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CHIRAL  THERMODYNAMICS:
from NUCLEAR MATTER to NEUTRON STARS

Wolfram Weise

Nuclear Equation of State:

QCD interface with nuclear physics: 
                    in-medium Chiral Effective Field Theory

Density and temperature dependence of the 
              Chiral (Quark) Condensate

      new constraints  from  Neutron Stars

liquid-gas phase transition and its N/Z evolution 

Equation of State of dense and cold matter:
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NUCLEAR MATTER   and  QCD PHASES

Momentum scale:
Fermi momentum 

?

?

kF ! 1.4 fm
−1

∼ 2mπ

NN distance:  dNN ! 1.8 fm ! 1.3 m
−1

π

Scales in nuclear matter:

Energy per nucleon:  E/A ! −16 MeV

Compression modulus: K = (260 ± 30) MeV∼ 2mπ



Nuclear Forces
- Contemporary Developments -
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Hierarchy of 
SCALES

Early history:

M. Taketani, 
S. Nakamura, 

M. Sasaki
(1951)

Today’s approach:
Chiral Effective Field Theory  +  Lattice QCD
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 NN  POTENTIAL  from  LATTICE  QCD

  Reconstruct potential 
from wave function:

still:  mostly quenched QCD

N. Ishii, S. Aoki, T. Hatsuda:  Phys. Rev. Lett. 99 (2007) 022001
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Repulsive core
from Lattice QCDVC(r) = E +
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mπ = 0.53 GeV

“large” quark/pion masses

  Short
 distance:

K. Murano, N. Ishii, S. Aoki, T. Hatsuda:  Prog. Theor. Phys. 125 (2011) 1225



Chiral Effective Field Theory
and the 

Nuclear Many-Body Problem



PIONS  and  NUCLEI  
in the context of  LOW-ENERGY QCD

LOW-ENERGY / LOW-TEMPERATURE QCD:    

Effective  Field  Theory  of  weakly interacting 

Nambu-Goldstone Bosons (PIONS) 

representing QCD at (energy and momentum) scales

CONFINEMENT of quarks and gluons in hadrons

Spontaneously broken CHIRAL SYMMETRY

Q << 4π fπ ∼ 1GeV

m
2
π
f
2
π

= −mq 〈ψ̄ψ〉 + O(m2

q
)

  spontaneous 
symmetry breaking

      explicit 
symmetry breakingfπ = 92.4MeV

π
µ

ν

Axial current



Interacting systems of 
PIONS  (light / fast)  and  NUCLEONS  (heavy / slow):   

+ + . . .

π πN N

+

π π

Leff = Lπ(U, ∂U) + LN (ΨN , U, ...)

U(x) = exp[iτaπa(x)/fπ]

CHIRAL  EFFECTIVE  FIELD  THEORY

Construction of Effective Lagrangian: Symmetries
short

distance
dynamics:

contact terms

Systematic framework at interface of QCD and Nuclear Physics
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FIG. 1. The unpolarized total photoabsorption cross section on 1H obtained in this work is compared to previous results [9]
(open circles), [17] (stars) and to the HDT [18], SAID [19] and UIM [20] analyses. The statistical error bars are smaller than
the size of the symbols.
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FIG. 2. The total cross section difference (σ3/2 − σ1/2) on 1H is compared to previous results [1] (open circles) and to the
predictions of the HDT [18], SAID [19] and UIM [20] analyses. Only statistical errors are shown.
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Explicit DEGREES of FREEDOM∆(1230)

Large spin-isospin polarizabilty of the Nucleon

β∆ =
g2
A

f2
π
(M∆ − MN)

∼ 5 fm3

M∆ − MN " 2 mπ << 4π fπ

(small scale)

N N
π

π

∆

strong 3-body 
interaction

N

N

N

π

π

example: polarized Compton scattering

MAMI
(2001)

Pionic Van der Waals - type intermediate range central potential
N. Kaiser, S. Fritsch,  W. W. ,  NPA750 (2005) 259 N. Kaiser, S. Gerstendörfer,  W. W. ,  NPA637 (1998) 395

Vc(r) = −

9g2
A

32π2 f2
π

β∆

e−2mπr

r6
P(mπr)

J. Fujita, H. Miyazawa (1957) 

Pieper, Pandharipande, Wiringa, Carlson (2001) 
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N
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 Explicit DEGREES of FREEDOM  (contd.)∆(1230)

Kaiser et al. ,   Ordonez et al. 

Krebs,  Epelbaum,  Meißner  (2007)

Important physics of ∆(1230) promoted to NLO 

Improved convergence 

(with thanks to Evgeny Epelbaum)
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 Important  pieces  of  the 
 CHIRAL NUCLEON-NUCLEON INTERACTION

ISOVECTOR  
TENSOR  FORCE

s1 s2

VT

note:  no     meson 

 CENTRAL  ATTRACTION  from TWO-PION EXCHANGE
NN

NN

π

π

exchange

note:  no     boson  σ

ρ

 Van der WAALS - like force:

Vc(r) ∝ −

exp[−2mπr]

r6
P(mπr)

... at intermediate and long distance

N. Kaiser, S. Gerstendörfer, W.W.: Nucl. Phys. A 637 (1998) 395

∆(1232)



 

PIONS (and DELTA isobars) as explicit degrees of freedom

  pion exchange processes in presence of filled Fermi sea

π
π

π

+ +   ...  in-medium

   IN-MEDIUM CHIRAL PERTURBATION THEORY

N Nshort-distance dynamics: 

N,∆N N N N

Small 
scales:

2nd order TENSOR force  +  nucleon’s SPIN-ISOSPIN polarizability

kF ∼ 2mπ ∼ M∆ − MN << 4π fπ

contact interactions

N. Kaiser,  S. Fritsch,  W. W.  (2002 - 2005) 

CHIRAL DYNAMICS and the 
NUCLEAR MANY-BODY PROBLEM

(incl. resummations)



 

   Systematic expansion of  ENERGY DENSITY  
powers of Fermi momentum

E(kF)

 Loop expansion of (In-Medium) Chiral Perturbation Theory

[modulo functions fn(kF/mπ)

in
]

   IN-MEDIUM CHIRAL PERTURBATION THEORY

Nuclear thermodynamics: compute free energy density  

(3-loop order)
N. Kaiser,  S. Fritsch,  W. W. 

