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Skyrme interactions (Skyrme functional)

̸=

Skyrme model
a nonlinear field theory supporting topological solitons (=Skyrmions)
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Generalities
Problems

Skyrme model(s)
Degrees of freedom of QCD:

high energy (fundamental): quarks and gluons
low energy (effective): hadrons

⇒ low energy effective field theory (EFT) of hadrons (currently not derivable

from QCD)

Supported by large Nc : QCD = EFT of mesons

One proposal: Skyrme model ↖
primary fields: only mesons

x
baryons and nuclei realized as top. solitons called Skyrmions; topological
charge = baryon number B (integer for finite E)

Numerical calc., e.g. B = 4
Figure 1: B = 4 Skyrmion (left) and deformed configuration (right). The figures show a constant
baryon density surface and are coloured using P.O. Runge’s colour sphere. The colours indicate
the value of the unit pion field π̂ = π/|π| [4].

Figure 2: B = 12 Skyrmion with D3h symmetry.

The Lagrangian in Skyrme units is

L =

∫ {
−1

2
Tr (RµR

µ) +
1

16
Tr ([Rµ, Rν ][Rµ, Rν ]) +m2 Tr (U − 12)

}
d3x , (2)

where Rµ = (∂µU)U †, and m is the dimensionless pion mass. Physical units are obtained by
fixing an energy and length scale appropriate to nuclear physics. The value of m has been
suggested to be in the range of 0.68 to 1.15 [9]. This range of values gives a reasonable match
to a range of nuclei. Here, we fix m = 1. At the end of this letter, we will discuss the effect of
changing m to 0.7. The Lagrangian splits into a kinetic part, quadratic in time derivatives of
U , and a static potential part. Skyrmions are minima of the potential energy and are labelled
by their baryon number B, the topological degree of the field U : R3 → SU(2) at a given time,
which is well-defined for fields satisfying the boundary condition U → 12 at spatial infinity.
The baryon density is

B = − 1

24π2
εijk Tr (RiRjRk) , (3)

and B is the spatial integral of this. Here, µ, ν are spacetime indices and i, j, k are spatial
indices.

To model nucleons and nuclei, one quantizes the Skyrmions as rigid bodies [10]. Some
vibrational excitations may also be included, but it is not practicable to treat the Skyrme

2

simplest case (two flavors): field space = chiral SU(2) matrix
U = ϕ01 + iϕ⃗ · τ⃗ , ϕ2

0 + ϕ⃗2 = 1 (pions π⃗ = Fπϕ⃗)
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Generalities
Problems

Skyrme model(s)
Original Skyrme model (SkM), massive pions (gµν → (+−−−)):

L024 = L0 + L2 + L4 , L0 = −(c0/2)Tr(1 − U)

L2 = −c2gµν Tr (LµLν), L4 = c4 gµρgνσTr ([Lµ, Lν ][Lρ, Lσ])

Lµ = U†∂µU

↱ ↰Ld>3 . . . necessary for Skyrmions

c0 = (F 2
πm2

π)/(4ℏ3) , c2 = F 2
π/(16ℏ) , c4 = ℏ/(32e2

Sk) . . . or free

Generalized Skyrme model (GSkM):

L0246 = L024 + L6 , L6 = −c6gµνBµBν ,

c6 = g2
ω/(2m2

ω)

Bµ =
1

24π2
Tr (ϵµνρσLνLρLσ) , B =

∫
d3xB0

L6 . . . ω-meson repulsion: indispensable at high density
necessary for Mmax ≥ 2M⊙; for c2

s ≥ 1/3
Skyrmions: static config. U (⃗r) with fixed B (b.c.) ⇒ minimize

E = −
∫

d3rL024(6)
Figure 1: B = 4 Skyrmion (left) and deformed configuration (right). The figures show a constant
baryon density surface and are coloured using P.O. Runge’s colour sphere. The colours indicate
the value of the unit pion field π̂ = π/|π| [4].

Figure 2: B = 12 Skyrmion with D3h symmetry.

