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Introduction

motivation: quark collective excitation 
in QGP phase
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•How many excitation modes?

•How are the dispersion relation, damping rate, strength?

(cf. bosonic oscillation: plasmon)
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This is nontrivial task;
Bare-particle picture is generally invalid even at weak coupling (g <<1).

•many-body effect becomes 
non-negligible when (energy) ~ gT

•interaction effect such as 
collision becomes 
non-negligible when (energy) ~ g2T
(mesoscopic scale)

E

T (inter-particle 
distance)-1

gT
(Debye screening 

length)-1,
plasma oscillation 

frequency

(mean free path)-1g2T

hard

soft

ultrasoft

Ultrasoft scale is not well investigated even at weak coupling (g <<1).

Because

energy hierarchy at high temperature (T >>ΛQCD, m)
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Present status of excitations 
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Ultrasoft fermionic mode

one-loop analysis (m: boson mass)
M. Kitazawa, T. Kunihiro and Y. Nemoto, PTP 117, 103 (2007).
D. S., Y. Hidaka and T. Kunihiro, PRD 83 045017 (2011).
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satisfying Eq. (4.5) will be limited. We shall call the region
that the gauge parameter satisfies Eq. (4.5) an adequate
gauge-parameter region. The purpose of this section is to
find the adequate gauge-parameter region.

Let us first show a numerical result of the real and the
imaginary part of the pole at T ¼ 40:0m as functions of !
in Fig. 10: For a large ! (1 " !), the ! dependence of the
real part of the pole is large, and especially for very large
!, say !# 3$ 104, the magnitude of it is no longer of
OðgTÞ, but is of a smaller order, OðmÞ, as will be shown
later. The imaginary part of the pole for ! " 1 is positive
and apparently problematic because it means that the
analyticity of the retarded propagator is lost and the fer-
mion spectral function will become negative. As we shall
show later, however, the absolute value of the imaginary
part is of Oðg2TÞ and should be considered together with
higher order contributions. So the negative imaginary part
with a small absolute value can be ignored in this order of
the coupling.

Now we shall show that such an order estimate of the
pole can be done analytically. We start with an analysis of
the self-energy, under the condition that !# gT, by
decomposing the self-energy (2.18) to seven parts,

!þð0; !Þ ( !Cð!Þ ¼ !
X7

n¼1

Cnð!Þ; (4.6)

where we have introduced the following dimensionless
functions:

C1ð!Þ ¼ ) 2g2

!
~B0ð0; !;mÞ; (4.7)

C2ð!Þ ¼ þg2!2

m2
~Bð0; !;

ffiffiffiffi
!

p
mÞ; (4.8)

C3ð!Þ ¼ ) g2!2

m2
~Bð0; !;mÞ; (4.9)

C4ð!Þ ¼ )g2! ~Bð0; !;
ffiffiffiffi
!

p
mÞ; (4.10)

C5ð!Þ ¼ þg2 ~Bð0; !;mÞ; (4.11)

C6ð!Þ ¼ )g2!

m2
~B0ð0; !;

ffiffiffiffi
!

p
mÞ; (4.12)

C7ð!Þ ¼ þg2!

m2
~B0ð0; !;mÞ: (4.13)

Here ~Bð0; !;mÞ and ~B0ð0; !;mÞ are obtained by perform-
ing the analytic continuation (i!m ! !þ i") to
~Bð0; i!m;mÞ and ~B0ð0; i!m;mÞ. From Eq. (2.13), one
sees that the poles satisfy the condition

Cð!poleÞ ¼ 1: (4.14)

We first note that if the following equation has a root,

lim
g!0

CðgTFÞ ¼ 1; (4.15)
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FIG. 9 (color online). The fermion spectral function in the
particle sector #þ as a function of energy ! and momentum p
at T ¼ 40:0m with g ¼ 0:5 and ! ¼ 1.
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FIG. 10 (color online). The upper panel shows the gauge
dependence of the real part of the pole in the positive energy
region at zero momentum at T ¼ 40:0m, for g ¼ 0:5. The
horizontal and the vertical axes denote the gauge parameter !
and the real part of the pole, respectively. The data whose ! is
smaller than the upper limit of adequate gauge parameter, 1=g ¼
2:0, are denoted by the solid line and the data whose ! is larger
than 1=g by the dotted line. The data which satisfy !>
1=ðg2$Þ ¼ 1600, which are expected to approach the value in
the Proca formalism, are plotted with another dotted line. The
upper and lower dashed lines show the thermal mass in the HTL
approximation gT=ð2

ffiffiffi
2

p
Þ and that in the Proca formalismffiffiffi

6
p

m=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 48$

p
’ 2:31m, respectively. The lower panel shows

the gauge dependence of the imaginary part of the pole for the
same T and g as in the upper panel.
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The peak persists even in T >> m.