 (2002-2005)

in-medium
nucleon propagators
incl. Pauli blocking

(works for   kF << 4π fπ ∼ 1GeV)



. . . including the nuclear surface :
Energy Density Functional 

many quantitatively successful applications 
throughout the nuclear chart e.g. P. Finelli et al.:  Nucl. Phys.  A 770 (2007)1

J.W. Holt, N. Kaiser,  W. W. :  Eur. Phys. J.  A 47 (2011) 128

    FINITE  NUCLEI

  binding energies and charge radii

pairing and ground state deformations  

systematics through isotopic chains governed by
isospin dependent forces 
from chiral pion dynamics



. . . further applications

Gamow-Teller beta decays   

interesting 
case: 
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anomalously long lifetime (5739 y) 
enables radiocarbon dating

Theoretically not understood on the basis of two-nucleon interactions only

Solution:  chiral effective interaction including three-body force
J.W. Holt, N. Kaiser,  W. W. :  Phys. Rev. C79 (2009) 054331,  Phys. Rev. C81 (2010) 024002 

Spin-orbit interactions   

Role of 2nd order tensor force from pion exchange 
and three-body interactions

In-medium Chiral SU(3) dynamics and hypernuclei   

N. Kaiser:  Phys. Rev. C68 (2003) 054001;  N. Kaiser and  W. W. : Nucl. Phys.  A804 (2008) 60 

N. Kaiser,  W. W. : Phys. Rev. C71 (2005) 015203 
P. Finelli, N. Kaiser, D. Vretenar,  W. W. : Phys. Lett.  B658 (2007) 90;  Nucl. Phys.  A831 (2009) 163 

Weak    -nuclear spin-orbit couplingΛ



Inclusion of chiral πN∆-dynamics
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Nuclear matter saturation curve Ē(kf ):

essentially an analytical calculation

one single term linear in ρ adjusted

Ē0 = −16MeV

ρ0 = 0.157 fm−3

K = 300MeV (somewhat high)
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eV Real single-particle potential U(p, kf0):

p-dependence of U(p, kf ) improved
effective nucleon mass at Fermi

surface: M∗(kf0) = 0.88MN

Hugenholtz-van-Hove theorem:

Tkin(kf ) + U(kf , kf ) = Ē(kf ) + kf
3

∂Ē
∂kf

severe problem in BHF calculations

N. Kaiser Chiral dynamics of nuclear matter
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NUCLEAR  MATTER

S. Fritsch, N. Kaiser,  W. W. 
 Nucl. Phys.  A 750 (2005) 259

  In-medium ChPT  
(π,N,∆)

basically: 
analytic calculation

Input parameters:
two contact terms

Output:

Binding & saturation
E0/A = −16MeV , ρ0 = 0.16 fm

−3 , K = 290MeV

Realistic (complex, momentum dependent) single-particle potential
... satisfying Hugenholtz - van Hove and Luttinger theorems (!)

Asymmetry energy A(k0
F) = 34MeV

Quasiparticle interaction and Landau parameters

 3-loop 

 J.W. Holt, N. Kaiser,  W. W.
 Nucl. Phys.  A 870 (2011) 1, 
 Nucl. Phys.  A 876 (2012) 61 

T = 0
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NUCLEAR  THERMODYNAMICS

π

π

N N

N N

+

 Van der Waals  +  Pauli 

contact terms 

Liquid - Gas  Transition  at
Critical Temperature T  = 15 MeVc

c

S. Fritsch,  N. Kaiser,  W. W. :  Nucl. Phys.  A 750 (2005) 259

(empirical:   T  = 16 - 18 MeV)

baryon density

pressure

nuclear matter: equation of state

 NUCLEAR 
CHIRAL (PION) DYNAMICS

N,∆

BINDING & SATURATION:

3-loop 
in-medium 

ChEFT

+
3-body
forces
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PHASE  DIAGRAM  of  NUCLEAR MATTER

In-medium 
chiral effective field theory
(3-loop calculation of free energy density)

Pion-nucleon dynamics 
incl. delta isobars

Short-distance 
NN contact terms

Three-body forces

S. Fritsch,  N. Kaiser,  W. W.  
Nucl. Phys.  A 750 (2005) 259

S. Fiorilla,  N. Kaiser,  W. W.   
Nucl. Phys.  A 880 (2012) 65
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Phase diagram of nuclear matter: summary

T − ρ diagram
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“Last” critical point:
ρC � 0.0316 fm−3.