The Lagrangian in Skyrme units is

L =

∫ {
−1

2
Tr (RµR

µ) +
1

16
Tr ([Rµ, Rν ][Rµ, Rν ]) +m2 Tr (U − 12)

}
d3x , (2)

where Rµ = (∂µU)U †, and m is the dimensionless pion mass. Physical units are obtained by
fixing an energy and length scale appropriate to nuclear physics. The value of m has been
suggested to be in the range of 0.68 to 1.15 [9]. This range of values gives a reasonable match
to a range of nuclei. Here, we fix m = 1. At the end of this letter, we will discuss the effect of
changing m to 0.7. The Lagrangian splits into a kinetic part, quadratic in time derivatives of
U , and a static potential part. Skyrmions are minima of the potential energy and are labelled
by their baryon number B, the topological degree of the field U : R3 → SU(2) at a given time,
which is well-defined for fields satisfying the boundary condition U → 12 at spatial infinity.
The baryon density is

B = − 1

24π2
εijk Tr (RiRjRk) , (3)

and B is the spatial integral of this. Here, µ, ν are spacetime indices and i, j, k are spatial
indices.

To model nucleons and nuclei, one quantizes the Skyrmions as rigid bodies [10]. Some
vibrational excitations may also be included, but it is not practicable to treat the Skyrme

2

. . . starting point for nuclei/ons
Relation to nuclei: Quantization . . . . . . non-renormalizable!

⇒ Quantize finite # of DoF . . . "Collective Coordinates (CC)"
. . . zero (spin, isospin) and nonzero (vibrational) modes
. . . nuclear spin, N,Z , nuclear spectra and resonances
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Skyrme model(s)

Generalized Skyrme model (GSkM):

L0246 = L024 + L6 , L6 = −c6gµνBµBν , c6 = g2
ω/(2m2

ω)

Bµ =
1

24π2
Tr (ϵµνρσLνLρLσ) , B =

∫
d3xB0

L6 . . . ω-meson repulsion: indispensable at high density

necessary for Mmax ≥ 2M⊙; for c2
s ≥ 1/3

Skyrmions: static config. U (⃗r) with fixed B (b.c.) ⇒ minimize

E = −
∫

d3rL024(6)
Figure 1: B = 4 Skyrmion (left) and deformed configuration (right). The figures show a constant
baryon density surface and are coloured using P.O. Runge’s colour sphere. The colours indicate
the value of the unit pion field π̂ = π/|π| [4].

Figure 2: B = 12 Skyrmion with D3h symmetry.

The Lagrangian in Skyrme units is

L =

∫ {
−1

2
Tr (RµR

µ) +
1

16
Tr ([Rµ, Rν ][Rµ, Rν ]) +m2 Tr (U − 12)

}
d3x , (2)

where Rµ = (∂µU)U †, and m is the dimensionless pion mass. Physical units are obtained by
fixing an energy and length scale appropriate to nuclear physics. The value of m has been
suggested to be in the range of 0.68 to 1.15 [9]. This range of values gives a reasonable match
to a range of nuclei. Here, we fix m = 1. At the end of this letter, we will discuss the effect of
changing m to 0.7. The Lagrangian splits into a kinetic part, quadratic in time derivatives of
U , and a static potential part. Skyrmions are minima of the potential energy and are labelled
by their baryon number B, the topological degree of the field U : R3 → SU(2) at a given time,
which is well-defined for fields satisfying the boundary condition U → 12 at spatial infinity.
The baryon density is

B = − 1

24π2
εijk Tr (RiRjRk) , (3)

and B is the spatial integral of this. Here, µ, ν are spacetime indices and i, j, k are spatial
indices.

To model nucleons and nuclei, one quantizes the Skyrmions as rigid bodies [10]. Some
vibrational excitations may also be included, but it is not practicable to treat the Skyrme

2

. . . starting point for nuclei/ons

Relation to nuclei: Quantization . . . . . . non-renormalizable!

