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SME: An Effective Description of Lorentz Violation

Particle/wave with λ ∼ D “sees”
complicated molecular physics

Particle/wave with

λ ∼ lP =
√

~G
c3 ∼ 10−35 m

“sees” strings? loops? spacetime
foam?

Particle/wave with λ � D “sees” an
isotropic medium

Particle/wave with λ � lP “sees” a
background field

2 of 19



SME: An Effective Field Theory

• Symmetries: SM gauge group SU(3)c × SU(2)L × U(1)Y

• Field content: Standard Model field content

• Expansion coefficient: v
MP

, where v ∼ 246 GeV Higgs vacuum

expectation value, MP =
√

~c
G ∼ 1019 GeV Planck mass
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Standard-Model Extension (SME): The Lepton Sector∗

• Strength of Lorentz violation (“Wilson coefficient”)
⇔ vevs of tensor-valued background fields:“controlling coefficients”

• Background fields contracted with SM-fields, e.g.

LSMlepton =
1

2
LAi /∂LA +

1

2
RAi /∂RA + h.c.

LCPT-oddlepton =− 1

2

(
LA(âL)µABγµLB + RA(âR)µABγµRB

)
+ h.c.

LCPT-evenlepton =
1

2

(
LA(ĉL)µνAB i∂νγµLB + RA(ĉR)µνAB i∂νγµRB

)
+ h.c.

LA, LB : SM lepton doublets of flavour A,B

(â)µAB , (ĉ)µνAB : vectorial, tensorial controlling coefficients connecting the
flavours A and B

∗Don Colladay, Alan Kostelecký, arXiv:9809521
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Observer Lorentz transformation

The observer (the penguin) redefines his x- and y-axes.

This does not change the physics.
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Active Lorentz transformation

All coordinates are redefined, but the x- and y-axes of the observer
(the penguin) are unchanged.

This does not change the physics.
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Particle Lorentz Transformation

Orientation of the laboratory changes wrt. the background field.

The penguin measures the effect of the background field on the lab.
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Isotropic Lorentz Violation

A medium defines a Lorentz-violating background:

Particle “sees” crazy stuff.

Particle “sees” an isotropic medium,
background field.
⇒ modified dispersion relation∗

E 2 =m2 + p2

⇒ (1 + c̊)2E 2 =m2 +

(
1− c̊

3

)2

p2

∗arXiv:1702.03171
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Electron/Muon Anomalous Magnetic Moments

Electron Anomalous Magnetic Moment∗

∆ae[Cs] ≡ aexpe − aSMe [Cs] = −0.88(28)(23)[36]× 10−12 ,

∆ae[Rb] ≡ aexpe − aSMe [Rb] = +0.48(28)(9)[30]× 10−12 ,

α from Cs/Rb interferometry∗∗, uncertainties on aexpe , α, total uncertainty
update: arXiv:2209.13084

Muon Anomalous Magnetic Moment∗∗∗

∆aµ ≡ aexpµ − aSMµ = 2.51(59)× 10−9 ,

∗Hanneke et al., ∗∗ Parker et al. / Morel et al. ∗∗∗ Exp. av., Th. Init. WP
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QED Vertex Function

Γµ(p1, p2, q) = F1(q2)γµ + F2(q2)
i

2m
σµνqν

At tree-level, in the SM,

F1(0) = 1, F2(0) = 0

⇒ aψ =
gψ − 2

2
= F2(0) = 0

At tree-level, in presence of Lorentz-violating
coefficient cµν ,

F1(0) = 1, F2(0) = ???

⇒ aψ =
gψ − 2

2
= F2(0) = ???
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aψ in Presence of Lorentz-Violation

Previous studies:

Spin-nondegenerate coefficients b, d ,H, g

⇒ Modified spin precession

⇒ Time-dependent effects

Bluhm et al., Chen & Kunstatter, Muon g-2 collaboration, Kostelecký &

Mewes, Gomes et al., Lin et al.

Our article: Spin-degenerate coefficients c , k̃

⇒ Modified QED vertex

⇒ Modified propagation

arXiv: 2208.11420 [hep-ph]
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Modified QED

L =
1

2
ψ [i(γµ + cνµγν)Dµ −m]ψ + h.c.

− 1

4
(ηµ%ηνσ + (kF )µν%σ)FµνF %σ .

Dµ = ∂µ + iqAµ, q = −e, e > 0 for electrons.

cµν and (kF )µν%σ are real. The antisymmetric part of cµν can, to
linear order in c , be removed by a field redefinition∗

ψ(x) 7→ ψ′(x) =

(
1 +

i

4
cµνσµν

)
ψ(x) , σµν ≡ i

2
[γµ, γν ] .

kF satisfies (kF )µνκλ = (kF )κλµν = −(kF )νµκλ = −(kF )µνλκ .

Define the symmetric traceless 4× 4 matrix k̃αβ ≡ (kF ) αγβγ .