Salvatore Fiorilla, Norbert Kaiser, Wolfram Weise Chiral dynamics and phase diagram of nuclear matter
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Trajectory of  CRITICAL POINT for  asymmetric matter

. . . determined almost entirely by 
isospin dependent (one- and two-) pion exchange dynamics

as function of proton fraction Z/A

S. Fiorilla,  N. Kaiser,  W. W.   
Nucl. Phys. A880 (2012) 65



NEUTRON  MATTER
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In-medium chiral effective field theory (3-loop) with resummation of 
short distance contact terms (large nn scattering length,

S. Schultess, N. Kaiser,  W. W. (2012)

as = 19 fm)
N. Kaiser,  Nucl. Phys. A 860 (2011) 370

perfect agreement with sophisticated many-body calculations

In-medium ChPT + resummation

Akmal, Pandharipande, Ravenhall

(e.g.  VCS (Urbana) or QMC methods (P.  Armani et al., arXiv:1110.0993) )

Phys. Rev. C58 (1998) 1804



. . . short digression:

Nuclear Thermodynamics 
and the

Chiral Condensate



CHIRAL  CONDENSATE  at finite  BARYON  DENSITY  

〈q̄q〉ρ
〈q̄q〉0

= 1 −
ρ

f2π

[

σN

m2
π

(

1 −
3p2

F

10M2
N

+ . . .

)

+
∂

∂m2
π

(

Eint(pF)

A

)]

(free) Fermi gas
of nucleons

nuclear interactions
(dependence on pion mass)

mq

∂MN

∂mq

sigma term π

πN N

  in-medium
chiral

effective
field theory

Hellmann - Feynman theorem:   〈Ψ|q̄q|Ψ〉 = 〈Ψ|
∂HQCD

∂mq
|Ψ〉 =

∂E(mq; ρ)

∂mq

Chiral (quark) condensate         :〈q̄q〉

Order parameter of spontaneously broken chiral symmetry in QCD
m2

π
f2
π

= −2mq〈q̄q〉
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CHIRAL  CONDENSATE:   DENSITY  DEPENDENCE

Substantial change of symmetry breaking scenario
between chiral limit mq = 0 and physical quark mass mq ∼ 5MeV

Nuclear Physics would be very different in the chiral limit !

constrained by 
realistic nuclear

equation of state

In-medium
Chiral

Effective
Field Theory

(Fermi gas)
N. Kaiser,  Ph. de Homont,  W. W.
Phys. Rev. C 77 (2008) 025204 

(NLO  3-loop) 

(σN = 45MeV)



CHIRAL  CONDENSATE:   
DENSITY  and  TEMPERATURE DEPENDENCE

constrained by 
realistic nuclear

equation of state

In-medium
Chiral

Effective
Field Theory

(NLO  3-loop) 

No indication of first order chiral phase transition for 

〈Ψ|q̄q|Ψ〉ρ,T =
∂F(mq; ρ,T)

∂mq

Free energy density 

F(mq; ρ,T)

ρ ! 2 ρ0 , T ! 100MeV

S. Fiorilla, N. Kaiser,  W. W.
arXiv:1204.4318 [nucl-th]
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CHIRAL  CONDENSATE:   
Dependence on 

TEMPERATURE  and  BARYON CHEMICAL POTENTIAL

liquid-gas phase transition leaves its signature also in chiral condensate

but:  no tendency toward chiral first order transition in the range
µB ! 1 GeV

baryon chemical potential

S. Fiorilla, 
N. Kaiser, 

 W. W.
arXiv:1204.4318 
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Outlooks:

New Constraints
from

NEUTRON STARS



3/40

Mass Radius Relationship

Lattimer & Prakash , Science 304, 536 (2004).
39/40

NEUTRON STARS and the 
EQUATION OF STATE  of  

DENSE BARYONIC MATTER

Mass-Radius Relation

J. Lattimer, M. Prakash: Astrophys. J.  550 (2001) 426  

Neutron Star Scenarios

STRANGE
QUARK 
MATTER

NUCLEAR
MATTER

Tolman-Oppenheimer-Volkov
equations

Phys. Reports 442 (2007) 109 

dM

dr
= 4πr

2
E

c2

dP

dr
= −

G

c2

(M + 4πPr3)(E + P)

r(r − GM/c2)



direct measurement of

neutron star mass from

increase in travel time

near companion

J1614-2230

most edge-on binary

pulsar known (89.17°)

+ massive white dwarf

companion (0.5 Msun)

heaviest neutron star

with 1.97±0.04 Msun

Nature, Oct. 28, 2010
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Fig. 9.— The upper panels give the probability distributions for the mass versus radius curves implied by
the data, and the solid (dotted) contour lines show the 2-σ (1-σ) contours implied by the data. The lower
panes summarize the 2-σ probability distributions for the 7 objects considered in the analysis. The left
panels show results under the assumption rph = R, and the right panes show results assuming rph ! R. The
dashed line in the upper left is the limit from causality. The dotted curve in the lower right of each panel
represents the mass-shedding limit for neutron stars rotating at 716 Hz.
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FIG. 1: Pressure of neutron star matter based on chiral low-momentum interactions for densities ρ < ρ1 (corresponding
to a neutron density ρ1,n = 1.1ρ0). The band estimates the theoretical uncertainties from many-body forces and from an
incomplete many-body calculation. At low densities, the results are compared to a standard crust EOS [16], where the right
panel demonstrates the importance of 3N forces. The extension to higher densities using piecewise polytropes (as explained in
the text) is illustrated schematically in the left panel.