⇒ Quantize finite # of DoF . . . "Collective Coordinates (CC)"

. . . zero (spin, isospin) and nonzero (vibrational) modes

. . . nuclear spin, N,Z , nuclear spectra and resonances
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Generalities
Problems

Skyrme model(s)
Conceptually attractive; naturally incorporates

chiral symmetry & breaking
baryon number conservation
Spin-statistics theorem
extended nucleons

⇒ no short distance sing. in NN interactions

Weaknesses & Problems

Currently NOT quantitatively competitive
Main reason: Calculations hard (from the start)
Especially extended versions (more interactions; more mesons) –
Exploration still in its infancy
BUT: significant recent progress

Skyrme crystals (SkC) and nuclear matter (NM)

Spoiler: reasonable for nB > n0, still with problems for nB ≤ n0

BUT: some very recent progress
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Skyrme model(s)
Specific problems of original SkM

Too large (classical) binding energies (B.E.)
⇒ generalized SkM: more mesons, more interactions
⇒ OR: vib. ZPE almost exactly cancel these B.E.

S.B. Gudnason, C. Halcrow, Quantum binding energies in the Skyrme model,
arXiv:2307.09272
Unrealistic shapes of Skyrmions

⇒ Inclusion of ρ mesons
C. Naya, P. Sutcliffe, Skyrmions and clustering in light nuclei, Phys. Rev. Lett.
121 (2018) 232002
Only some (rotational) nuclear spectra explained

⇒ Inclusion of vibrational modes (LEC-mf)
C. Halcrow, C. King, N. Manton, A dynamical α-cluster model of 16O, Phys. Rev.
C95 (2017) 031303
Insufficient description of NM by SkC for nB ≤ n0

⇒ SkC with non-cubic unit cells [HLS]
⇒ Inclusion of ρ mesons unpublished
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Cubic crystals
Improved crystals
High density

Skyrme crystals
Model nuclear matter (NM) with SkM?

Skyrmions with B >> 1 (e.g., B ∼ 1058) . . . impossible

Simplifying assumption: periodic lattice of unit cells U (⃗r + X⃗) = U (⃗r)

X⃗ ∈ Λ = {n1X⃗1 + n2X⃗2 + n3X⃗3 : n⃗ ∈ Z3} , X⃗i . . . basis in R3

⇒ minimize E [U] in unit cell; ∃ solutions ∀ X⃗i

Simplifying assumption: cubic unit cell X⃗i = ℓêi , ℓ = 2L

Until very recently always assumed; not true in general

∼ true for mπ = 0, nB ≥ n0 or for nB >> n0

Further (discrete) sym. ⇒ FCC (→ SC 1
2

), Bcell = 4

or SC (→ BCC 1
2

), Bcell = 8

⇒ Skyrme crystal (SkC): necessary technical assumption. But: large Bcell (e.g.

cubes of cubes Bcell = n3Bmin); expensive
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Cubic crystals
Improved crystals
High density

Skyrme crystals

Examples
FCC → SC 1

2
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Periodic ri → ri + 2L; E and B0: accidental sym. ri → ri + L

Known for L(0)24, ∃ for L(0)246
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Improved crystals
High density

Skyrme crystals

(E/B)(L) curves, nB = (Bcell/(8L3))
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min. at L = L0, thermodyn. unstable for L > L0 . . . P < 0
nB(L0) ≡ n0 ∼ symmetric NM
L ≥ L0 might be relevant after corrections (SymEn, K -cond, phonon ZPE)
But not FCC: too big curvature at L0, too big compression modulus K



Skyrme model(s)
Skyrmion crystals
Symmetry Energy

Conclusions

Cubic crystals
Improved crystals
High density

Skyrme crystals
Possible improvements for nB ≤ n0

Unit cells with lesser symmetries and/or bigger B

Only cubic, Bcell = 4
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Only cubic, Bcell = 32
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L= 7

⇒ "nuclei" plus vacuum for L >> L0
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Cubic crystals
Improved crystals
High density

