJlFkHxr49iKymmtB8RbQkNHGXXEca1cLtSfs004+iCLLgQgt8n/yXn2+Vgr7x7ulOqHA3jmCIrZJWsk4Dskwo5IVVSI5zckQfyRJ69e+/Re/Fev1pHvOHMMvkB7+0TUvieXg==</latexit>

⇠ = f+⌧�⌫ + less singular

• Observables described by power laws with 
universal exponents:

<latexit sha1_base64="6yOOPehOrgPcKb3E4WCyKU2TMA0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZCZPqZupOjGZQVbi+1QMmmmDc1khiQjlNK/cONCEbf+jTv/xvQhqOiBC4dz7uXee4KEM6UR+rAyK6tr6xvZzdzW9s7uXn7/oKXiVBLaJDGPZTvAinImaFMzzWk7kRRHAae3wehy5t/eU6lYLG70OKF+hAeChYxgbaS7YlfjFJ5DdNrLF5CNzjwPeRDZrlcrlVxDym617FagY6M5CmCJRi//3u3HJI2o0IRjpToOSrQ/wVIzwuk0100VTTAZ4QHtGCpwRJU/mV88hSdG6cMwlqaEhnP1+8QER0qNo8B0RlgP1W9vJv7ldVId1vwJE0mqqSCLRWHKoY7h7H3YZ5ISzceGYCKZuRWSIZaYaBNSzoTw9Sn8n7Rc26naletyoX6xjCMLjsAxKAIHeKAOrkADNAEBAjyAJ/BsKevRerFeF60ZazlzCH7AevsEASWP2w==</latexit>

(⌧ > 0)

Z2 theory  
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T

JJ = 0

TC

M > 0M < 0

M = 0

L (�) =
1

2

⇣
@µ�@µ��m2�2

⌘
� �

4!
�4 � J�

I For J ! 0 invariant under change of sign
� ! ��

I If m2 < 0, ⌧ = T�Tc
Tc

< 0: symmetry
spontaneously broken, M = h�i 6= 0

I CEP of phase border at T = Tc, J = 0,
Ising universality class

D. Schweitzer Spectral functions of Z2 Lunch Club | 16.12.20 3 / 24

ordered

Z2 theory  
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T

JJ = 0

TC

M > 0M < 0

M = 0

L (�) =
1

2

⇣
@µ�@µ��m2�2

⌘
� �

4!
�4 � J�

I For J ! 0 invariant under change of sign
� ! ��

I If m2 < 0, ⌧ = T�Tc
Tc

< 0: symmetry
spontaneously broken, M = h�i 6= 0

I CEP of phase border at T = Tc, J = 0,
Ising universality class

D. Schweitzer Spectral functions of Z2 Lunch Club | 16.12.20 3 / 24

disordered

Ising ferromagnets, liquid-gas transition in pure fluid, 
QCD’s critical endpoint, ɸ4 QFT, …

Z2 symmetry ⤳ ‘Ising’ universality class
<latexit sha1_base64="BJ8GwpxAzNy8mmaAWkh7OaH/oQo=">AAAB+XicdVBNS8MwGE7n15xfVY9egkPwVNq51e029OJxgvuAtYw0S7ewNC1JOhxl/8SLB0W8+k+8+W9Mtwkq+kDIk+d5X943T5AwKpVtfxiFtfWNza3idmlnd2//wDw86sg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3mFznfndKhKQxv1OzhPgRGnEaUoyUlgam6fEUeihJRHwPbcu9GJhlfdmNuuPqt+06djUnlUajUnOgY9kLlMEKrYH57g1jnEaEK8yQlH3HTpSfIaEoZmRe8lJJEoQnaET6mnIUEelni83n8EwrQxjGQh+u4EL93pGhSMpZFOjKCKmx/O3l4l9eP1Vh3c8oT1JFOF4OClMGVQzzGOCQCoIVm2mCsKB6V4jHSCCsdFglHcLXT+H/pFOxHNeq3VbLzatVHEVwAk7BOXDAJWiCG9ACbYDBFDyAJ/BsZMaj8WK8LksLxqrnGPyA8fYJXYaS3A==</latexit>

⌫ ⇡ 0.63(has )
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also universal at criticality!