spectral function in fermionic sector

(momentum) (energy)

(anti) plasmino

normal fermion

Resummed perturbation: V. V. Lebedev and A. V. Smilga, Annals Phys. 202, 
229 (1990). 
Schwinger-Dyson eq.: M. Harada and Y. Nemoto, PRD 78, 014004 (2008), 
S. X. Qin, L. Chang, Y. X. Liu, and C. D. Roberts, PRD 84, 014017 (2011).
NJL model: M. Kitazawa, T. Kunihiro and Y. Nemoto, PLB 633, 269 (2006).

the above manipulation, which has been taken for granted
in the usual derivation of the HTL approximation in the
gauge theory: The ignored terms may become comparable
to terms that are proportional to T2 in some gauges and
hence the above naive power counting turns out to be
invalid. We will analyze this possibility in Sec. IV.

III. NUMERICAL RESULTS

In this section, we show the numerical results of the
fermion spectral function and the fermion poles at various
temperatures. In the following, the coupling constant is
fixed to a small value, g ¼ 0:5, so that the analysis based
on the one-loop calculation can be valid: Except when the
coupling constant dependence of the pole is analyzed, the
coupling constant will be fixed to g ¼ 0:5. On the other

hand, the gauge parameter, !, will be varied freely in order
to see the gauge dependence of the spectral properties of
the fermion calculated at the one-loop level.

A. Low temperature (T " m)

In this subsection, we show numerical results at a tem-
perature so low that the T dependence of the results is
hardly seen, which may check the validity of our analytical
and numerical calculations.
Figure 2 shows the fermion spectral function in the

particle sector (with a positive particle number) at T ¼
0:4m for ! ¼ 1. Avery narrow peak appears near! ¼ jpj,
which is very reminiscent of the zero temperature case.
This is natural for T " m, because the thermal effect is
exponentially suppressed by the Boltzmann factor
# expð%m=TÞ, and hence the breaking of Lorentz symme-
try is small. This small breaking of Lorentz symmetry
implies that the particle pole is almost an on-shell value
at T ¼ 0, i.e.,! ¼ jpj, and hence the gauge dependence of
the pole hardly appears.

B. Intermediate temperature (T#m)

We plot the spectral function of the particle sector at
T=m ¼ 1:0, 1.5, 2.0, 2.5 for ! ¼ 1 in Fig. 3. We can see
that the spectral function at these temperatures have struc-
tures qualitatively different from that at low temperature:
Even at T=m ¼ 1:0, we see a split of a peak around the
origin, seen in Fig. 2 into two peaks with a small bump in
the negative energy region, which is reminiscent of the
antiplasmino peak known in QED/QCD at high T. These
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FIG. 2 (color online). The fermion spectral function in the
particle sector "þ as a function of energy ! and momentum p
for T ¼ 0:4m, g ¼ 0:5, ! ¼ 1.
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FIG. 3 (color online). The fermion spectral function in the particle sector "þ as a function of energy ! and momentum p at g ¼ 0:5,
! ¼ 1 at various temperatures.
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A peak appears around 
the origin in T~m.
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Hard Thermal Loop (HTL) approximation

•valid when  p~gT .

•one-loop diagram

E. Braaten and R. D. Pisarski, Nucl. Phys. B 337, 569 (1990)
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Σ(p)=

Fermion self-energy

Boson self-energy

Πµν(p)=



Result
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H. A. Weldon, PRD 26, 1394 (1982), 2789 (1982)
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Boltzmann eq.:

Vlasov equation
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e.g. : fermion distribution

collision termdrift term force term

(v・∂X +g(E(X)+v×B(X))・∂k)n(X, k)=C[n]
n(X, k): distribution function of quark
v =(1, k/ |k|): 4-velocity, E(X), B(X): field strength



The collision term in Boltzmann eq. is neglected.