Skyrme crystals

⇒ Resulting (E/B)(L) curves
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Much lower energies for L >> L0

Somewhat lower K but insufficient decrease
Like FCC for L < L0
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Cubic crystals
Improved crystals
High density

Skyrme crystals
Possible improvements for nB ≤ n0

Non-cubic unit cells,

Bcell = 4 [HLS]

Again, lower B.E. and insufficient decrease of K
Nuclear pasta-like new phases: Chains (=spagetti), sheets (=lasagne)

⇒ Bcell >> 4 and further (quantum & Coulomb) corrections: very important,
but expensive
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Cubic crystals
Improved crystals
High density

Skyrme crystals

Possible improvements for nB ≤ n0

Inclusion of ρ meson Rµ = i ρ⃗µ · τ⃗ , Rµν = ∂µRν − ∂νRµ

Only simplest interaction LI =
α
2 TrRµν [Lµ, Lν ]

Cubic unit cell, Bcell = 4, L024 unpublished
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cα = 0

cα = 0.125

cα = 0.166

cα = 0.208

cα = 0.220

Significant improvement from K/Kph ∼ 4 to K/Kph ∼ 1.5
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Cubic crystals
Improved crystals
High density

Skyrme crystals
SkC: Indications for good behavior for large nB

Universal: different (improved) SkC converge to same FCC E(L)

SkC EoS for L0246 coincides with Walecka model . . . ω repulsion

CA, M. Haberichter, AW, Skyrme models and nuclear matter equation of state,

Phys. Rev. C 92 (2015), 055807

Class. SkC EoS gives already good NS description (before full L0246 SkC)

CA, AGMC, MH, RV, AW, A new consistent neutron star equation of state from a

generalized Skyrme model, Phys. Lett. B 811 (2020) 135928

Idea: Hybrid EoS (NM = BCPM)

nB : > n2 > n1 > n0 > 0

EoSL6 EoSL024 EoSNM EoSNM

(Almost) independent of c0246 ⇒
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Cubic crystals
Improved crystals
High density

Skyrme crystals

Class. SkC . . . sym. NM; no Esym; only EoS

Implicit assumptions for large nB :

Extended nucleons important
Repulsive nuclear force most important
No exotic (hyperon) contributions relevant in NS; can be included only for
full SkC, not for EoS. Deconfinement not relevant for NS
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General formalism
Example

Symmetry energy

Symmetry energy ⇔ Isospin quantization

L invar. under U → AUA†, A ∈ SU(2) or ϕ⃗→ R(A)ϕ⃗, Rij (A) = 1
2 Tr(τi Aτj A†)

A . . . CC: A → A(t), U → UB (⃗r) ⇒ L ≡
∫

d3rL = 1
2ωiΛijωj − MB

ωi = −iTr(τi A†Ȧ) . . . iso-ang. velocity
Λij . . . iso-moment-of-inertia (IMoI) tensor; depends on L246

⇒ Hiso = H − MB = 1
2 Ki (Λ

−1)ij Kj , Ki =
∂L
∂ωi

= Λijωj

Ki . . . body-fixed iso-angular momentum
Ii = −Rij (A)Kj . . . space-fixed iso-angular momentum

Quantization: Ki , Ii → K̂i , Îi . . . [K̂i , K̂j ] = iℏϵijk K̂k etc.

Hiso → Ĥiso acting on |Ψ(q); i, i3⟩ =
∑i

k3=−i c ii3
k3
(q)|i, i3, k3⟩ . . . rigid rotor

Not all |i, i3, k3⟩ allowed . . . FR constraints . . . syms. of UB (⃗r)

Now: UB (⃗r) → USkC (⃗r) . . . Skyrme crystal
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Symmetry energy