• typical critical form:


• scaling exponent:


• related to dynamic critical exponent   :   

•   determined by dynamic universality class

Universal (critical) dynamics

Universality also applies to (critical) dynamics!


Example: Spectral function 

11

correlation time correlation length

critical slowing down

<latexit sha1_base64="zHcMoehmPM4o0o57iHhcnO7+QVg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUBqoE8RorWBiLRB9SEyrHdVKrdhzZDlIVdWfhV1gYQIiVH2Djb3DbDNByJEvnnnOvru8JEkaVdpxvq7C0vLK6VlwvbWxube/Yu3stJVKJSRMLJmQnQIowGpOmppqRTiIJ4gEj7WB4PfHbD0QqKuI7PUqIz1EU05BipI3Us8ueHIiqJziJ0BH0FOVwVtxnx6aKOBr37IpTc6aAi8TNSQXkaPTsL68vcMpJrDFDSnVdJ9F+hqSmmJFxyUsVSRAeooh0DY0RJ8rPpreM4aFR+jAU0rxYw6n6eyJDXKkRD0wnR3qg5r2J+J/XTXV46Wc0TlJNYjxbFKYMagEnwcA+lQRrNjIEYUnNXyEeIImwNvGVTAju/MmLpHVSc89rZ7enlfpVHkcRHIAyqAIXXIA6uAEN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AFEHmp4=</latexit>
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⇢(!) =
1

2⇡i

Z
dt ei!t

Z
ddx ih[�(t,x),�(0,0)]i

typical non-critical spectral function (pion):

Figure adapted from A. Tripolt
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Spectral Functions

4

What is a Spectral Function?

w

rHwL
p

w= mp

2 g

p y y

w≥ 2my
October 24th, 2014 | Ralf-Arno Tripolt | Flow Equations for Spectral Functions | 6

σπ

mσ +mπ

two-particle thresholds:

D(p) =

Z 1

0
dm2 ⇢(m2)

1

p2 +m2

discontinuity at cut of propagator: 

mπ2

p2

p2 > 0

Euclidean space:  

D(t, ~p = 0) =

Z 1

0
dm ⇢(m2) exp{�mt}Euclidean data:

(inverse Laplace, try e.g. MEM,  
 but ill-posed numerical problem)

retarded, imaginary part: ⇢(p2) = � 1

⇡
ImDR(p)
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Dynamic universality classes

Static universality classes split up into dynamic universality classes:

12

Static Z2 (Ising) 
universality class

Model A 
No conserved quantities


No Poisson brackets

Model B 
Order parameter conserved


No Poisson brackets

Model C 
Conserved energy density


No Poisson brackets

Model H 
Order parameter conserved


Poisson bracket             with shear modes
<latexit sha1_base64="elzNfm/Cig5hUhGvSHEEKl7RMjY=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZREfC2LblxWsA9oQplMJ+3YyYOZSSGE+CtuXCji1g9x5984bbPQ1gMXDufcy733eDFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1449up35lQIVkUPqg0pm6AhyHzGcFKS32z6mTIiUfsFDkTSrLHHDl536xZdWsGtEzsgtSgQLNvfjmDiCQBDRXhWMqebcXKzbBQjHCaV5xE0hiTMR7SnqYhDqh0s9nxOTrWygD5kdAVKjRTf09kOJAyDTzdGWA1koveVPzP6yXKv3YzFsaJoiGZL/ITjlSEpkmgAROUKJ5qgolg+lZERlhgonReFR2CvfjyMmmf1e3L+sX9ea1xU8RRhkM4ghOw4QoacAdNaAGBFJ7hFd6MJ+PFeDc+5q0lo5ipwh8Ynz/cPZRI</latexit>

