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Speeding-up the cycle of the scientific method with machine learning

NUCLEAR THEORY

REVIEWS OF MODERN PHYSICS
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Colloguium: Machine learning in nuclear physics
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; ’ NUCLEAR EXPEKIVIENT
Nuceli in the Cosmos C Methods
e Tools

ACCELERATOR SCIENCE
AND OPERATIONS

Fundamental Interactions

Many uncertainty sources:

* Hamiltonian/functional parameters
» Hilbert-space truncations

« Systematic errors

» Numerical approximations

« Extrapolations
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Nuclear charge density from nuclear DFT

Nuclear charge densities in spherical and deformed nuclei: Toward precise
calculations of charge radii, P.G. Reinhard, WN, Phys. Rev. C 103, 054310 (2021)

1 :
. — d3 —zq-rFC
pe(T) E / ge (q)
nuclear charge density nuclear charge form factor
F.g)= . |Grl@) (1~ 1¢*D) Fi(a) 2
te{p,n} D= (2mec)2

= D21 Grri(a) — Gri(a)] Fuo(a)|.

G g and G, are the intrinsic proton and neutron electromagnetic form factors

3 .q-
Fia) = [ dret p)
General expression. Valid

Frs1(q) = /d3f,a eIV - J, (1) for spherical and deformed

nuclei
spin-orbit current
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Nucleonic densities are NOT Sphere/Shell/Fermi distributions!

Central depression and Coulomb redistribution
B. Schuetrumpf et al., Phys. Rev. C 96, 024306 (2017)
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One-body Dirac equation

mc? +V(r) — E, c( dd,r + ﬁ) Pm(r)
C (ddr % —mc + V Qn/-i (T
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Hartree-Fock-Bogoliubov (HFB or Bogoliubov-de Gennes) method

R =Rt =R? = p e Generalized
—K* 1 — p* density matrix
R( B§ ) — ( Bék > quasihole states
AO 0
AO B quasiparticle states
R ( o ) 0
HF potential pairing potential
H' = I'+1—=A A HFB Hamiltonian
—A* —TF —T* 4+ )
A A , ( B ) < B )
Hl — E H 2 — = (>)|< E 9
(m)=(&)m w(5)--(%)
guasiparticle states guasihole states
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Quasiparticle spectrum of the HFB Hamiltonian

resonances
The bound states exist in the energy region
| Ei|<-A, where A is the chemical potential

: : uasipaticle continuum
(always negative for a particle-bound system). auasie

E > -\

—A

> bound quasiparticles

* The spectrum is symmetric with respect
to zero

* For A>0 the entire spectrum is
continuous.

* For |E|<-A both components are
localized, and the spectrum is discrete

o

/

>bound quasiholes

A (chemical potential)

one-quasiparticle HFB energy

quasihole continuum

E <A
See, e.g., J. Dobaczewski et al.,

Phys. Rev. C 53, 2809 (1996)
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There are many formal similarities between the single-particle Dirac problem and
one-quasiparticle HFB problem:

The corresponding equations have a similar two-component form.

In both cases, the energy spectra are symmetric with respect to zero energy. In
the Dirac case, this is related to charge conjugation. In the HFB case, this is
due to the quasiparticle-quasihole symmetry.

In both cases, the resonances can be divided into particle resonances with the
upper component dominating over the lower component and the hole
resonances, for which the lower component dominates. At Z >Z.;;, the diving
states resemble hole resonances of HFB.

In both cases, one deals with spectra that are partly discrete and partly
continuous. The continuum space contains metastable states (resonances) that
are embedded in the non-resonant background.

The Dirac and HFB spectra are bound neither from above nor from below. This
leads to a variational collapse (Dirac) and difficulties with the use of the
imaginary time method (for both Dirac and HFB).

In both cases, one must face continuum-space truncations.

Those analogies can be helpful when tackling similar problems or interpreting
similar phenomena with the Dirac equation.
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Quasiparticle HFB continuum (box discretization)
J.C. Pei et al., Phys. Rev. C 84, 024311 (2011)

Neutrons, '9Zn
the stabilization method
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8 TABLEII. Energies (in MeV) and widths (inkeV) of HFB neutron
O ez resonances in *°Ni, calculated using the box stabilization (box) and
T smoothing-fitting (smf) methods. They are compared to the GHFB
107k : =32 solutions of Ref. [8].
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Resonant (Gamow) states
A stationary approach to time-dependent process

. T outgoing
HY = (E—iE)W solution

W(0,k)=0, W(7k)