Vlasov equation
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∂X =O(gT) >> C[n]=O(g2T)

Vlasov Eq.: (v・∂X +g(E(X)+v×B(X))・∂k)n(X, k)=C[n]

J. P. Blaizot and E. Iancu, PRL 70, 3376 (1993)

By contrast, the collision term is non-
negligible at ultrasoft region(∂X=O(g2T))!

Self-energies calculated from Vlasov eq. coincides with 
that from HTL approximation.



Pinch singularity

Reflecting this fact, the HTL approximation is not applicable in 
ultrasoft region( p ≲ g2T ). 
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reorganizing perturbative 
expansion is necessary.

1. p→0 limit can not be taken 
(pinch singularity)
Pinch singularity in the computation of the transport coefficient: 
S. Jeon, PRD 52, 3591 (1995)
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I. ULTRASOFT FERMION MODE
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What we do

Analyze the quark spectrum in the 
ultrasoft region ( p<< g2T ) with the 
resummed perturbation theory.
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Resummed Perturbation
(1) thermal mass (mf, mb=O(gT)) and 
decay width (ζf , ζb=O(g2T)) are resummed.

13

mf, ζf

mb, ζb

δm2=m2b-m2f, ζ= ζf +ζb

→Pinch singularity is regularized.
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V. V. Lebedev and A. V. Smilga, Annals Phys. 202, 229 (1990)



Resummed Perturbation

The singularity is regularized, but all the ladder diagrams 
contribute at the same order.

(2) Sum up all the ladder diagrams.
Adopt the following vertex:

V. V. Lebedev and A. V. Smilga, Annals Phys. 202, 229 (1990)
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Resummed Perturbation 

15

Σ(p)=

This diagram contains all the contribution at 
leading order. (O(g0))

(1), (2)

V. V. Lebedev and A. V. Smilga, Annals Phys. 202, 229 (1990)



dispersion 
relation Reω＝-p/3 

Decay 
width Imω=ζ=O(g2T)

Residue

Results

We establish a novel excitation in ultrasoft 
( p,ω≲g2T ) region.
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2p · k+δm2 + 2iζk0
p→0
−−−→ O(g0) (1.25)

g2
/k

2p · k+δm2 + 2iζk0
p→0
−−−→ O(g0) (1.26)

p2 −Π(p) =0 (1.27)

(/p− Σ(p))2 =0 (1.28)

Z =
g2

16π2

(

1 +
8δm2

g2T 2

)2

= O(g2) (1.29)

Z =
g2

16π2

(

Cf + 8
δm2

g2T 2

)2

= O(g2) (1.30)

Z =
g2

16π2

(

Cf + 8
δm2

g2T 2

)2

=







g2

144π2

g2

16π2

(

4Nf

3 + 13N
6 + 1

2N

)2 (1.31)

Z =
g2

16π2

(

Cf + 8
δm2

g2T 2

)2

= O(g2) (1.32)

=







g2

144π2

g2

16π2

(

4Nf

3 + 13N
6 + 1

2N

)2 (1.33)

Z =
8(δm2)2

π2g2T 4
=

g2

72π2
= O(g2) (1.34)

Ψ =
1

/p− Σ(p)
η (1.35)

δm2 =











g2T 2

24 (Yukawa)

− g2T 2

12 (QED)

g2T 2
(

Nf

6 + 15N2+1
8N

)

(QCD)

(1.36)

2

g2

p · k
(1.22)

(

g2

p · k

)2

(1.23)

g2

2p · k + δm2 + 2iζk0
= O(g0) (1.24)

(

g2

2p · k + δm2 + 2iζk0

)2

= O(g0) (1.25)

g2
(

1

(k − p)2
−

1

k2

)

/k

2p · k+δm2 + 2iζk0
p→0
−−−→ O(g0) (1.26)

g2
/k

2p · k+δm2 + 2iζk0
p→0
−−−→ O(g0) (1.27)

p2 −Π(p) =0 (1.28)

(/p− Σ(p))2 =0 (1.29)

= (1.30)

Z =
g2

16π2

(

1 +
8δm2

g2T 2

)2

= O(g2) (1.31)

Z =







g2

144π2

g2

16π2

(

4Nf

3 + 13N
6 + 1

2N

)2 (1.32)

=O(g2) (1.33)

g2

144π2
(1.34)

Z =
g2

16π2

(

4Nf

3
+

13N

6
+

1

2N

)2

(1.35)

=O(g2) (1.36)