{�,~j}

(work in progress)

classified into ‘Models A … J’ by Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Son and Stephanov, Phys. Rev. D 70, 056001 (2004)

Dynamic universality class of QCD’s critical endpoint!
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Dynamic universality classes

Similarly for O(4) universality class:

13

Static O(4) 
universality class

Model G 
• O(4) order parameter φ not conserved

• Conserved (isovector and isoaxial-vector) charges n

• Poisson brackets {φ, n}, {n, n}

……

(Universality class of two-flavour 
 QCD’s chiral phase transition)
Rajagopal and Wilczek,

Nucl. Phys. B 399 (1993) 395-425

see Yunxin Ye’s talk JR, Schlichting, von Smekal, Ye, in preparation
see also

Florio, Grossi, Soloviev, Teaney, PRD 105, 054512 (2022)

Florio, Grossi, Teaney, arXiv:2306.06887
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<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

Gaussian white noise

Image adapted from P. Mörters, Y. Peres, Brownian Motion  
(Cambridge University Press, 2010)

describes particle

submerged in heat bath:

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠
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⇠

• Dynamics: Langevin equations of motion

Dynamic universality classes

Statics: Landau-Ginzburg-Wilson functional

14

equilibrium distribution:<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�
<latexit sha1_base64="NApGAOs1GNbMOh1Swq9POovrtAM="></latexit>

P ['] ⇠ e��F

(generally true!)(e.g. densities of conserved quantities)

• No conservation laws here! ⤳ Model A 

• Slow modes determine critical dynamics

Model A
z = 2 + cη



 

 

CRC -  TR 

FUNSCS2023Critical dynamics from the real-time FRGJohannes Roth

Dynamic universality classes

Statics: Landau-Ginzburg-Wilson functional 

• Dynamics: Langevin equations of motion


• Critical dynamics dominated by diffusion ⤳ Model B


• Include hydrodynamic shear modes of energy-momentum tensor 
⤳ Model H

15
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(~r')2 + V (')
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+B'n

Model B
z = 4 – η

Dynamic universality classes

<latexit sha1_base64="KeKs0Wi+jZ2OX9sYIJNTA3p2KTw="></latexit>

⌧R@
2
t n+ @tn = �̄~r2 �F

�n
+ ~r · ~⇣

<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

diffusive!

Gaussian white noises

equilibrium distribution:
<latexit sha1_base64="yu08deHeUrknNGm8TmQgStR/F1E="></latexit>

P [', n] ⇠ e��F
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Dynamic universality classes

Statics: Landau-Ginzburg-Wilson functional 

• Dynamics: Langevin equations of motion


• Order parameter not conserved but interacts non-linearly with 
conserved (energy) density ⤳ Model C

16

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>
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+
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2
'2n

Model C
z = 2 + α/ν
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Gaussian white noises

diffusive!

equilibrium distribution:
<latexit sha1_base64="yu08deHeUrknNGm8TmQgStR/F1E="></latexit>

P [', n] ⇠ e��F



 

 

CRC -  TR 

FUNSCS2023Critical dynamics from the real-time FRGJohannes Roth

Critical dynamics – truncation

17

1PI vertex expansion around scale-dependent minimum φ0,k :


• effective average action:
<latexit sha1_base64="JPxBh2a2GNnqRrP7u+Nkq2A5GcY="></latexit>
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�c � �c
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�qc
k (x, x0) �qq

k (x, x0)
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�c � �c

0,k

�q

◆

x0

� kp
8

Z

x
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�c � �c

0,k

�2
�q � �k

12

Z

x

�
�c � �c

0,k

�3
�q

expand 2-point function in spatial gradients,

but keep full frequency dependence:

• flow of 2-point function:

(Model B)

vanish!