>0, (kr)

—>C0

2m I complex pole
k, = \/?(En _17) <of the S-matrix

«J.J. Thompson, 1884

Gamow, Z. Phys. 51, 204 (1928)

Siegert, Phys. Rev. 36, 750 (1939)

Humblet and Rosenfeld, Nucl. Phys. 26, 529 (1961)
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Outgoing flux and width of the Gamow state
Humblet and Rosenfeld: Nucl. Phys. 26, 529 (1961)
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S can be taken as a sphere of radius R: = R f]r dS2

An extremely useful expression | — fpd3r
for narrow resonances!
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-1

Im(k) (units of a

Gamow states in the complex-k plane

© bound states

@ antibound states

> decaying resonances
| O capturing resonances

Newton
kmid kmax
O
[ ]
O O
i O
O
¢ subthreshold

resonant states

Re(k) (units of &)

> )l + |

née(b,d)

L+

Resonant states with
Re(E)>0 and small I" can
be associated with
resonances.

For antibound states
Re(E) < 0 and I'=0.

For subthreshold resonant
states Re(E) < 0 and I'>0.
Low-momentum
antibound and threshold
resonant states result in
the low-energy cross-
section enhancement.

lu(k))(u(k)|dk = 1.
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One-body Gamow states and completeness relations

Berggren, Nucl. Phys. A109, 265 (1968); A389, 261 (1982)
Berggren and Lind, PRC 47, 768 (1993); Lind, Phys. Rev. C47, 1903 (1993)

3wl + [ ful) (il = 1
ne(b,d) L+
Particular case: Newton completeness relation
400
> fuaunl [ ) Culh) k= 1.
ne(b) 0

Gamow Shell Model: a Cl approach for open quantum systems

One-body states must be normalized. Contour is discretized.
Many-body Slater determinants (SD) are built

|5Dz'> = |’Uz'1 UzA> Z|SDZ-)<§\D/Z-| ~ 1

GSM Hamiltonian matrix is compute7d and diagonalized
(the matrix is complex symmetric!)
Many-body Gamow states must be identified
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...By combining von Neumann’s Hilbert space with the theory of
distributions, Gel'fand and collaborators introduced the rigged Hilbert : ;
space (RHS). The rigged Hilbert space is the Hilbert space equipped with - -
distribution theory — in Quantum Mechanics, to rig a Hilbert space means  — '
simply to equip that Hilbert space with distribution theory. Thus, the RHS
is not a replacement but an enlargement of the Hilbert space.

Eur. J. Phys. 26 287 (2005)

Feshbach 1962: Q+P=1

Q — bound states
P — scattering states

Berggren 1968: Q+P=1

Q — resonant states
P — scattering states
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Gamow Shell Model (Cl approach based on Berggren basis)

* 1998-1999: Concept (M. Ptoszajczak & WN)
« 2001: Formulated
« 2002: first applications (N. Michel et al.)

O
O

O

O
O

©)

Based on the Rigged Hilbert Space formulation of quantum mechanics
Biorthogonal basis; inner product defined; Gamow states normalized using external
complex scaling

Scattering contour is identified and discretized for each partial wave

Many-body Slater determinants are built out of resonant and scattering states

GSM Hamiltonian matrix is computed (using external complex scaling) and
diagonalized (the matrix is complex symmetric). The Hamiltonian matrix depends on
the continuum structure!

Based on the generalized variational principle

The many-body Gamow states are identified

Expectation values of operators are computed

« 2006: Discretization/truncation optimized by means of the density matrix renormalization

group (DMRG) (J. Rotureau)

« 2007: Gamow-Coupled-Cluster approach developed (G. Hagen)
« 2008: Gamow-HFB approach developed (N. Michel)
«2012: GSM + Resonating Group Method extension for reactions
« 2013: No-core GSM
« 2014: Equivalence with complex scaling demonstrated
« 2017: CGSM; Equivalence of COSM and Jacobi-based formulations (S. Wang)
... and much much more. Numerous nuclear and atomic (molecular) applications
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Nuclear example: the oxygen chain

= SM+3NF 0 GSM (this work)

% St *+CSM * Exp. 1 o
= | ~SM USDB 2
> 6 | —©° SM—I—SNF Sdf7/2p3/2 1 ;U
a0 ®
= | "-IMSRG =
- @)
b 4 i (o)
) o
= o
% 2t ~
g S
- oo
S ~~
s Op X
S E
24 20 20 27 28
A