Z =
8(δm2)2

π2g2T 4
=

g2

72π2
= O(g2) (1.37)

Ψ =
1

/p− Σ(p)
η (1.38)

2

g2

p · k
(1.22)

(

g2

p · k

)2

(1.23)

g2

2p · k + δm2 + 2iζk0
= O(g0) (1.24)

(

g2

2p · k + δm2 + 2iζk0

)2

= O(g0) (1.25)

g2
(

1

(k − p)2
−

1

k2

)

/k

2p · k+δm2 + 2iζk0
p→0
−−−→ O(g0) (1.26)

g2
/k

2p · k+δm2 + 2iζk0
p→0
−−−→ O(g0) (1.27)

p2 −Π(p) =0 (1.28)

(/p− Σ(p))2 =0 (1.29)

= (1.30)

Z =
g2

16π2

(

1 +
8δm2

g2T 2

)2

= O(g2) (1.31)

Z =







g2

144π2

g2

16π2

(

4Nf

3 + 13N
6 + 1

2N

)2 (1.32)

=O(g2) (1.33)

g2

144π2
(1.34)

g2
(4 +Nf )2

48π2
(1.35)

Z =
g2

16π2

(

4Nf

3
+

13N

6
+

1

2N

)2

(1.36)

=O(g2) (1.37)

Z =
8(δm2)2

π2g2T 4
=

g2

72π2
= O(g2) (1.38)



Consistency check using gauge symmetry

Ward-Takahashi identity: derived from the gauge 
symmetry
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(k-p) µ ・

3

δm2 =

{

− g2T 2

12

g2T 2
(

Nf

6 + 15N2+1
8N

) (1.37)

δm2

g2T 2
=











1
24 (Yukawa)
− 1

12 (QED)
(

Nf

6 + 15N2+1
8N

)

(QCD)
(1.38)

{

1
3
(

4
3Nf + 13

6 N + 1
2N

)
(1.39)

/k (1.40)

S−1(k) " /k (1.41)

II. KINETIC THEORY IN ULTRASOFT FERMION SECTOR

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS<(x, y)γµΨ(y) =

∫

d4z(Πµν(y, z)Kν(x, z) + S(x, z)δΓµ(y, z)) (2.1)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =− i

∫

d4z(Σ(x, z)Kµ(z, y) + δΓν(x, z)G
µν(z, y)), (2.2)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.3)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.4)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.5)

/∂xK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.6)

g < ψ̄(x)γµψ(x)ψ(y) >=−

∫

d4z(Σ(eq)(x, z)Kµ(z, y) + δΓµ(x, z)G(eq)(z, y)) (2.7)

gγν < aν(x)ψ(x)a
µ(y) >=−

∫

d4z(Πµν(eq)(x, z)Kν(y, z) + S(eq)(y, z)δΓµ(x, z)) (2.8)

∂νFνµ − gΨ̄γµΨ =jµ + jindµ (2.9)

i/∂Ψ =η + ηind. (2.10)

δΓµ(k, p) = g2
∫

d4l

(2π)4
γνS(eq)(k + l − p)γµKν(l, p). (2.11)

3

δm2 =

{

− g2T 2

12

g2T 2
(

Nf

6 + 15N2+1
8N

) (1.37)

δm2

g2T 2
=











1
24 (Yukawa)
− 1

12 (QED)
(

Nf

6 + 15N2+1
8N

)

(QCD)
(1.38)

{

1
3
(

4
3Nf + 13

6 N + 1
2N

)
(1.39)

/k (1.40)

S−1(k) " /k (1.41)

−S−1(p) " Σ(p) (1.42)

II. KINETIC THEORY IN ULTRASOFT FERMION SECTOR

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS<(x, y)γµΨ(y) =

∫

d4z(Πµν(y, z)Kν(x, z) + S(x, z)δΓµ(y, z)) (2.1)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =− i

∫

d4z(Σ(x, z)Kµ(z, y) + δΓν(x, z)G
µν(z, y)), (2.2)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.3)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.4)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.5)

/∂xK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.6)

g < ψ̄(x)γµψ(x)ψ(y) >=−

∫

d4z(Σ(eq)(x, z)Kµ(z, y) + δΓµ(x, z)G(eq)(z, y)) (2.7)

gγν < aν(x)ψ(x)a
µ(y) >=−

∫

d4z(Πµν(eq)(x, z)Kν(y, z) + S(eq)(y, z)δΓµ(x, z)) (2.8)

∂νFνµ − gΨ̄γµΨ =jµ + jindµ (2.9)

i/∂Ψ =η + ηind. (2.10)

δΓµ(k, p) = g2
∫

d4l

(2π)4
γνS(eq)(k + l − p)γµKν(l, p). (2.11)

vertex and self-energy are related.