< 5% for densities ρ0/8 < ρ < ρ1 = 3.0 × 1014 g cm−3

(ρ1 corresponds to a neutron density ρ1,n = 1.1ρ0). We
obtain the following symmetry energy parameters and
proton fractions:

c1 [GeV−1] c3 [GeV−1] S2 [MeV] γ x(ρ0)

−0.7 −2.2 30.1 0.5 4.8%
−1.4 −4.8 34.4 0.6 7.2%

NN-only EM 26.5 0.4 3.3%
NN-only EGM 25.6 0.4 2.9%

The resulting pressure of neutron star matter is shown
in Fig. 1 for densities ρ < ρ1. The comparison of these
parameter-free calculations to a standard crust EOS [16]
shows good agreement to low densities ρ ! ρ0/10 within
the theoretical uncertainties. The band in Fig. 1 is domi-
nated by the uncertainty in c3, which may seem large, but
can be expected at leading 3N order [17]. In addition, the
right panel of Fig. 1 demonstrates the importance of 3N
forces. The pressure obtained from low-momentum NN
interactions only, based on the RG-evolved chiral N3LO
potentials of Entem and Machleidt (EM) [11] or of Epel-
baum et al. (EGM) [12], differ significantly from the
crust EOS at ρ0/2.
Neutron stars.– The structure of neutron stars (non-

rotating and without magnetic fields) is determined by
solving the Tolman-Oppenheimer-Volkov (TOV) equa-
tions. Because the central densities reach values higher
than ρ1, we need to extend the uncertainty band for
the pressure of neutron star matter beyond ρ1. To this
end, we introduce a transition density ρ12 that separates
two higher-density regions, and describe the pressure by
piecewise polytropes, P (ρ) = κ1ρΓ1 for ρ1 < ρ < ρ12, and
P (ρ) = κ2ρΓ2 for ρ > ρ12, where κ1,2 are determined by
continuity of the pressure. Ref. [18] has shown that such
a piecewise polytropic EOS can match a large set of neu-

tron star matter EOS taking 1.5 < Γ1,2 < 4.0 and transi-
tion densities ρ12 ≈ (2.0 . . . 3.5)ρ0. We therefore extend
the pressure of neutron star matter based on chiral EFT
using two general piecewise polytropes, as illustrated in
Fig. 1, with 1.5 < Γ1,2 < 4.5 and 1.5 < ρ12/ρ0 < 4.5.

We solve the TOV equations for the limits of the pres-
sure band below nuclear densities continued by the piece-
wise polytropes to higher densities. The range of Γ1,2

and ρ12 can be constrained further, first, by causality
that limits the speed of sound to lightspeed, and second,
by requiring the EOS to support a neutron star with at
least M = 1.65M" [19]. The resulting allowed range
of polytropes is shown by the light blue band at higher
density in Fig. 2. The comparison with a representa-
tive set of EOS used in the literature [15] demonstrates
that the pressure based on chiral EFT interactions (the
darker blue band) sets the scale for the allowed higher-
density extensions and is therefore extremely important.
It also significantly reduces the spread of the pressure at
nuclear densities from a factor 6 at ρ1 in current neutron
star modeling to a factor 1.5.

Results.– In Fig. 3 we show the neutron star M -R
curves obtained from the allowed EOS range. The blue
region corresponds to the blue band for the pressure in
Figs. 1 and 2. At the limits of this region, the pressure
of neutron star matter continues in form of the piece-
wise polytropes, and all curves end when causality is
violated. If this is reached before a maximum mass at
dM/dR = 0, one could continue the M -R curves by en-
forcing causality. This would lead to a somewhat larger
maximum mass, but would not affect the masses and
radii of neutron stars with lower central densities. We
observe from the transition density points ρ12 in Fig. 3
that the range of Γ1 dominates the uncertainty of the
general extension to high densities. Smaller values of Γ1
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Figure 6.3: PSR J1614-2230 and the observational constraints to the radii due to Steiner
et al. delimits the range for the physical EoS into the green area (for further explanation
see text). The horizontal dashed lines are the limits previously given for P2 according to
[19]. The APR EoS [20] is shown for comparison.
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Mass - Radius relation
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In-medium Chiral Effective Field Theory up to 3 loops
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SUMMARY

No indication of first order chiral transition in the density and 
temperature range 

Nuclear thermodynamics based on in-medium  
Chiral  Effective  Field  Theory  valid for 

Convergence issues:  four-body correlations ?

   Stiff EoS required;   “non-exotic” equation of state works best !    

New dense & cold matter constraints from neutron stars:

Mass-radius relation;  observation of two-solar-mass neutron star 

ρ ! 2 ρ0 , T ! 100MeV

Realistic equations of state for nuclear and neutron matter 

Proper treatment of in-medium 
                          two-pion exchange and three-body forces 
 Fermi liquid         interacting Fermi gas            (1st order transition)

kF < 4π fπ ∼ 1GeV
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Chemical freeze-out in heavy ion collisions at large baryon densities
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We argue that the chemical freeze-out in heavy ion collisions at high baryon density is not as-
sociated to a phase transition or rapid crossover. We employ the linear nucleon-meson model with
parameters fixed by the zero-temperature properties of nuclear matter close to the liquid-gas quan-
tum phase transition. For the parameter region of interest this yields a reliable picture of the
thermodynamic and chiral properties at non-zero temperature. The chemical freeze-out observed in
low-energy experiments occurs when baryon densities fall below a critical value of about 15 percent
of nuclear density. This region in the phase diagram is far away from any phase transition or rapid
crossover.

Relativistic heavy ion collisions are a promising way to
investigate the properties of fundamental quantum field
theory – more specific QCD – at nonzero temperature
and density. However, in contrast to most condensed
matter systems the produced matter has only a short live
time during which it expands and cools quickly. It is a
big challenge to determine the properties of the produced
matter. Basically all information has to be reconstructed
from the final state, i. e. from the momenta and chemical
composition of the detected particles.

Important observables are the yields of different parti-
cle species. To surprisingly good approximation they can
be described by the so called statistical model which as-
sumes a thermal distribution of a non-interacting hadron
resonance gas [1–3]. The most prominent observables ex-
tracted from the thermal fits are the temperature and
baryon chemical potential associated with the chemical
freeze-out.