(coupling is linear ⤳ mixing)

@k�
qc
k (x, x0) = �i

8>>>>>>><
>>>>>>>:

x x0
+

x x0
+

1
2

x x0

9>>>>>>>=
>>>>>>>;

+
x x0

, @k�
qq
k (x, x0) = �i

x x0

Figure 1: Diagrammatic representation of the flow equation for the retarded 2-point function �qc
k (x, x0), evaluated at the scale-dependent minimum. Our color

conventions and diagrammatic notation coincides with [11, 18]. It consists of two contributions from non-local 1-loop diagrams, which are responsible for generating
a non-trivial dependence on the external frequency ! and spatial momentum p in the spectral function ⇢(!, p). The tadpole diagram in the third term and the
interaction with the k-dependent field expectation value @k�0,k in the fourth term are responsible for generating a momentum-independent shift in the squared mass.

We thereby assume that the !-dependence of the spatial wave
function renormalization factor is weak, i.e. Z?k (!) ⇡ Z?k .

The scale-dependent retarded propagator in front of a con-
stant (classical) background field expectation value �c(x) ⌘p

2', and a vanishing quantum component �q(x) ⌘ 0, is given
by

GR
',k(!, p) = � 1

��
qc
0,k(!) � �k'2/2 � Z?k p2 + RR

k (p)
, (15)

where the advanced propagator follows readily by the sym-
metry GA

',k(!, p) = GR
',k(�!, p). Based on the Kubo-Martin-

Schwinger (KMS) condition [31, 32] in thermal equilibrium,
the Keldysh propagator

GK
',k(!, p) =

2T
!

⇣
GR
',k(!, p) �GA

',k(!, p)
⌘

(16)

is as usual set by the fluctuation-dissipation relation (FDR), pro-
vided the regulator is chosen in accordance.

Before we continue with writing down flow equations, we de-
fine for convenience the 1-loop functions (with the BR,A,K

k (!, p
as defined in [18])

IK
k ⌘

Z

q
BK

k (q) , (17)

JXY
k (p) ⌘ 1

2�XY

Z

q

⇣
BX

k (q)GY
k (p � q) + BY

k (q)GX
k (p � q)

⌘
, (18)

with the placeholders X,Y denoting X,Y = R, A,K the retarded,
advanced, and Keldysh components of the propagators, respec-
tively, and with the shorthand notation

R
q ⌘

R
dDq/(2⇡)D for in-

tegrals in momentum space. The combinatoric prefactor 1/2�XY

is 1/2 if X = Y and 1 if X , Y , and is included here for conve-
nience to avoid double counting. Explicit expressions are given
(when available) in Appendix A. Otherwise the frequency and
momentum integrals are solved numerically with the methods
outlined in Appendix B.

With this notation at hand, we can compactly express the flow
equation for the retarded 2-point function expanded in powers
of p2 as
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@kZ?k =
i2k
2

lim
p2!0

@

@p2 JKR
k (0, p) , etc. (20)

We can now separate the frequency-dependent part from the
zeroth order (p = 0) term (19) according to �qc

0,k(!) = �m2
k +

��
qc
0,k(!) for convenience, with ��qc

0,k(0) = 0. We will discuss
the flow equation of the squared mass �m2

k in the context of the
e↵ective potential below.

Using the expressions for the J’s from Appendix A in (20)
the spatial anomalous scaling dimension ⌘?k in this truncation
reads

⌘?k = �k@k log Z?k =
⌦dkd+2TZ?k

(2⇡)d

2k⇣
Z?k k2 + m2

k

⌘4 , (21)

with ⌦d denoting the volume of the d-dimensional ball with
unit radius.

