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Connection to QCD

Systematically improve the calculation

Control the uncertainties



Nuclear physics, the non-perturbative regime of QCD


Lattice QCD



Nuclear physics, the non-perturbative regime of QCD


The quantum propagation 

is expressed as a 


weighted sum over paths 
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hÔi =
1

Z

Z
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Nuclear physics, the non-perturbative regime of QCD


Finite volume

Discretize spacetimeb < < Λ−1
QCD

L > > m−1
π

hÔi ⇡
1

Ncfg

NcfgX

n=1

Ô({U}n)
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Baryon-Baryon LQCD calculations landscape

M. Illa, e-Print: 2109.10068 [hep-lat]

extrapolations to infinite volume, 

continous ( )


and physical quark mass values

must be done to connect with Nature

b → 0



Energy levels C2pt(⌧,p) =
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LQCD DIRECT METHOD: 

FV Energy levels from two-point correlation functions
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G. Parisi, Phys.Rept. 103 (1984)

G.P. Lepage, Boulder TASI (1989)

M.L. Wagman, M.J. Savage, Phys.Rev.D 96 (2017)

more severe degradation for A nucleons

Increase the statistics / Increase the pion mass

Construct operators with a better overlap with the ground state



LQCD DIRECT METHOD:  FV Energy levels
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Baryon-Baryon  FV Energy levels. Bound states
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Lüscher’s method
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Baryon-Baryon  FV Energy levels. Bound states
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Scattering information in Euclidean space-time and FV

mπ ~ 450 MeV

L = 2.8 fm
L = 3.7 fm
L = 5.6 fm

Calculation with systems that are

boosted and with back-to-back momenta

or

non-interacting energy-shifts

ΔE = m2
1 + |p1 |2 + m2

2 + |p2 |2 − m1 − m2

or

|p1 |2 = |p2 |2 = 0

|p1 |2 = |p2 |2 = ( 2π
L )

2

|p1 |2 = 0, |p2 |2 = ( 4π
L )

2
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b[ fm] = 0.1453(16)
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Hypertriton (J=1/2, I=0) 

Λnn (J=1/2, I=1) 

Hypertriton* (J=3/2, I=0) 

Ongoing calculations at mπ ~450 MeV using 
the two larger volumes

not observed  
experimentally

HypHI (GSI) PRC 88 (2013)?

LQCD - Binding energies - SU(3)f

not observed  
experimentally



BB systems @ mπ ~ 450 MeV

away from the SU(3)f limit

nf = 2 + 1

mπ = 450(5)MeV

b = 0.117(2) fm

L = 2.8, 3.7, 5.6 fm

T = 7.5, 11.2, 11.2 fm

Boosted 

and back-to-back


momenta

mπ ~ 450 MeV

Marc Illa et al (NPLQCD) PRD 103 (2021) 5, 054508
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nf = 2 + 1

mπ = 450(5)MeV

b = 0.117(2) fm

L = 2.8, 3.7, 5.6 fm

T = 7.5, 11.2, 11.2 fm
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and back-to-back
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mπ ~ 450 MeV

Marc Illa et al (NPLQCD) PRD 103 (2021) 5, 054508



BB systems, quark mass extrapolations

Marc Illa et al (NPLQCD) PRD 103 (2021) 5, 054508



NPLQCD

*

PACS-CS

CalLat

EXP

Binding energies - Direct method

Davoudi, Detmold, Shanahan, Orginos, Parreño, Savage, Wagman, Physics Reports 900 (2021) 1–74 


NN (3S1) NN (1S0)

3He 4He



Misidentification of the plateau?

E. Berkowitz et al. [CalLat], Phys.Lett.B 765 (2017)

S.R. Beane et al. [NPLQCD], arXiv:1705.09239 [hep-lat]

T. Yamazaki et al. [PACS], EPJ Web Conf. 175 (2018)

Reduce uncertainty at small time: GPoF, matrix Prony, variational

Small excited-state gaps may lead to incorrect identification 
of the ground-state energy

Deep bound states

2-body 3-body 4-body 5-body
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• Is the fitting interval correctly identified?

• Are we missing excited state contributions?

• Is there an operator dependence on the energy levels extracted?

mπ ∼ 800 MeV

b ∼ 0.1453 fm

L ∼ 3.4, 4.5, 6.7 fm ( → ∞)

BOUND NN I=1
NPLQCD 2013, 2017 

Binding energies - Direct method



A. Francis et al., Phys.Rev.D 99 (2019)
m⇡ ⇠ 960 MeV

<latexit sha1_base64="jKsLvwKrhlMOthj9B35dVe1bb9Q=">AAACJnicbVDLSgMxFM3Ud31VXYmbYBFclRnx7UZw40aoYKvglJJJb9tgkhmSO2IZil8juNI/cSfizq9wbfpYaOuBC4dz7s3NPVEihUXf//RyE5NT0zOzc/n5hcWl5cLKatXGqeFQ4bGMzU3ELEihoYICJdwkBpiKJFxHd2c9//oejBWxvsJOAjXFWlo0BWfopHphXdXDRIRWKHq074cnIcIDZhdQ7dYLRb/k90HHSTAkRTJEuV74DhsxTxVo5JJZexv4CdYyZlBwCd18mFpIGL9jLbh1VDMFtpb1T+jSLac0aDM2rjTSvvp7ImPK2o6KXKdi2LajXk/81+NMc5Aj27F5WMuETlIEzQfLm6mkGNNeRrQhDHCUHUcYN8L9n/I2M4yjS/LP65Hq5l1QwWgs46S6Uwp2S3uXu8XT42Fks2SDbJJtEpADckrOSZlUCCeP5Im8kFfv2Xvz3r2PQWvOG86skT/wvn4AZkilvQ==</latexit>