« spdf space essential for description of 26-280
« 26280 predicted to be threshold systems
« pf continuum adds ~400keV to the binding energy of 220
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Atomic example: multipole-bound anions
K. Fossez et al., Phys. Rev. A 91, 012503 (2015); X. Mao et al., Phys. Rev. A 98, 062515 (2018)

Bound and resonance states of the dipolar anion of hydrogen cyanide

0.0

1CN-

— —0.2}
= 1105
S 508 10 .
8 &
0 E_O 4
= =
= &)
~ /4 E-0.6
I — OO ground-state band 0 —0.8l

-50 0
x (units of ag)

50
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Gamow-HFB
N. Michel et al., Phys. Rev. C 78, 044319 (2008)

Tm(k)
bound quasi-particle

resonant quasi-particle

\ " (HF bound or resonant)
° o IM / \ Ecut

N

+
L contour

(scattering states)

Re(k)

Dirac-Gamow states:

* Relativistic Hartree-Bogoliubov theory in
continuum: Zhang et al., Phys. Rev. C 102
024314 (2020)

* Probing resonances in the Dirac equation

with the complex momentum representation

method: Fang et al., Phys. Rev. C 95
024311 (2017)
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Open problems in the theory of nuclear open quantum
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systems
N. Michel et al., J. Phys. G 37, 064042 (2010)

Lecture Notes in Physics

Nicolas Michel
Marek Ptoszajczak

Ga mOW Gamow Shell Model: The Unified Theory of
Sh I | Nuclear Structure and Reactions (Lecture
e Notes in Physics Book 983)

Model

The Unified Theory of Nuclear
Structure and Reactions

) Springer

Super Heavy Elements, Paris, October 24-26, 2022
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Energy 1s (mc?)

_1 1 1 ] ] 1 1 :I 1

0 20 40 60 80 100 120 140 160 180
Atomic number 7 ?

diving states are Gamow resonances!
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Where is the end of the Periodic Table?

Period 1 Periodic Table 1-172 18 Orbitals
1 1 2 13 14 15 16 17 2 1s
H - - He
3 4 5 6 7 8 9110 .
2 | i Be Blc|n|ofF|ne] *%
11§ 12 13141511617 )18
3 Na | Mg 3 4 5 6 7 8 9 10 11 12 atlsilels]lalar 3s3p
4 19020 121 )22 23124252627 )28)29 13031 |32)133]3435])36 453d4
K|calsc|rTi]Vv]crivn]Fe]col Ni|culzn|Ga|Ge|as] se]|Br|kr| *%P
5 3701383940 |41 | 42143 |44 | 4514647484950 51 )52)53]54 554d5
- Rb|Sr] Y |Zr INb|Mo| Tc JRuJRh|PdJAg|Cd|In | Sn|{Sb|Te] I | Xe| ™ P
6 55056 | s7-| 72|73 7475|7677 |78 79|80 |81 |82|83|84]85]86 655d6
Cs|Ba| 7t | HE|Ta] W|Re|Os | ir | Pt | Au|ng| 11 | Pb| Bi | Po| At | Rn| *52€OP
87 | 88 | 80- | 104 105(106) 107 | 108§ 109 110111112 .
7 L Er | Ra) 103 | Re | b | sg | Bn | 1 | Me] Ds | Rg [ on [ 113 114|516} 117 118] Ts6dTp
8 [119)120 |2 | 156|157 | 158|159 | 160 | 161 | 162 | 163 | 164 | 139 | 140 | 169 | 170 | 171 | 172 8s7d8p
9 |165]166 167|168 9s9p
e 15735850 6ofer|e2]e3fes]es]oc]|er|es]oo]7o]n i
La|JCe|Pr |Nd|Pm|Sm]Eu|Gd]|Th|Dy|Ho| Er JTm|Yb| Lu
7 89190 |91 | 92§93 (94 )195]96]97 ]98] 99 |100)101]102]103 sf
Ac|Th|Pa| U |Np|Pu|Am|JCm| Bk | Cf ]| Es JFm|Md] No | Lr
8 141142143144 )145 146147 | 148149150151 J 152153154155 of
8 121122123 124125126127 128129130131 J132)133|134§135)136|137 138} 5

A suggested Periodic Table up to

Z <172
P Pyykko, Phys. Chem. Chem. Phys. 13,
161 (2011)

“The chemical predictions quoted here
are based on theoretical, relativistic
quantum chemical calculations using
established electronic Hamiltonians.
The nuclei are simply assumed to
exist, with a realistic, finite nuclear
size.