E↵ective potential. Since all n-point vertices for n � 3 are lo-
cal, we can utilize an e↵ective potential Vk(') to encode their
flow equations, which we formally define as

V 0k(') = � 1p
2
��k[�]
��q(x)

�����
�c⌘
p

2',�q⌘0
, (22)

which fixes Vk(') up to some (irrelevant) k-dependent constant.
With this definition we can easily derive its flow equation by
di↵erentiating the flow equation (1) w.r.t. �q(x) [17, 18],

@kV 0k(') = � ip
8

= � i
4

V (3)
k (')I',k , (23)

where the third derivative V (3)
k (') is precisely the 3-point func-

tion at vanishing external momenta in front of a fixed field ex-
pectation value �c(x) ⌘

p
2', �q(x) ⌘ 0. Using the expres-

sion for I',k from Appendix A and formally integrating w.r.t. '
yields

@kVk(') =
 
1 �

⌘?k
2 + d

!
⌦dkd+1TZ?k

(2⇡)d
1

Z?k k2 + V 00k (')
(24)

for the flow of the e↵ective potential.
Because of the Z2 symmetry the e↵ective potential only de-

pends on '2, which suggests the usual substitution ⇢ ⌘ '2,
which replaces V 00k (') = 2V 0k(⇢) + 4⇢V 00k (⇢) in the flow equa-
tion. A common approximation scheme [7] is then to expand
the e↵ective potential Vk(⇢) in a power series in ⇢ around the

3

• flow of couplings to density:• flow of effective potential:

use for squared mass and quartic coupling
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Figure 1: Diagrammatic representation of the flow equation for the retarded 2-point function �qc
k (x, x0), evaluated at the scale-dependent minimum. Our color

conventions and diagrammatic notation coincides with [11, 18]. It consists of two contributions from non-local 1-loop diagrams, which are responsible for generating
a non-trivial dependence on the external frequency ! and spatial momentum p in the spectral function ⇢(!, p). The tadpole diagram in the third term and the
interaction with the k-dependent field expectation value @k�0,k in the fourth term are responsible for generating a momentum-independent shift in the squared mass.

We thereby assume that the !-dependence of the spatial wave
function renormalization factor is weak, i.e. Z?k (!) ⇡ Z?k .

The scale-dependent retarded propagator in front of a con-
stant (classical) background field expectation value �c(x) ⌘p

2', and a vanishing quantum component �q(x) ⌘ 0, is given
by

GR
',k(!, p) = � 1

��
qc
0,k(!) � �k'2/2 � Z?k p2 + RR

k (p)
, (15)

where the advanced propagator follows readily by the sym-
metry GA

',k(!, p) = GR
',k(�!, p). Based on the Kubo-Martin-

Schwinger (KMS) condition [31, 32] in thermal equilibrium,
the Keldysh propagator

GK
',k(!, p) =
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⇣
GR
',k(!, p) �GA

',k(!, p)
⌘

(16)

is as usual set by the fluctuation-dissipation relation (FDR), pro-
vided the regulator is chosen in accordance.

Before we continue with writing down flow equations, we de-
fine for convenience the 1-loop functions (with the BR,A,K

k (!, p
as defined in [18])
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with the placeholders X,Y denoting X,Y = R, A,K the retarded,
advanced, and Keldysh components of the propagators, respec-
tively, and with the shorthand notation

R
q ⌘

R
dDq/(2⇡)D for in-

tegrals in momentum space. The combinatoric prefactor 1/2�XY

is 1/2 if X = Y and 1 if X , Y , and is included here for conve-
nience to avoid double counting. Explicit expressions are given
(when available) in Appendix A. Otherwise the frequency and
momentum integrals are solved numerically with the methods
outlined in Appendix B.

With this notation at hand, we can compactly express the flow
equation for the retarded 2-point function expanded in powers
of p2 as
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We can now separate the frequency-dependent part from the
zeroth order (p = 0) term (19) according to �qc

0,k(!) = �m2
k +

��
qc
0,k(!) for convenience, with ��qc

0,k(0) = 0. We will discuss
the flow equation of the squared mass �m2

k in the context of the
e↵ective potential below.

Using the expressions for the J’s from Appendix A in (20)
the spatial anomalous scaling dimension ⌘?k in this truncation
reads
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with ⌦d denoting the volume of the d-dimensional ball with
unit radius.

