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Phase Diagram
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Dirac operator D has
antiunitary symmetry T ,

with T 2 = 1 (also at µ �= 0).
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2-Color QCD
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χPT: Kogut, Stephanov, Toublan, Verbaarschot & 
Zhitnitsky, Nucl. Phys. B 582 (2000) 477

Lattice: Hands, Montvay, Scorzato & Skullerud, 
Eur. Phys. J. C 22 (2001) 451
Hands, Kenny, Kim & Skullerud, 
Eur. Phys. J. A 47 (2011) 60 

SU(2) is pseudo-real:

• no sign problem

SU(Nf )× SU(Nf )× U(1) becomes SU(2Nf )

Nf = 2: connects pions and σ-meson with scalar (anti)diquarks.

• extended flavor symmetry (Pauli-Gürsey), at µ = 0 

QED3 (semimetal-insulator transition, Nf < 4),

electronic properties of Graphene (half-filling, Nf = 2) – SFB 634

but also QCD3 or generally SU(Nc) with Nc ≥ 3.

even number of fermions in (2+1) dimensions:Compare:

NJL: Ratti & Weise, Phys. Rev. D 70 (2004) 054013

PNJL: Brauner, Fukushima & Hidaka, Phys. 
Rev. D 80 (2009) 074035

He, Phys. Rev. D 82 (2010) 096003.

→ David Mesterhazy
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Quark-Meson-Diquark model for QC2D

SU(4) → Sp(2)

SO(6) → SO(5)or

Parameter space: 15 dimensional → 10 dimensional

Coset: S5

5 Goldstone bosons: pions
and scalar (anti)diquarks

• Nf=2: Explicit (spontaneous) breaking pattern by Dirac mass (quark condensate),

FRG, LPA: β = 0.432, δ = 5

Lattice: β = 0.425(2), δ = 4.77(4)

FRG beyond LPA in progress

• O(6) universality class:

Litim, NPB 631 (2002) 128

Holtmann, Schulze, PRE 68 
(2003) 036111

• color-singlet diquarks (bosonic baryons)

5

�q̄q�T ∼ (−t)β
mq = 0:

�qq̄�Tc ∼ m1/δ
q

β = 0.4318(4)

δ = 5.08(8)

→ Naseem Kahn



k∂kΓk[Φ] =
1

2
Tr

�
∂tRk (Γ

(2)
k +Rk)

−1
�

25. August 2012  |  Fachbereich 5  |  Institut für Kernphysik  |  Lorenz von Smekal  |  

Functional RG (Flow) Equations
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Wetterich, Phys. Lett. B 301 (1993) 90

Γ[φj ] = (j,φj)− lnZ[j]Effective action:
Legendre transform

Γ(n)(x1, . . . xn)

φj = �φ�j

1PI vertex functions

free energy with
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Functional RG (Flow) Equations
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Wetterich, Phys. Lett. B 301 (1993) 90

Γ[φj ] = (j,φj)− lnZ[j]Effective action:
Legendre transform

Γ(n)(x1, . . . xn)

φj = �φ�j

1PI vertex functions

free energy with

∂tΓk[φ] = 1

2

⊗

−
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k∂kΓk[φ]
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Phase Diagram - SU(4) Symmetric
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• no diquark condensation, flow equation for
   1 dim field variable, O(6) symmetric potential 

U = U(φ2) where �φ = (σ,�π,Re∆, Im∆)

µ ≈ 2.5mπ

CEP

phase diagram

• 1st order chiral transition and CEP  at  

• but wait! need to properly include 
   dynamics of our bosonic baryons....



mq �= 0 :

Nf = 2, mq = µ = 0 : SU(4) � SO(6)

SO(5)

• finite chemical potential µ:
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2-Color QCD at Finite Density
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SO(4)× SO(2)µ �= 0 :

U(1)B breaks sponta-
neously at µB = mπ

SO(3)× SO(2)mq, µ �= 0 :

µB > mπ: BEC → BCS

mq

µB

T

phase diagram

• need 2 field variables in effective potential

U = U(ρ2, d2) where �ρ = (σ,�π) and d2 = |∆|2

• χPT: vacuum alignment,

2µ = µB < mπ:

2µ = µB > mπ:

�q̄q� �= 0, �qq� = 0, �q̄q�-like,

�q̄q� ∝
�
mπ
µB

�2
, �qq� ∝

�
1−

�
mπ
µB

�4
,

turns �qq�-like.
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Vacuum Alignment, T=0
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�
1− 1/x4

x = 2µ/mπ

1/x2

�q̄q� �qq�

• Diquark condensation at 2µ = µB = mπ

→ Pascal Buescher
From DSEs



• RPA pole masses, QMD model:

• Functional RG:

• NJL with isospin
chemical potential:

• PNJL model:
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Vacuum Alignment, T=0
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Brauner, Fukushima & Hidaka, 
Phys. Rev. D 80 (2009) 074035

He, Jin & Zhuang, Phys. Rev. D 71 
(2005) 116001
Xiong, Jin & Li, J. Phys. G 36 
(2009) 125005

Kamikado, Strodthoff, LvS 
& Wambach, arXiv:1207.0400

Strodthoff, Schaefer & LvS, Phys. 
Rev. D 85 (2012) 074007



�qq��q̄q�

baryon density:
order parameter for Nc = Nf = 2
as it is for Nc = Nf → ∞
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Quark-Meson-Diquark Model
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• Finite T and µ: �q̄q�
�q̄q�0

�qq�
�q̄q�0

Mq
�

µ:

BC
S-l

ike

Mq
>

µ:

BE
C-l

ike
baryon density
rises abruptly

along µ = 0 axis as before



no low-T 1st order transition,

no CEP at µ ∼ 2.5 mπ !
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Quark-Meson-Diquark Model
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• Finite T and µ: �q̄q�
�q̄q�0

�qq�
�q̄q�0

Mq
�

µ:

BC
S-l

ike

Mq
>

µ:

BE
C-l

ike

PhD projects: Nils Strodthoff (FRG),
David Scheffler (Lattice), with 
C. Schmidt & D. Smith

compare phase diagram with and without
collective baryonic fluctuations



• Functional RG vs mean field:

1st order line (MF)
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Quark-Meson-Diquark Model
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• Tricritical point predicted in:
Splittorff, Toublan & Verbaarschot, Nucl. Phys. B 620 (2002) 290



• µ = 0, map to QMD model for QC2D:

Nc: 3 → 2 (ψu,ψd) → (ψr, τ2Cψ̄g) µI → µ

π+,π− → ∆,∆∗ π0 → �π
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QM Model for QCD ‒ Isospin Chemical Potential
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• Nf = 2 quarks & mesons with Yukawa coupling:

µI � µ : µ � imbalance between up and anti-down

µ � µI : µI � imbalance between up and down

• chemical potentials:

Son & Stephanov, Phys. Rev. Lett. 86
(2001) 592

Kogut & Sinclair Phys. Rev. D 70
(2004) 094501; PoS LAT2006 147
de Forcrand, Stephanov & Wenger
PoS LAT2007 237
Detmold, Orginos & Shi, arXiv:1205.4224
He, Jin & Zhuang, Phys. Rev. D 71
(2005) 116001
Mu, He & Liu, Phys. Rev. D 82
(2010) 056006

Cohen, Phys. Rev. Lett. 91 (2003) 222001
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QM Model for QCD ‒ Isospin Chemical Potential
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!"#$%$&'()*+'• Isospin density

pion condensation

χSB
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QM Model for QCD ‒ Isospin Chemical Potential
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• T = 0 isospin density - lattice QCD:

Detmold, Orginos & Shi, arXiv:1205.4224 [hep-lat]
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QM Model for QCD ‒ Isospin Chemical Potential
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Detmold, Orginos & Shi, arXiv:1205.4224 [hep-lat]

• T = 0 isospin density - lattice QCD:



T = 0
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QM Model for QCD ‒ Isospin Chemical Potential
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• Fermionic flow (extended mean-field):
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Kamikado, Strodthoff, LvS & Wambach, arXiv:1207.0400