It has been advocated that the chemical freeze-out
temperature coincides with the temperature of the QCD
phase transition for low baryon density [4]. The basic ar-
gument states that the rates of particle number changes
in the hadronic phase are too small to maintain chem-
ical equilibrium. This holds whenever scattering pro-
cesses involving only a few particles dominate. Chemical
freeze-out therefore occurs for particle number densities
that are just high enough that multi-particle scattering or
collective effects dominate. For low baryon number that
is possible only for temperatures very close to a phase
transition or crossover. The difference between the criti-
cal temperature and the freeze-out temperature has been
estimated to be less than 5 MeV. The measured freeze-
out temperature at RHIC at heavy ion collisions with√
sNN = 200 GeV of 164 ± 6 MeV [3] agrees actually

rather well with the critical temperature of the crossover
in lattice simulations of Tc ≈ (157 ± 10) MeV [5] and
Tc ≈ (154± 9) MeV [6].

The agreement between the critical temperature of a
phase transition or crossover and the observed chemical
freeze-out temperature is expected to hold for low values
of the chemical potential µ in the QCD phase diagram.
Naturally, the question arises whether a similar argument
can be extended to higher values of µ or larger baryon
density. Interesting ideas for this issue have been pro-

posed recently [7]. We ask: does the curve of measured
freeze-out temperatures reflect a phase transition line or
rapid crossover in the whole µ-T -plane?
In this letter we argue that this is not the case. The

observed freeze-out temperatures Tch for the largest val-
ues of µ lie actually in a region where a simple modeling
by baryons and mesons becomes possible. While a rapid
change of the particle density with temperature continues
to play a crucial role for the determination of Tch, this
actually happens in a region that is substantially away
from any transition or crossover. We illustrate the situa-
tion in Fig. 1 where we indicate the observed points in the
µ-T -plane and the region of validity of a simple baryon-
meson model. We also demonstrate in Fig. 2 the change
of particle density with temperature for fixed value of µ.
The dot in this figure indicates the measured value of Tch

for µ = 760 MeV. A similar figure 3 for the chiral order
parameter σ0 as a function of T shows that no particu-
lar distinct feature such as a (chiral) phase transition or
crossover is visible in this range. The deviations of σ0

from the vacuum value are small in the whole range of
the black solid curve in Fig. 1.
For a discussion of the phase diagram and the thermo-

dynamic and chiral properties within the region indicated
in Fig. 1 the linear nucleon-meson model is a reasonable
approximation. It uses as degrees of freedom the pro-
ton and neutron, a neutral vector meson ωµ as well as
the pions and the collective σ-meson. (We ignore isospin
violation and electromagnetism for simplicity.) Chiral
symmetry is implemented explicitly. Integrating out the
σ-degree of freedom yields an effective non-linear σ-model
coupled to nucleons and the vector meson. For this lat-
ter model the chiral perturbation theory has been used
extensively [8]. On the other hand, within a quadratic ap-
proximation to the effective potential of the field σ, and
if only the dominant nucleon fluctuations are included
for the computation of the chiral order parameter and
the baryon density, one recovers the gap equations of the
Walecka model [9]. Parameters of the effective potential
at zero temperature and the chemical potential µc cor-
responding to the gas-liquid phase transition in nuclear
matter can be determined from observation. In this pa-
rameter region the model can be mapped directly to the
nuclear droplet model.
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FIG. 1: Curve of constant baryon number nBaryons =
0.15 nnuclear in the Meson-Baryon model (solid black line).
The points with error-bars mark the chemical freeze-out as
obtained from the fits to experimentally measured particle
yields [3]. The red line marks the first order phase transition
to nuclear matter. The dashed and dashed-dotted lines indi-
cate an estimate for the range of applicability of our model.
More specific, in the region to the right of the dashed line the
relative contribution of pions to the pressure is smaller than
20%. In the region to the left of the dashed-dotted line the
baryon density nBaryons is smaller than 1.5 times the nuclear
saturation density nnuclear = 0.153/fm3. In this region no
signs of a phase transition are visible.
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FIG. 2: Number density of baryons as a function of the
temperature for µ = 750 MeV (solid line). Note that the
number of anti-baryons is negligible within the plot resolu-
tion. We also show the number of pions (dashed line). The
dot marks the experimental result for the chemical freeze-
out temperature Tch = 56+9.6

−2.0 MeV corresponding to µch =
760± 22.8MeV.

The computational task concerns then mainly the dif-
ference of the effective meson potential U(σ;T, µ) −
U(σ; 0, µc). This can be done by various methods – for
example one could employ functional renormalization by
adding nucleon degrees of freedom to the setting of ref.
[10]. For our limited purpose a very simple approach
will do. The potential difference is directly related to
difference of pressure for the parameters (σ;T, µ) and
(σ; 0, µc). This can be approximated by a free gas of
nucleons with σ-dependent mass. We can consider σ as
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FIG. 3: Chiral order parameter as a function of the tempera-
ture for µ = 750 MeV. The dot marks the experimental result
for the chemical freeze-out temperature Tch = 56+9.6

−2.0 MeV
corresponding to µch = 760± 22.8MeV.

an additional parameter in thermodynamics. Its value
can be varied by varying the quark mass. If needed, me-
son fluctuations can be added in a similar way. We will
discuss the linear nucleon-meson model in the setting of
ref. [11]. (Our normalization of σ differs by a factor 2
from [11].) Our new results extend the analysis to non-
vanishing temperature.