E↵ective potential. Since all n-point vertices for n � 3 are lo-
cal, we can utilize an e↵ective potential Vk(') to encode their
flow equations, which we formally define as

V 0k(') = � 1p
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which fixes Vk(') up to some (irrelevant) k-dependent constant.
With this definition we can easily derive its flow equation by
di↵erentiating the flow equation (1) w.r.t. �q(x) [17, 18],
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where the third derivative V (3)
k (') is precisely the 3-point func-
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yields
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for the flow of the e↵ective potential.
Because of the Z2 symmetry the e↵ective potential only de-

pends on '2, which suggests the usual substitution ⇢ ⌘ '2,
which replaces V 00k (') = 2V 0k(⇢) + 4⇢V 00k (⇢) in the flow equa-
tion. A common approximation scheme [7] is then to expand
the e↵ective potential Vk(⇢) in a power series in ⇢ around the
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generate non-local power-law

behavior in spectral function

‘interaction’ with scale-

dependent minimum

for color coding and diagrammatic conventions, see 
S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020)
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1PI vertex expansion around φ = 0:


• effective average action:
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2-Point function. The flow equation for the retarded compo-
nent of the 2-point function at two-loop order reads [11, 18]

@k�
qc
k (p) =

i�k

12
IK
k � (36)

i
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q

⇣
BK

k (q)Vcl,R
k (p � q) + BR

k (q)Van
k (p � q)

⌘
,

which is visualized in Fig. 2, and can be readily expanded in
powers of p2 to project the flow equation of the advanced 2-
point function onto the expansion coe�cients �qc

0,k(!), Z?k , . . . .
Like in the comoving expansion it is both numerically and

analytically convenient to separate o↵ the frequency dependent
part ��qc

0,k(!) of the full advanced 2-point function. Corre-
spondingly setting ! = 0 in (36) yields upon solving the fre-
quency and momentum integrals analytically a flow equation
for the squared mass,

�@km2
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i�k

4
IK
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4⌦dkd+3TZ?k
(2⇡)d ⇥ (37)

d
d + 2
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⇣
m2

k + Z?k k2
⌘2 .

The flow equation for the spatial wave function renormal-
ization factor Z?k is obtained by di↵erentiating (36) straightfor-
wardly w.r.t. p2,

@kZ?k = iVcl,R
1,k (0) IK

k , (38)

which can be evaluated in closed form and rearranged into the
explicit expression
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1
CCCCCCCCA

�1

(39)

for the spatial anomalous dimension.

4-Point function. For the vertex flow we split the full 4-point
function �(4)

k into s, t, and u channels, as already mentioned
above, and follow our loop expansion of Ref. [18] to rewrite
the r.h.s. of its full flow equation in ‘local-vertex approxima-
tion’, cf. the second row of Fig. 2. In this regard we replace all
occurring 4-point functions with e↵ective local coupling con-
stants. The flow equation for the 4-point function expanded in
powers of p2 can hence be compactly expressed as

@kVcl,R
0,k (!) = �

i�2
k

4
JKR

k (!, 0) , (40)

@kVcl,R
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i�2
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4
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@

@p2 JKR
k (0, p) , etc., (41)

here just for the retarded part, since the others (advanced and
Keldysh) follow readily by symmetry, and also with the afore-
mentioned self-consistent e↵ective local coupling constant

�k = �6 Vcl,R/A
0,k (0) . (42)

@k�
qc
k (x, x0) = � i

2

(

x x0

+

x x0

+

x x0

)

@kVcl,R
k (x, x0) = �i

Z

x�y,
x0�y0

⇢ y

x

y0

x0
+

y

x

y0

x0

�

Figure 2: First row: Diagrammatic representation of the flow equation for the
retarded 2-point function �qc

k (x, x0) in the symmetric phase. The s, t, and u
channels of the 4-point function are diagrammatically denoted by an ellipse.
Second row: Vertex flow in self-consistent ‘local-vertex approximation’ for the
retarded component of the 4-point vertex, where the full 4-point function on the
r.h.s. is approximated by an e↵ective local coupling constant (42).