-1 -1



18

self-consistent eq. :

Consistency check using gauge symmetry

µ
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(k-p) µ・

self-consistent eq. :

-1 -1

-1

Consistency check using gauge symmetry

µ



Our vertex and self-energy satisfy the identity; we 
passed the consistency-check!
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(k-p) µ ・

self-consistent eq.             W-T identity

-1 -1

3

δm2 =

{

− g2T 2

12

g2T 2
(

Nf

6 + 15N2+1
8N

) (1.37)

δm2

g2T 2
=











1
24 (Yukawa)
− 1

12 (QED)
(

Nf

6 + 15N2+1
8N

)

(QCD)
(1.38)

{

1
3
(

4
3Nf + 13

6 N + 1
2N

)
(1.39)

/k (1.40)

S−1(k) " /k (1.41)

II. KINETIC THEORY IN ULTRASOFT FERMION SECTOR

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS<(x, y)γµΨ(y) =

∫

d4z(Πµν(y, z)Kν(x, z) + S(x, z)δΓµ(y, z)) (2.1)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =− i

∫

d4z(Σ(x, z)Kµ(z, y) + δΓν(x, z)G
µν(z, y)), (2.2)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.3)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.4)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.5)

/∂xK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.6)

g < ψ̄(x)γµψ(x)ψ(y) >=−

∫

d4z(Σ(eq)(x, z)Kµ(z, y) + δΓµ(x, z)G(eq)(z, y)) (2.7)

gγν < aν(x)ψ(x)a
µ(y) >=−

∫

d4z(Πµν(eq)(x, z)Kν(y, z) + S(eq)(y, z)δΓµ(x, z)) (2.8)

∂νFνµ − gΨ̄γµΨ =jµ + jindµ (2.9)

i/∂Ψ =η + ηind. (2.10)

δΓµ(k, p) = g2
∫

d4l

(2π)4
γνS(eq)(k + l − p)γµKν(l, p). (2.11)

3

δm2 =

{

− g2T 2

12

g2T 2
(

Nf

6 + 15N2+1
8N

) (1.37)

δm2

g2T 2
=











1
24 (Yukawa)
− 1

12 (QED)
(

Nf

6 + 15N2+1
8N

)

(QCD)
(1.38)

{

1
3
(

4
3Nf + 13

6 N + 1
2N

)
(1.39)

/k (1.40)

S−1(k) " /k (1.41)

−S−1(p) " Σ(p) (1.42)

II. KINETIC THEORY IN ULTRASOFT FERMION SECTOR

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS<(x, y)γµΨ(y) =

∫

d4z(Πµν(y, z)Kν(x, z) + S(x, z)δΓµ(y, z)) (2.1)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =− i

∫

d4z(Σ(x, z)Kµ(z, y) + δΓν(x, z)G
µν(z, y)), (2.2)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.3)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.4)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (2.5)

/∂xK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (2.6)

g < ψ̄(x)γµψ(x)ψ(y) >=−

∫

d4z(Σ(eq)(x, z)Kµ(z, y) + δΓµ(x, z)G(eq)(z, y)) (2.7)

gγν < aν(x)ψ(x)a
µ(y) >=−

∫

d4z(Πµν(eq)(x, z)Kν(y, z) + S(eq)(y, z)δΓµ(x, z)) (2.8)

∂νFνµ − gΨ̄γµΨ =jµ + jindµ (2.9)

i/∂Ψ =η + ηind. (2.10)

δΓµ(k, p) = g2
∫

d4l

(2π)4
γνS(eq)(k + l − p)γµKν(l, p). (2.11)

Consistency check using gauge symmetry



Robustness of ultrasoft fermion mode
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Chiral, Charge symmetry

-1

-0.5

 0

 0.5

-0.5  0  0.5
R

eY
/m

t/m

Since ReΣ is odd, p0-ReΣ is zero at p0 =0

pole at the origin

How robust?
(model: Yukawa model, QED/QCD, NJL
approach in QED/QCD: resummed perturbation, S-D eq.)