Linear nucleon-meson model

We use an effective model for baryons ψa (a is an
isospin index with ψ1 describing protons and ψ2 neu-
trons), an isospin singlet vector meson ωµ, a scalar meson
σ and pseudo-scalar mesons π0 = π3, π± = 1√

2
(π1± iπ2).

It is convenient to combine the scalars and pseudo-scalars
in the field

φab =

�
1√
2
(σ + iπ0) iπ−

iπ+ 1√
2
(σ − iπ0)

�
. (1)

The effective Lagrangian is of the form

L = ψ̄a iγν(∂ν − i g ων − i µ δ0ν) ψa

+
√
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+ 1
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4
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1

2
m2

ω ωµω
µ.

(2)

Here we use the chiral invariant scalar field combination
ρ = 1

2φ
∗
abφab and Umic(ρ,σ) is a microscopic form of the

effective potential

Umic(ρ,σ) = Ū(ρ)−m2
πfπσ. (3)

The Lagrangian (2) is invariant under the chiral symme-
try SU(2)V ×SU(2)A×U(1)V ×U(1)A where the nucleon
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cate an estimate for the range of applicability of our model.
More specific, in the region to the right of the dashed line the
relative contribution of pions to the pressure is smaller than
20%. In the region to the left of the dashed-dotted line the
baryon density nBaryons is smaller than 1.5 times the nuclear
saturation density nnuclear = 0.153/fm3. In this region no
signs of a phase transition are visible.
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The computational task concerns then mainly the dif-
ference of the effective meson potential U(σ;T, µ) −
U(σ; 0, µc). This can be done by various methods – for
example one could employ functional renormalization by
adding nucleon degrees of freedom to the setting of ref.
[10]. For our limited purpose a very simple approach
will do. The potential difference is directly related to
difference of pressure for the parameters (σ;T, µ) and
(σ; 0, µc). This can be approximated by a free gas of
nucleons with σ-dependent mass. We can consider σ as
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son fluctuations can be added in a similar way. We will
discuss the linear nucleon-meson model in the setting of
ref. [11]. (Our normalization of σ differs by a factor 2
from [11].) Our new results extend the analysis to non-
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relative contribution of pions to the pressure is smaller than
20%. In the region to the left of the dashed-dotted line the
baryon density nBaryons is smaller than 1.5 times the nuclear
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signs of a phase transition are visible.
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from [11].) Our new results extend the analysis to non-
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where τ = (τ1, τ2, τ3) are the Pauli matrices in isospin

space and the scalar field transforms according to
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The vector meson field ωµ is invariant under the above

symmetry. It couples to the conserved baryon number

current associated with the U(1)V symmetry such that

only the spin-one part of ωµ plays a role while the spin-

zero component ∂µωµ
decouples.

The only explicit breaking of chiral symmetry comes

from the quark masses. This is reflected by the linear

term in the effective potential (3). Therefore Umic de-

pends explicitly on the field σ in addition to the invariant

ρ =
1
2 (σ

2
+ π2

). The scalar field σ will have a vacuum

expectation value, in contrast to the pseudo-scalar field,

π0
= π+

= π−
= 0. Due to rotational symmetry, only

the zero-component of the vector field ωµ can have an

expectation value. Inspection of Eq. (2) shows that this

can be interpreted as a shift in the effective chemical po-

tential.

We are interested in the quantum effective potential

U(σ,ω0) which includes the effects of quantum and ther-

mal fluctuations. It can be obtained from the quan-

tum effective action - the generating functional for one-

particle irreducible Greens functions - by specializing to

constant σ and ω with ψ = 0,π = 0. The minimum of

U(σ,ω0) determines the expectation values for σ and ω0,

i.e. the chiral order parameter and the effective chemical

potential. In general, the computation of U(σ,ω0) from a

microscopic action is a complicated task. From the real-

ization of symmetries we know, however, that the explicit

symmetry breaking occurs only via the unaffected linear

term,

U(σ,ω0) = U(ρ,ω0)−m2
πfπσ , ρ =

1

2
σ2, (6)

such that the task consists in a computation of the chi-

rally invariant potential U(ρ,ω0).

We are only interested in the difference ∆ =

U(ρ,ω0;T, µ) − U(ρ,ω0; 0, µc), with µc the value of the

chemical potential at which the zero-temperature phase

transition between a hadron gas and nuclear matter oc-

curs. This simplifies our task considerably. Instead of

a complicated computation of U(ρ,ω0; 0, µc) we can use

observation in order to pin down the relevant proper-

ties of this quantity. In a functional renormalization ap-

proach the difference ∆ involves only mesons with mass

m smaller πT or baryons with m− µeff smaller than πT ,
where µeff = µ+ gω̄0 and ω̄0 is the expectation value of

ω0 [10, 11]. In our range of interest these are essentially

nucleons and possibly pions, thus justifying the degrees

of freedom incorporated in our model.

Furthermore, for the relatively narrow range in T and

µ that we investigate here the running and the associated

µ- and T -dependence of the couplings h and g is small

and can be neglected. In a first approach we also neglect

the subleading pion fluctuations. With these approxima-

tions the solution of functional flow equations actually

reduces to performing a Gaussian functional integral over

the fermionic fields ψN in a background of constant σ and

ω0. This is nothing else than relativistic mean field the-

ory. We stress that mean field theory is generically not

expected to give reliable results in our setting with strong

interactions. For example, a mean field computation of

U(ρ,ω0; 0, µc) would fail badly. However, the more gen-

eral view from a functional renormalization perspective

permits to asses that the mean field result for ∆ is reli-

able within an appropriate parameter range. We expect

leading corrections from the omitted pion fluctuations.