We can now set ! = 0 in (40) and solve the remaining inte-
gral analytically to find a flow equation for the quartic coupling
constant,

@k�k =
6⌦dkd+1TZ?k

(2⇡)d

 
1 �

⌘?k
2 + d

!
�2

k⇣
m2

k + Z?k k2
⌘3 , (43)

see Appendix A.

2.2. Model B—Linear coupling of a conserved density
Motivated from Son and Stephanov’s work [22] on the dy-

namic universality class of QCD’s critical endpoint for two
light quark flavors, we can now linearly couple a non-critical
conserved ‘baryon’ density n(x) to the order parameter '(x),
and should find critical Model-B instead of Model-A dynam-
ics, i.e. we modify our free energy (5) according to

F =
Z

dd x
(

1
2

(~r')2 +
m2

2
'2 +

�

4!
'4 + B'n +

n2

2�0

)
, (44)

with coupling constant B between the order parameter '(x) and
the conserved density n(x), and the baryon susceptibility �0.
The stochastic hydrodynamic equations of motion can be de-
rived using standard rules [22] (see also Refs. [23, 34–37]) and
assume the form

@2
t ' + �@t' = �

�F
�'
+ ⇠ , (45)

⌧R@
2
t n + @tn = �̄~r2 �F

�n
+ ~r · ~⇣ , (46)

where we introduced the baryon conductivity �̄, a finite Israel-
Stewart relaxation time ⌧R to exclude propagation at superlumi-
nal speeds [38], and a white Gaussian noise ~⇣ for the conserved
density.2 The r.h.s. of the equation of motion (46) for the con-
served density n(x) has the form of a total divergence, and there-
fore e↵ectively represents a continuity equation, admitting the
conserved quantity

R
dd x n(x).

2We denote the baryon conductivity by �̄ to avoid possible confusion with
the quartic coupling constant �.
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• flow of 2-point and 4-point functions:
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Figure 3: Flow of the static quantities gk and ��1
0,k , in local-vertex approxima-

tion. Arrows indicate flow of momentum. The limit on the r.h.s. of @k��1
0,k is

well defined because of the di↵usive nature of the n field, since all occurring
diagrams involve a di↵usive �c�cnq vertex proportional to p2.

solve the remaining q0-integral by virtue of Kramers-Kronig re-
lations and the q-integral using the convenient form of the Litim
regulator, such that we finally arrive at

@kgk =
⌦dkd+1TZ?k

(2⇡)d
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⌘?k
2 + d

! 2gk
⇣
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⌘?k
2 + d

! 2g2
k

(m2
k + Z?k k2)3

. (67)

We also applied our local-vertex approximation from Sec. 2.1.2
where it was used for the quartig coupling �k (cf. the second
row of Fig. 2) to the flow of the 3-point coupling constant gk.
We hence e↵ectively neglect terms involving Vcl,R/A

1,k (0) in its
flow equation.

3. Results

We use the parameters displayed in Tab. 1 as initial condi-
tions for the flow. By tuning the temperature T close to its
critical value Tc while keeping all other initial values fixed we
observe a second-order phase transition where the system re-
stores its spontaneously broken Z2 symmetry.

Upon approaching the critical temperature from above we
observe scaling behaviour gradually building up in the result-
ing IR (k ! 0) spectral functions, which is shown in Fig. 4 for
Models A, B and C in d = 2 and 3 spatial dimensions. Specifi-
cally, we expect the scaling behaviour [2]

s2�⌘?⇢IR(sz!, sp, s1/⌫⌧) = ⇢IR(!, p, ⌧) (68)

for every s > 0, where the third argument indicates the depen-
dence on the reduced temperature ⌧ ⌘ (T � Tc)/Tc. Setting
p = 0, ⌧ = 0 and further s = !�1/z > 0 we see that at the
critical point the spectral function is described by a power law
⇢IR(!) / !�� with � = (2 � ⌘?)/z for su�ciently small !.
Correspondingly, the logarithmic derivative

�(!) ⌘ �! @
@!

log ⇢IR(!) , (69)

assumes a constant value �(!) = � = const. in the scaling
regime. However, due to the Taylor expansion in p2, we have
no direct access to the anomalous scaling dimension ⌘? through
the obtained IR (k ! 0) data, and we hence extract the spatial
anomalous scaling dimension ⌘? from the scaling of Z?k at the
FRG fixed point [7, 41, 42], which is shown in Fig. 5.