3

Ψ =
1

/p− Σ(p)
η (1.39)

δm2 =











g2T 2

24 (Yukawa)

− g2T 2

12 (QED)

g2T 2
(

Nf

6 + 15N2+1
8N

)

(QCD)

(1.40)

δm2 =

{

− g2T 2

12

g2T 2
(

Nf

6 + 15N2+1
8N

) (1.41)

δm2

g2T 2
=











1
24 (Yukawa)
− 1

12 (QED)
(

Nf

6 + 15N2+1
8N

)

(QCD)
(1.42)

{

1
3
(

4
3Nf + 13

6 N + 1
2N

)
(1.43)

1/9 (1.44)

2/9 (1.45)

II. DISCUSSION ON SYMMETRY

SR(p0,0) = −
γ0

p0 − Σ(p0,0)
, (2.1)

III. KINETIC THEORY IN ULTRASOFT FERMION SECTOR

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS<(x, y)γµΨ(y) =

∫

d4z(Πµν(y, z)Kν(x, z) + S(x, z)δΓµ(y, z)) (3.1)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =− i

∫

d4z(Σ(x, z)Kµ(z, y) + δΓν(x, z)G
µν(z, y)), (3.2)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (3.3)

/DxK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (3.4)

(∂2gµν − ∂µ∂ν)yKν(x, y) + gS(x, y)γµΨ(y) = g < ψ̄(x)γµψ(x)ψ(y) > (3.5)

/∂xK
µ(x, y) + igγνG

νµ(x, y)Ψ(x) =gγν < aν(x)ψ(x)a
µ(y) > (3.6)

Schwinger-Dyson eq.: M. Harada and Y. Nemoto, PRD 78, 014004 (2008), 
S. X. Qin, L. Chang, Y. X. Liu, and C. D. Roberts, PRD 84, 014017 (2011).
NJL model: M. Kitazawa, T. Kunihiro and Y. Nemoto, PLB 633, 269 (2006).

H. A. Weldon, PRD 61, 036003 (2000)
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Robustness of ultrasoft fermion mode

J. P. Blaizot and D. S., to be submitted.

M. Kitazawa, T. Kunihiro, K. Mitsutani and Y. Nemoto, PRD 77, 045034 (2008).

finite bare fermion mass chiral symmetry

finite chemical potential charge symmetry

Ultrasoft fermion mode



Resummed perturbation as kinetic equation

23

Boltzmann eq.:

collision termdrift term force term

(v・∂X +g(E(X)+v×B(X))・∂k)n(X, k)=C[n]

n(X, k): distribution function of quark
v =(1, k/ |k|): 4-velocity, E(X), B(X): field strength

HTL terms interaction 
term



Resummed perturbation as kinetic equation

24

E

gT
one-loop

 (HTL)

resummed 
perturbationg2T

Diagrammatic 
method

Kinetic equation

Vlasov eq.

(generalized) 
Boltzmann eq.

cf: bosonic sector
J. P. Blaizot and E. Iancu, Nucl. Phys. B 570 326 (2000).



“Generalized” Boltzmann equation

25

The equation which determines 
the strength of quark→gluon process

（unlike the Boltzmann equation, which determines

the distribution function of particles）

However, we call the resultant equation
(generalized) “kinetic equation”.

∵　The equation has the similar structure/derivation

 to the Boltzmann equation.

Ψ



Result

26

mass difference term and collision term appear in 
addition to Vlasov eq. (HTL approximation) terms.

(same order: ∂X, δm2 /|k|, ζ=O(g2T))

(resummation of thermal mass and decay width)

collision 
term force term

mass 
difference  

term
drift term

4

∂νFνµ − gΨ̄γµΨ =jµ + jindµ (2.11)

i/∂Ψ =η + ηind. (2.12)

δΓµ(k, p) = g2
∫

d4l

(2π)4
γνS(eq)(k + l − p)γµKν(l, p). (2.13)

(2iv · ∂X +
δm2

|k|
+ 2iζ)Λ(k, X) = g/v(N(|k|) + n(|k|))Ψ(X), (2.14)

Σ(p) = g

∫

d3k

(2π)3
/Λ(k, p)

|k|Ψ(X)
(2.15)

Σ(x, y) =
δηind(x)

δΨ(y)
= g2

∫

d3k

(2π)3
/v

|k|

N(|k|) + n(|k|)