(They can be incorporated, in principle, in some type of

extended mean field theory, see below.) To the right of

the left dashed line in Fig. 1 the pion contributions to

the pressure are less than 20 %. A second type of cor-

rection is expected due to the neglected σ-dependence of
h, g and mω. In view of the small deviation of σ from its

vacuum value visible in Fig. 3 we expect this effect to be

small. It increases, however, for larger density and this

is one of the restrictions for the limitation of validity of

our model indicated by the right dashed line in Fig. 1.

We next discuss the mean field contribution to∆ which

is directly related to the pressure of a free nucleon gas

with field dependent masses. The corresponding contri-

bution to the effective potential depends on the tempera-

ture T and chemical potential µ. It can be parametrized

in terms of the pressure of a free gas of relativistic

fermions and corresponding antiparticles

PFG(T, µ,m) =
1

3

�
d3p

(2π)3
�p2�

�p2 +m2

×
�

1

e
1
T (

√
�p2+m2−µ)

+ 1

+
1

e
1
T (

√
�p2+m2+µ)

+ 1

�
.

(7)

Within our model, the effective potential for the bosonic

fields reads now

U(σ,ω0;T, µ) =Uvac(σ,ω0)

− 4 PFG(T, µ+ gω0, hσ),
(8)

where the factor 4 accounts for the degeneracy in spin

and isospin. For the effective potential in the vacuum (i.

e. at T = µ = 0) we use the parametrization

Uvac(σ,ω0) =
1

2
m2

π(2ρ− f2
π) +

1

8
λ(2ρ− f2

π)
2

+
1

3

γ3
f2
π

(2ρ− f2
π)

3
+

1

4

γ4
f4
π

(2ρ− f2
π)

4

−m2
πfπ(σ − fπ)−

1

2
m2

ωω
2
0 .

(9)
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FIG. 4: Effective potential U(σ) as a function of the chiral or-
der parameter for T = 0 and chemical potential µ = 915 MeV
(dotted line), µ = 922.7 MeV (solid line) and µ = 930 MeV
(dashed line).
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FIG. 5: Effective potential U(σ) as a function of the chiral
order parameter at the critical chemical potential of the first
order phase transition µ = µc(T ) for temperatures T = 0,
T = 5MeV, T = 10MeV, T = 15MeV and T = 20 MeV.

and the line of first order phase transitions ends in a
critical end point. The two minima merge into one. This
is completely analoguous to the critical endpoint for the
water-vapor transition. The computed temperature for
the endpoint, T∗ ≈ 20 MeV agrees well with observation,
demonstrating the validity of our treatment of the linear
nucleon-meson model.

Besides the first order gas-liquid phase transition, the
effective potential (8) also exhibits another first order
transition at larger values of the chemical potential. Here
the chiral condensate jumps to much smaller values which
vanish in the chiral limit mq = 0. This transition could
be associated with a transition from nuclear matter to
quark matter and restoration of chiral symmetry. It is
obvious that for quark matter the linear nucleon-meson
model cannot give a valid description and we therefore
cannot trust Eq. (8) in this region of the phase diagram.
It is possible to modify the model in order to incorporate
an effective change from nucleons to quarks. However,
the existence and properties of a phase transition depend
strongly on details of the change of effective degrees of

500 600 700 800 900
Μ �MeV�0

20

40

60

80

100
Σ0 �MeV�

FIG. 6: Chiral order parameter σ0 as a function of the chem-
ical potential for T = 0 (uppermost curve), T = 10 MeV,
T = 20 MeV, T = 30 MeV, T = 40 MeV, T = 50 MeV,
T = 60 MeV, T = 70 MeV and T = 80 MeV (lowermost
curve).
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FIG. 7: Baryon number density as a function of the chemical
potential for T = 0 (lowermost curve), T = 10 MeV, T =
20 MeV, T = 30 MeV, T = 40 MeV, T = 50 MeV, T =
60 MeV, T = 70 MeV and T = 80 MeV (uppermost curve).

freedom [11] such that no reliable information can be
gained without a better understanding how nucleons are
replaced by quarks. In practice, the chiral condensate in
the vicinity of the gas-liquid transition is typically in the
range σ = 65...93 MeV, while the additional minimum at
larger chemical potential occurs at much smaller values,
σ < 10 MeV. Obviously, the Taylor expansion of Uvac for
σ around fπ in Eq. (9) is no longer reliable for such small
values of σ. The investigations in ref. [11] show that the
phase transition to quark matter (if it exists) occurs for
baryon densities higher than the ones that would result
from the linear nucleon-meson model. Our limitation to
baryon densities smaller than 1.5 times nuclear density,
as indicated in Fig. 1, is therefore a conservative estimate
of the validity of our model.

For temperatures higher than the one of the critical
endpoint T∗ = 20.7 MeV one finds that the first order
phase transition gets replaced by a crossover which gets
rapidly rather smooth. To illustrate this we plot in Fig. 6
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transition at larger values of the chemical potential. Here
the chiral condensate jumps to much smaller values which
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freedom [11] such that no reliable information can be
gained without a better understanding how nucleons are
replaced by quarks. In practice, the chiral condensate in
the vicinity of the gas-liquid transition is typically in the
range σ = 65...93 MeV, while the additional minimum at
larger chemical potential occurs at much smaller values,
σ < 10 MeV. Obviously, the Taylor expansion of Uvac for
σ around fπ in Eq. (9) is no longer reliable for such small
values of σ. The investigations in ref. [11] show that the
phase transition to quark matter (if it exists) occurs for
baryon densities higher than the ones that would result
from the linear nucleon-meson model. Our limitation to
baryon densities smaller than 1.5 times nuclear density,
as indicated in Fig. 1, is therefore a conservative estimate
of the validity of our model.