Evidently, we obtain non-trivial fixed-point values for �, in-
dicating that the flow indeed generates a power-law behaviour
in the correlation functions. As a first step, we can compare
with the mean-field results where we would always get �mf ⌘ 1
(Models A, C), and �mf ⌘ 1/2 (Model B), respectively, in the
spectral function. These are shown as dotted gray lines in Fig. 4.

Model A. Using z = (2 � �)/⌘? and ⌘? from the FRG fixed
point yields in the case of d = 2 spatial dimensions z = 2.094
from the comoving expansion, and z = 2.073 from the sym-
metric expansion, respectively. There is a slight tension in the
literature in the case of d = 2 spatial dimensions, as the re-
sults seem to converge to two di↵erent values near 2.09 (see
e.g. Refs. [3, 43, 44]), and 2.16 (see e.g. Refs. [15, 16, 45, 46]),
respectively. While our result for the dynamical critical expo-
nent in d = 2 spatial dimensions seems to be in favour of 2.09
in both expansions, we want to emphasize that one should not
underestimate systematic uncertainties in d = 2 spatial dimen-
sions contained in our procedure. Higher expansion orders are
needed to determine the scaling exponent in d = 2 spatial di-
mensions with certainty.

In d = 3 spatial dimensions the situation is more settled,
and most precision results from the literature collectively find
z ⇡ 2.024 (see e.g. Refs. [14–16, 46], and especially Ref. [47]
and references in the latter). Our results of z = 2.042 and
z = 2.035 for the comoving and symmetric expansions, respec-
tively, are in good agreement, as we expect the error induced by
the finite truncation is at least of the same order as the remain-
ing di↵erence.

Model B. Model B’s critical spectral functions are shown in
the middle column of Fig. 4, where we see that even at p = 0
critical power-law behaviour is visible, but here in the form of
a critical singularity. This is due to the finiteness of the plas-
mon mass (XXX), and the nonconserved order-parameter mode
correspondingly staying massive. We emphasize this because
for purely di↵usive dynamics the spectral function is trivial at
p = 0 [4], which is no longer true in Son and Stephanov’s
formulation of Model B because one always has the relax-
ational mode (54) originating from dissipative Model-A dy-
namics. Having then in mind that the damping constant �k di-
verges at the critical point as shown in Fig. 6, such a power-law
singularity at p = 0 is justified. Regarding the correspond-
ing exponent, an inspection of the logarithmic derivative �(!)
yields plateau values of XXX for d = 2, and XXX for d = 3
spatial dimensions, respectively.

Model C. The critical spectral functions of Model C are shown
in the third column in Fig. 4. We get z = 2.56 for d = 2,
and z = 2.31 for d = 3 spatial dimensions, respectively. We
can compare this with the the analytic result z = 2 in d = 2
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• flow of couplings to density: (Model C)
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Universal scaling functions:
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Summary & Outlook

Summary: 

• causal regulators for real-time FRG


• critical spectral functions of Models A, B, and C 

Outlook: 

• dynamic critical exponent & scaling functions of Model G


• real-time dynamics of Model H


• new dynamic scaling functions


• non-equilibrium phase transitions (Kibble-Zurek scaling)

23

Thank you!

JR, Schlichting, von Smekal, Ye,

in preparation

JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

 

JR, von Smekal, arXiv:2303.11817
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 ⇒ IR mass shift:
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