2iv · ∂X + δm2/|k|+ 2iζ
. (2.16)

Σ(p) = g2
∫

d3k

(2π)3
/v

|k|

N(|k|) + n(|k|)

2v · p+ δm2/|k|+ 2iζ
. (2.17)

Σ(p) = g2
∫

d3k

(2π)3
/v

|k|

N(|k|) + n(|k|)

2v · p+ δm2/|k|+ 2iζ
(2.18)

(2ik · ∂X + δm2 + 2iζfk
0) /K(k,X) =2g/k(N(k0) + n(k0))ρ0(k)Ψ(x)

+ g2γi/kP ij(k)(N(k0) + n(k0))ρ0(k)

∫

d4l

(2π)4
γνS(k + l)γjKν(l, X).

(2.19)

K(k,X) =2πδ(k2)(θ(k0)Λ(k, X) + θ(−k0)Λ(−k, X)) (2.20)

=
2π

2|k|
(δ(k0 − |k|)Λ(k, X) + δ(k0 + |k|)Λ(−k, X)), (2.21)

+ g2
∫

d4l

(2π)4
γνG(eq)

νβ (l − k)[gαβ(p− 2l+ k)µ + gµβ(l − 2k + p)α + gαµ(2p− l − k)β ]Kα(l, p) (2.22)

(2iv · ∂X + δm2/|k|+ 2iζf)/Λ(k,X) =2g/v(N(|k|) + n(|k|))Ψ(x) (2.23)

+ g2γi/vP ij(v)(N(|k|) + n(|k|))

∫

d3l

(2π)3
|k|vkγj + |l|γkvjl

|k||l|v · vl
Λk(l, X) (2.24)

(2iv · ∂X ± δm2/|k|+ 2iζ)/Λ±(k,X) =2g/v(N(|k|) + n(|k|))Ψ(X) (2.25)

+ ... (2.26)

(2iv · ∂X + δm2/|k|+ 2iζ)/Λ(k,X) =2g/v(N(|k|) + n(|k|))Ψ(X) (2.27)

+g2γi/vP ij
T (v)(N(|k|) + n(|k|))

∫

d3l

(2π)3
|k|vkγj + |l|γkvjl

|k||l|v · vl
Λk(l, X) (2.28)

Λ(k, X):
It corresponds to the deviation of the distribution function, δn(k,X)
N (n): Bose (Fermi) distribution function

4

∂νFνµ − gΨ̄γµΨ =jµ + jindµ (2.11)

i/∂Ψ =η + ηind. (2.12)

δΓµ(k, p) = g2
∫

d4l

(2π)4
γνS(eq)(k + l − p)γµKν(l, p). (2.13)

(2iv · ∂X +
δm2

|k|
+ 2iζ)Λ(k, X) = g/v(N(|k|) + n(|k|))Ψ(X), (2.14)

Σ(p) = g

∫

d3k

(2π)3
/Λ(k, p)

|k|Ψ(X)
(2.15)

Σ(x, y) =
δηind(x)

δΨ(y)
= g2

∫

d3k

(2π)3
/v

|k|

N(|k|) + n(|k|)

2iv · ∂X + δm2/|k|+ 2iζ
. (2.16)

Σ(p) = g2
∫

d3k

(2π)3
/v

|k|

N(|k|) + n(|k|)

2v · p+ δm2/|k|+ 2iζ
. (2.17)

Σ(p) = g2
∫

d3k

(2π)3
/v

|k|

N(|k|) + n(|k|)

2v · p+ δm2/|k|+ 2iζ
(2.18)

(2ik · ∂X + δm2 + 2iζfk
0) /K(k,X) =2g/k(N(k0) + n(k0))ρ0(k)Ψ(x)

+ g2γi/kP ij(k)(N(k0) + n(k0))ρ0(k)

∫

d4l

(2π)4
γνS(k + l)γjKν(l, X).