For temperatures higher than the one of the critical
endpoint T∗ = 20.7 MeV one finds that the first order
phase transition gets replaced by a crossover which gets
rapidly rather smooth. To illustrate this we plot in Fig. 6
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FIG. 4: Effective potential U(σ) as a function of the chiral or-
der parameter for T = 0 and chemical potential µ = 915 MeV
(dotted line), µ = 922.7 MeV (solid line) and µ = 930 MeV
(dashed line).
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water-vapor transition. The computed temperature for
the endpoint, T∗ ≈ 20 MeV agrees well with observation,
demonstrating the validity of our treatment of the linear
nucleon-meson model.

Besides the first order gas-liquid phase transition, the
effective potential (8) also exhibits another first order
transition at larger values of the chemical potential. Here
the chiral condensate jumps to much smaller values which
vanish in the chiral limit mq = 0. This transition could
be associated with a transition from nuclear matter to
quark matter and restoration of chiral symmetry. It is
obvious that for quark matter the linear nucleon-meson
model cannot give a valid description and we therefore
cannot trust Eq. (8) in this region of the phase diagram.
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the existence and properties of a phase transition depend
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freedom [11] such that no reliable information can be
gained without a better understanding how nucleons are
replaced by quarks. In practice, the chiral condensate in
the vicinity of the gas-liquid transition is typically in the
range σ = 65...93 MeV, while the additional minimum at
larger chemical potential occurs at much smaller values,
σ < 10 MeV. Obviously, the Taylor expansion of Uvac for
σ around fπ in Eq. (9) is no longer reliable for such small
values of σ. The investigations in ref. [11] show that the
phase transition to quark matter (if it exists) occurs for
baryon densities higher than the ones that would result
from the linear nucleon-meson model. Our limitation to
baryon densities smaller than 1.5 times nuclear density,
as indicated in Fig. 1, is therefore a conservative estimate
of the validity of our model.

For temperatures higher than the one of the critical
endpoint T∗ = 20.7 MeV one finds that the first order
phase transition gets replaced by a crossover which gets
rapidly rather smooth. To illustrate this we plot in Fig. 6
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FIG. 1: Curve of constant baryon number nBaryons =
0.15 nnuclear in the Meson-Baryon model (solid black line).
The points with error-bars mark the chemical freeze-out as
obtained from the fits to experimentally measured particle
yields [3]. The red line marks the first order phase transition
to nuclear matter. The dashed and dashed-dotted lines indi-
cate an estimate for the range of applicability of our model.
More specific, in the region to the right of the dashed line the
relative contribution of pions to the pressure is smaller than
20%. In the region to the left of the dashed-dotted line the
baryon density nBaryons is smaller than 1.5 times the nuclear
saturation density nnuclear = 0.153/fm3. In this region no
signs of a phase transition are visible.
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FIG. 2: Number density of baryons as a function of the
temperature for µ = 750 MeV (solid line). Note that the
number of anti-baryons is negligible within the plot resolu-
tion. We also show the number of pions (dashed line). The
dot marks the experimental result for the chemical freeze-
out temperature Tch = 56+9.6

−2.0 MeV corresponding to µch =
760± 22.8MeV.

The computational task concerns then mainly the dif-
ference of the effective meson potential U(σ;T, µ) −
U(σ; 0, µc). This can be done by various methods – for
example one could employ functional renormalization by
adding nucleon degrees of freedom to the setting of ref.
[10]. For our limited purpose a very simple approach
will do. The potential difference is directly related to
difference of pressure for the parameters (σ;T, µ) and
(σ; 0, µc). This can be approximated by a free gas of
nucleons with σ-dependent mass. We can consider σ as
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FIG. 3: Chiral order parameter as a function of the tempera-
ture for µ = 750 MeV. The dot marks the experimental result
for the chemical freeze-out temperature Tch = 56+9.6

−2.0 MeV
corresponding to µch = 760± 22.8MeV.

an additional parameter in thermodynamics. Its value
can be varied by varying the quark mass. If needed, me-
son fluctuations can be added in a similar way. We will
discuss the linear nucleon-meson model in the setting of
ref. [11]. (Our normalization of σ differs by a factor 2
from [11].) Our new results extend the analysis to non-
vanishing temperature.

Linear nucleon-meson model

We use an effective model for baryons ψa (a is an
isospin index with ψ1 describing protons and ψ2 neu-
trons), an isospin singlet vector meson ωµ, a scalar meson
σ and pseudo-scalar mesons π0 = π3, π± = 1√

2
(π1± iπ2).

It is convenient to combine the scalars and pseudo-scalars
in the field

φab =

�
1√
2
(σ + iπ0) iπ−

iπ+ 1√
2
(σ − iπ0)

�
. (1)

The effective Lagrangian is of the form

L = ψ̄a iγν(∂ν − i g ων − i µ δ0ν) ψa

+
√
2h

�
ψ̄a

� 1+γ5

2

�
φabψb + ψ̄a

� 1−γ5

2

�
(φ†)abψb

�

+ 1
2φ

∗
ab(−∂µ∂

µ)φab + Umic(ρ,σ)

+
1

4
(∂µων − ∂νωµ)(∂

µων − ∂νωµ) +
1

2
m2

ω ωµω
µ.

(2)

Here we use the chiral invariant scalar field combination
ρ = 1

2φ
∗
abφab and Umic(ρ,σ) is a microscopic form of the

effective potential

Umic(ρ,σ) = Ū(ρ)−m2
πfπσ. (3)

The Lagrangian (2) is invariant under the chiral symme-
try SU(2)V ×SU(2)A×U(1)V ×U(1)A where the nucleon

.
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