SkC: Vcr = NcellVcell , Bcr = NcellBcell , Ncell >> 1

Iso-moment of inertia: (Λcr)ij = Ncell(Λcell)ij

Simplifying assumption: (Λcell)ij = Λcellδij . . . true for many SkC

⇒ Ĥiso,cr =
ˆ⃗K 2

cr
2NcellΛcell

=
ˆ⃗I2cr

2NcellΛcell
, acts on |Ψ⟩cr . . . not calculable

Assumptions:

|Ψ⟩cr = ⊗Ncell |ψ⟩cell , and |Ψ⟩cr and |ψ⟩cell share same crystal syms.
⇒ |ψ⟩cell calculable: icell = 0, . . . , Bcell

2 and FR constraints
Mean-field approx. for isospin density Î0

3 → ⟨I0
3 ⟩

⟨I0
3 ⟩ =

ℏ i3
Vcr

=
ℏ⟨i3⟩cell

Vcell
, i3 =

Z − N
2

= −1
2

Bcr(1 − 2γp) = −1
2

Bcrδ

where γp = (Z/(Z + N)), δ = (N − Z )/(Z + N) and Z + N = Bcr

Isospin energy Eiso,cr = cr⟨Ψ|Ĥiso,cr|Ψ⟩cr minimal for i = i3



Skyrme model(s)
Skyrmion crystals
Symmetry Energy

Conclusions

General formalism
Example

Symmetry energy

Isospin energy per baryon

Eiso,cr =
ℏ2i(i + 1)

2Λcr
∼

ℏ2i23
2NcellΛcell

=
ℏ2BcrBcell

8Λcell
δ2

⇒ Eiso,cr

Bcr
=

ℏ2Bcell

8Λcell
δ2 =

ℏ2VcellnB

8Λcell
δ2

Compare with B.E. per baryon of asymmetric NM:

E
B
(nB , δ) = EN(nB) + SN(nB)δ

2 +O(δ3)

B.E. of symmetric NM

↱ ↰

Symmetry energy

SN = ℏ2Bcell
8Λcell

where Λcell implicitly depends on nB .
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General formalism
Example

Symmetry energy
Example [2]

FCC SkC, parameters c024 from standard fit to p and ∆, c6 = π4λ2 free, n ≡ nB

0.5 1.0 1.5 2.0 2.5 3.0 3.5
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λ 2 = 0

λ 2 = 1.5

λ 2 = 3

λ 2 = 5

λ2 = 0 : limnB→∞ SN(nB) = ∞ ; λ2 > 0 : limnB→∞ SN(nB) = S∞ <∞
qualitative good description of SN for certain c6, despite bad K
Why: IMoI Λ =

∫
d3r Λ̃ is

∫
of density . . . insensitive to vacuum;

to location of nucleons
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For a given SkC ⇒ straight forward calculation of SN [2]

Works also beyond SkM (e.g. holographic QCD, Sakai-Sugimoto model): field
theory, periodic NM solution ⇒ isospin ⇒ SN

L. Bartolini, S. Gudnason, Symmetry energy in holographic QCD, e-Print:
2209.14309

Works also, e.g., for Kaon condensate [3]

SkC as a model for NM? Current status

works reasonable for nB > n0 (universality).
Big problems for nB ≤ n0.
Possible solutions:

- Inclusion of further (vector) mesons
- Non-cubic crystals
- Bigger unit cells to detect non-crystalline solutions

Key question: Skyrme matter = Skyrme crystal?

Currently answer not known, difficult numerical problem ⇒ future work.



Skyrme model(s)
Skyrmion crystals
Symmetry Energy

Conclusions

Thank you
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Skyrme model(s)
Skyrmion crystals
Symmetry Energy

Conclusions

λ2 = 1.5 : SN(n0) = S0 = 31.9 MeV,L = 46.4 MeV,Ksym = −130 MeV
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Particle fractions
λ2 = 0 . . . continuous; λ2 = 1.5 . . . dashed

1 2 3 4
n/n0

10-2

10-1

100
γ
i

n

xDU

p

µ

e



Skyrme model(s)
Skyrmion crystals
Symmetry Energy

Conclusions

Symmetry energies for many parameters, many EoS
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