(2.19)

K(k,X) =2πδ(k2)(θ(k0)Λ(k, X) + θ(−k0)Λ(−k, X)) (2.20)

=
2π

2|k|
(δ(k0 − |k|)Λ(k, X) + δ(k0 + |k|)Λ(−k, X)), (2.21)

Kµ(k,X) ≡2πδ(k2)(θ(k0)Λµ
+(k, X) + θ(−k0)Λµ

−(−k, X)) (2.22)

+ g2
∫

d4l

(2π)4
γνG(eq)

νβ (l − k)[gαβ(p− 2l+ k)µ + gµβ(l − 2k + p)α + gαµ(2p− l − k)β ]Kα(l, p) (2.23)

(2iv · ∂X + δm2/|k|+ 2iζf)/Λ(k,X) =2g/v(N(|k|) + n(|k|))Ψ(x) (2.24)

+ g2γi/vP ij(v)(N(|k|) + n(|k|))

∫

d3l

(2π)3
|k|vkγj + |l|γkvjl

|k||l|v · vl
Λk(l, X) (2.25)

(2iv · ∂X ± δm2/|k|+ 2iζ)/Λ±(k,X) =2g/v(N(|k|) + n(|k|))Ψ(X) (2.26)

+ ... (2.27)



Furthermore, the force term is corrected.
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This equation reproduce the resummed perturbation.

Result

+summing up 
ladder diagram:

(Kµ(k,p)　　　　　　　　   )µ p
k

force correction
Cf =N2-1/(2N)

1

I. ULTRASOFT FERMION MODE

Gm(p) =
1

/p−mf
(1.1)

Dµν
m (p) =

Pµν
T (p)

p2 −m2
b

(1.2)

Gm(p) =
/p

p2 −m2
f + 2ip0ζf

(1.3)

Dµν
m (p) =

Pµν
T (p)

p2 −m2
b + 2ip0ζb

(1.4)

Dm(p) =
1

p2 −m2
b + 2ip0ζb

(1.5)

(1.6)

P ij
T (k) = δij − k̂ik̂j (1.7)

G(p) =
1

/p
(1.8)

Dµν(p) =
gµν − pµpν/p2

p2
(1.9)

G(p) =
/p

p2
(1.10)

D(p) =
1

p2
(1.11)

Gm(p) =
/p

p2 −m2
f + 2ip0ζf

(1.12)

Dµν
m (p) =

Pµν
T (p)

p2 −m2
b + 2ip0ζb

(1.13)

Dm(p) =
1

p2 −m2
b + 2ip0ζb

(1.14)

(1.15)

G(p) = −
1

/p− Σ(p)
= −Z

1

2

(

γ0 + p̂ · γ

ω + |p|/3 + iζ
+

γ0 − p̂ · γ

ω − |p|/3 + iζ

)

(1.16)

g2
/k

k2(k − p)2
= g2

(

1

(k − p)2
−

1

k2

)

/k

2p · k − p2
p→0
−−−→ ∞ (1.17)

g2
/k

k2(k − p)2
= g2

(

1

(k − p)2
−

1

k2

)

/k

2p · k − p2
p→0
−−−→ ∞ (1.18)

g2
∫

d4k

(2π)4
2πθ(k0)δ(k2)(N(k0) + n(k0))

/k

2p · k − p2
p→0
−−−→ ∞ (1.19)

g2
∫

d4k

(2π)4
/k

k2(k − p)2
= g2

∫

d4k

(2π)4

(

1

(k − p)2
−

1

k2

)

/k

2p · k − p2
p→0
−−−→ ∞ (1.20)

(1.21)

5

 0

 0

!
/m

f

p/mf

 0

 0

!
/m

f

p/mf

-2

-1

 0

 1

 2
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 0  1  2  3

!
/m

f

p/mf

FIG. 1: Equation of vertex resummation in QED.

(2iv · ∂X + δm2/|k|+ 2iζ)/Λ±(k,X) =2g/v(N(|k|) + n(|k|))
(

Ψ(X) (2.29)

−
g

2
CfγiP

ij
T (v)

∑

s=±

∫

d3k′

(2π)3
1

2|k′|

svαγj ± v′jγ
α

|k||k′|v · v′
Λsα(k

′, X)
)

(2.30)

jindµ (X) = 4g

∫

d3k

(2π)3
vµn(X,k) (2.31)

jindµ (X) =

∫

d4Y Πµν(X − Y )Aν(Y ) (2.32)



Summary

•We established the novel fermionic mode in ultrasoft 
(<<g2T) region with a resummed perturbation.

•We obtained the expression of the dispersion relation, 
decay width and residue.

•The obtained vertex and the fermion self-energy satisfy 
the Ward-Takahashi identity.

•We discussed the relation between the chiral and 
charge symmetry and the ultrasoft fermion mode.
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