∗A. Kostelecký, hep-th/0312310
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aψ in Presence of cµν

Modified QED Vertex:

L =
1

2
ψ [i(γµ + cνµγν)Dµ −m]ψ + h.c.

Dµ = ∂µ+iqAµ, q = −e, e > 0 for electrons.

Modified Dirac Equation:

(/p + cµνγµpν −m)u(p) = 0

Modified Gordon identity:

u(pf )γµu(pi ) =
1

2m
u(pf )

[
(ηµλ + cµλ)Pλ

− iσµκ(ηκλ + cκλ)qλ

]
u(pi )
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aψ in Presence of cµν ⇒ effective metric

Modified QED Vertex:
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aψ in Presence of cµν

SM contribution:

iM(0)
ss′ = −u(s)ieγµu(s′)Aµ(q)

= − ie

2m
u(s)

(
PµAµ(q)− 1

2
σµνF

µν(q)

)
u(s
′)

⇒ M(0)
ss ⊃

e

4m
u(s)σµνu

(s)Fµν(q) = − e

m
BSz

Lorentz-violating contribution:

δM(0)
ψ,ss′ = − e

2m
u(s)
[
− 1

2
(cµλσ ν

λ − cνλσ µ
λ )Fµν(q) + 2cµνPνAµ(q)

]
u(s
′)

⇒ δM(0)
ψ,ss ⊃

e
4mu(s)(cµλσ ν

λ − cνλσ µ
λ )u(s)Fµν = e

m (c11 + c22)BSz

14 of 19



aψ,γ in Presence of cµν and k̃µν

At tree-level,

aψ,γ =
gψ,γ − 2

2
=

(
k̃

2
− c

)11

+

(
k̃

2
− c

)22

.

⇒ Absorb k̃ in c by change of coordinates∗

xµ →x ′µ = xµ − 1

2
k̃µν x

ν

cµν →c ′µν = cµν − 1

2
k̃µν

Isotropic Lorentz violation: cµν = c̊ diag
(
1, 1

3 , 1
3 , 1

3

)µν
⇒ aψ = −2

3
c̊

∗arXiv:hep-th/0609030
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Isotropic Lorentz Violation: Modified Kinematics∗

cµν = c̊ diag

(
1,

1

3
,

1

3
,

1

3

)µν
Modified dispersion relation

(1 + c̊)2E 2
ψ =m2 +

(
1− c̊

3

)2

p2

Vacuum Čerenkov radiation threshold energy:

E th
ψ =

1

2

√
3

2

m√
−c̊

.

Photon decay threshold energy:

E th
γ =

√
3

2

m√
c̊

.

∗arXiv:1702.03171
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Can cµν Explain the Tension in aµ?∗

∗A. Crivellin et al., arXiv:2208.11420
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Can cµν Explain the Tension in ae?
∗

∗A. Crivellin et al., arXiv:2208.11420
18 of 19



Outline

The Lorentz-Violating Standard Model Extension (SME)

aψ in Presence of cµν

Conclusions



Conclusions

• Search for Lorentz violation ⇔ search for physics beyond
QFT+GR

◦ Preferred direction in spacetime
◦ Isotropic Lorentz violation

• Lorentz-violating Standard Model Extension (SME):
Effective field theory framework for the study of Lorentz violation

+ Description at low energies (where we and our experiments are)
+ Theoretically consistent framework based on QFT, SM
+ Agnostic approach (bottom-up, data-driven)
+ Allows for comparison of data from different experiments

• Tensions between theory and experiment in aµ, ae:
Can these be explained by cµν?

+ cµν enters via modified QED vertex, modified Gordon identity
- Constraints from vacuum Čerenkov radiation & photon decay
⇒ Nope, but it was worth checking.
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aγ in Presence of k̃µν

Field equations for photons modified by kF
∗:

Mαδ(p)Aδ(p) = 0 , Mαδ(p) = ηαδp2 − pαpδ − 2(kF )αβγδpβpγ .

Insert k̃µν , linearise, def. q̃µ ≡
(
ηµν + 1

2 k̃
µν
)
qν , Ãµ ≡

(
ηµν + 1

2 k̃
µν
)
Aν ,

0 = Ãαq̃β q̃
β − q̃αq̃γÃ

γ + . . . .

Define F̃µν = F̃µν(q̃) ≡ −i(q̃µÃν − q̃νÃµ).

iM(0)
γ,ss′ = − ie

2m
u(s)

[
P̃µ(ηµν − k̃µν)Ãν(q)

− 1

2

(
ηµ% −

1

2
k̃µ%

)(
ηνσ −

1

2
k̃νσ

)
σµν F̃ %σ(q)

]
u(s

′)

⇒ δM(0)
γ,ss ⊃ −

e

8m
u(s)(k̃%κσ ν

κ − k̃νκσ %
κ )u(s)F̃%ν = − e

2m
(k̃11 + k̃22)BSz
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