Lee-Wick Chandrasekhar-Clogston



U = U(ρ2, d2), but replace ρ2 = σ2 + �π2 and d2 = |∆|2
by ρ2 = σ2 + π2

0 and d2 = π2
1 + π2

2 = π+π−

• as before:
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QM Model for QCD ‒ Isospin Chemical Potential
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• Full mesonic flow (2 dimensional):
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Kamikado, Strodthoff, LvS & Wambach, arXiv:1207.0400
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QM Model for QCD ‒ Isospin Chemical Potential
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• Full mesonic flow (2 dimensional):
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QM Model for QCD ‒ Isospin Chemical Potential
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• Full mesonic flow (2 dimensional):
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µI = mπ

pion condensation

TCP
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QM Model for QCD ‒ Isospin Chemical Potential
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• Fermionic flow (extended mean-field):
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Figure 12: a) The phase diagram of the homogeneous two-component Fermi mixture in the
unitarity limit, consisting of the gapless superfluid Sarma phase (S), the gapped superfluid
BCS phase and the normal phase (N). The transition from superfluid to normal can be either
continuous (full line) or discontinuous (dashed line), and the two possibilities meet at the
tricritical point (TCP). Between the BCS regime and the Sarma regime of superfluidity there
is a crossover (dash-dotted line). Both the temperature T and half the chemical potential
difference h are scaled with the average chemical potential µ. b) The same diagram but now
as a function of the polarization p = (n+ − n−)/(n+ + n−) and with the temperature scaled
by the Fermi temperature of the majority species TF+ = �F+/kB. Due to the discontinuous
nature of the transition below the tricritical point there is a jump in the polarization, causing a
forbidden region (FR) in the phase diagram where the gas is unstable against phase separation.

37

Gubbels, Stoof, arXiv:1205.0568

• compare:
Imbalanced Fermi Gases

Chandrasekhar-Clogston

µq = ∆



µI = mπ

pion condensation

µq = ∆

CEP
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QM Model for QCD ‒ Isospin Chemical Potential
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• Full flow with mesonic fluctuations:

T = 0
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• stable Sarma phase down to T = 0 

• compare:
Chiral Transition
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Dirac operator D has
antiunitary symmetry S,

with S2 = −1 (symplectic, β = 4).
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G2 Gauge Theory at Finite Density 
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Maas, LvS, Wellegehausen & Wipf, arXiv:1203.5653

G2 is real:

real and positive for single flavor:

2 Goldstone bosons: scalar (anti)diquarks

SU(2) → UB(1)

• no sign problem

U = U(φ2) where �φ = (σ,Re∆, Im∆)

• O(3) symmetric effective potential 

• diquark condensation as before

as QCD with adjoint quarks

• but have fermionic baryons also

Holland, Minkowski, Pepe & Wiese, 
Nucl. Phys. B 668 (2003) 207
Wellegehausen, Wipf & Wozar, Phys. 
Rev. D 83 (2011) 114502

G2 −→ SU(3)
Higgs

coset:

(7) → (3)⊕ (3̄)⊕ (1)

(14) → (3)⊕ (3̄)⊕ (8)

G2/SU(3) ∼ SO(7)/SO(6) ∼ S
6

massive Higgs

heavy gauge
gluons

• breaks down to QCD
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G2 Gauge Theory at Finite Density 
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Maas, LvS, Wellegehausen & Wipf, arXiv:1203.5653.

• phase diagram with 1 flavor dynamcial Wilson fermion 
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G2 Gauge Theory at Finite Density 
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Maas, LvS, Wellegehausen & Wipf, arXiv:1203.5653.

• finite baryon density (bosonic and fermionic)
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G2 Gauge Theory at Finite Density 
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• onset of diquark condensation:
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Bjoern Wellegehausen, PhD thesis, Jena 2012.
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Summary & Outlook
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• Phase Diagram of Two-Color QCD 
- need to include baryonic fluctuations
- functional methods and lattice MC 

• Phase Diagram of G2 Gauge Theory
- no sign problem − fermionic baryons 

• QCD with isospin chemical potential 
- equivalent problem, population imbalance

• Fermions in 2+1 Dimensions
- quantum phase transitions, transport properties, topological aspects... 

- refined functional methods & models, baryonic dofs, finite volume...
• QCD Phase Diagram
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