A quantum chemist can always
assume a finite nucleus of realistic size
forany Z < 173 and do ab initio
calculations for that theoretical model,
whether or not such nuclei or their
compounds are ever made.”

“The discovery of a chemical element is the experimental demonstration,
beyond reasonable doubt, of the existence of a nuclide with an atomic
number Z not identified before, existing for at least 10774 s”. (IUPAC 1991)
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Atoms cannot exist without atomic nuclei!

In order to define a nuclide, its lifetime should be longer than
the single-particle time scale 3-10722s that corresponds to

the time scale needed to create the nuclear mean field.

« Superheavy nuclei with N>184 are expected to be short-lived
because of fission.

« Because of the presence of exotic topologies (bubbles, tori) due to
the Coulomb frustration, the stability of nuclei with Z>120 is difficult
to access theoretically.

* |t is possible that the periodic table will end well before reaching
Z..: for purely nuclear reasons.

No chemistry for nuclides with lifetimes between
101 and 10722s! The gaps in the periodic table?
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Conclusions

« Many similarities between HFB and Dirac problems

« Despite some work on resonances embedded in the
continuum, a direct utilization of Dirac Gamow states in
atomic many-body calculations for heavy atoms is practically
nonexistent.

* The basic mathematical formulation rests on the rigged
Hilbert space structure which comes with its own challenges.
To be of use in atomic structure calculations of the
superheavy elements, Dirac Gamow states need be studied

within a multi-electron framework.
« Computing Dirac Berggren ensemble that can be used in a

numerical atomic structure program packages will offer many

exciting avenues.
'
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BACKUP
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All real world quantum systems interact with their
surrounding environment to a greater or lesser
extent. Such systems are said to be open. No matter
how weak the coupling that prevents the system from
being isolated, the evolution of an open quantum
system is eventually plagued by nonunitary features
such as decoherence and dissipation [PRL 82, 2417
(1999)]

environmenit

®oas &
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Selection of the many-body poles
N. Michel et al., Phys. Rev. Lett. 89, 042502 (2002); Phys. Rev. C 70, 064313 (2004)
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DMRG: Density Matrix Renormalization Group

treatment of the non-resonant continuum

] DMRG: S. R. White, Phys. Rev. Lett.
ok JT™ =071 69,2863 (1992)
S ol . U. Schollwock, Rev. Mod. Phys. 77,
?ZG: 81 e : 259 (2005)
3078 F N e . The many-body states constructed
| | | o] from the s.p. poles form a reference
e e subspace, and the remaining states
| containing contributions from
o | nonresonant shells form a
R 1 complementary subspace

sweeping phase

Im (E) (M
S
|

2 ooo0s|- 1 Warm-up phase followed by

0.0002 - A _ total dimension=481250
0.0001 |- P ',' I |al’geSt matI’IX |n DMRG=2061
e e J. Rotureau et al., PRL 97, 110603 (2006);
PRC 79, 014304 (2009)
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Complex scaling

Introduced in the early 1970s in atomic physics to guarantee that wave
functions and resonances are square integrable.

r—efr |
. Uniform complex

U(0)i(r) = €3%(c™r)  scaing

The transformed Hamiltonian is no longer hermitian as it acquires a complex

potential. However, for a wide class of local and nonlocal potentials, called dilation-

analytic potentials, the so-called ABC (Aguilar-Balslev-Combes ) theorem is valid:

* The bound states of h and h, are the same;

« The positive-energy spectrum of the original Hamiltonian h is rotated down by an
angle of 260 into the complex-energy plane;

« The resonant states of h with eigenvalues E,, satisfying the condition |arg(E,)|<26
are also eigenvalues hyand their wave functions are square integrable.

» To obtain densities, etc., back-rotation+regularization needed

r — To T+ 6297" External complex scaling
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Complex scaling (2)

(@) Im(&) ® thresholds
Myo et al., PRC C76, 054309 (2007)
VRV | o—continua
bound states 5 Re(£) a5
S+nFn+n SHe(3/27)+n+n
I3/21 | | +| | | |
H resonant state O [ ae | &y {a BHe(@)sn -
e < O
(b) Im(®) rotated continua g -1 + | ‘03/2_ 6-20 -
' b 2 = ©
. N e
: D _o [OHe(07)+n . i
—IEHEHEK T . D ' He(2}
bound states\me@) S pe(ze)+n
= 3 5 P
= 5H - 3/2
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