-0.02

-0.01

0.00

0.01

0.02

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

a(
E

e↵
�

2m
⇤
,e
↵
)

t [fm]

Ensemble E1

singlet
27-plet

octet

�
E

<latexit sha1_base64="jgZvDpWOlhiKTCaJed5ZTb/3WWk=">AAACE3icbVDLSsNAFL2pr1pfVZduBovgqiSi6LL4AJcV7APaUCbTm3boZBJmJkIp/QnBlf6JO3HrB/gjrp22WdjWAxcO59wXJ0gE18Z1v53cyura+kZ+s7C1vbO7V9w/qOs4VQxrLBaxagZUo+ASa4Ybgc1EIY0CgY1gcDPxG0+oNI/loxkm6Ee0J3nIGTVWarZvURhK7jrFklt2pyDLxMtICTJUO8WfdjdmaYTSMEG1bnluYvwRVYYzgeNCO9WYUDagPWxZKmmE2h9N/x2TE6t0SRgrW9KQqfp3YkQjrYdRYDsjavp60ZuI/3qMSoZi4boJr/wRl0lqULLZ8TAVxMRkEgjpcoXMiKEllClu/yesTxVlxsY2tz2IxgUblLcYyzKpn5W98/LFw3mpcp1FlocjOIZT8OASKnAPVagBAwHP8Apvzovz7nw4n7PWnJPNHMIcnK9fZKCeeA==</latexit>

Ground-state energy close to threshold
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Nuclear physics with LQCD - Variational calculation

NPLQCD 2013, 2017 

First variational calculation

UNBOUND NN I=1

Hermitian 2x2 matrix with hexaquark and dibaryon-like operators

Non-hermitian 2x2 matrix with dibaryon-like operators

mπ ∼ 800 MeV

b ∼ 0.1453 fm

L ∼ 3.4, 4.5, 6.7 fm ( → ∞)

BOUND NN I=1
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B. Hörz et al., Phys.Rev.C 103 (2021)
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Nuclear physics with LQCD - Variational calculation

NPLQCD 2013, 2017 mπ ∼ 714 MeV

Hermitian 2x2 matrix with dibaryon-like operators

b ∼ 0.086 fm
L = 48 b ∼ 4.1 fm

mπ ∼ 800 MeV

b ∼ 0.1453 fm

L ∼ 3.4, 4.5, 6.7 fm ( → ∞)

UNBOUND NN I=1

BOUND NN I=1



Nuclear physics with LQCD - Variational calculation

Largest set of operators to date

(ongoing work)

S. Amarasinghe et al (NPLQCD), arXiv:2108.10835 

Six Gaussian 

smeared quarks

+ + κ−1
q

Quasi-local: 

plane-wave baryons

with relative momenta EFT motivated structure 


(deuteron-like)

exponentially decaying wf

b=0.145 fm , L/b=32 (4.7 fm aprox)




S0 contains all operators except the quasi-locals 

(hexaquark and dibaryons ops with different relative momentum)

Set without a particular dibaryon operator 

(taking out a dibaryon op with a given value of the relative momentum)

Set with only the whole set of dibaryon operators (NO hexaquark)
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Nuclear physics with LQCD - Variational calculation

S. Amarasinghe et al (NPLQCD), arXiv:2108.10835 

Six Gaussian 

smeared quarks

+ + κ−1
q

Quasi-local: 

plane-wave baryons

with relative momenta EFT motivated structure 


(deuteron-like)

exponentially decaying wf



S. Amarasinghe et al (NPLQCD), arXiv:2108.10835

S0 contains all operators except the quasi-locals 

(hexaquark and dibaryons ops with different relative momentum)

Set without a particular dibaryon operator 

(taking out a dibaryon op with a given value of the relative momentum)

Set with only the whole set of dibaryon operators
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Nuclear physics with LQCD - Variational calculation

Similarly with what happens in the meson sector, removing the operator structure 
with maximum overlap on to a given energy level leads to missing energy levels

Importance of using an interpolating-operator set with significant overlap onto 
all energy levels of interest.


Having a large interpolating-operator set is not sufficient to guarantee that a set 
will have good overlap onto the ground state or a particular excited state 

NEEDS MORE WORK



Nuclear physics with LQCD - Variational calculation

S. Amarasinghe et al (NPLQCD), arXiv:2108.10835

I = 1 (left) and I = 0 (right) 2N S-wave phase shifts 


[D, H]

[D, D]var
boosted

[D, H]

[D, D]

[D, H] [D, H]

[D, D]var
boosted

𝕊0 𝕊0

Consistent results when using similar interpolating operators

Discrepancies between asymmetric correlation functions (local hexaquark source, plane-wave dibaryon sink) and recent variational studies.




S. Amarasinghe et al (NPLQCD), arXiv:2108.10835

□□
△△○○

▽▽

◇◇

▯▯
□
○
△

▽

◇

▯

-0.02

-0.01

0.00

0.01

0.02

0.03

NN (I=1)  

calculations made on the same set of configurations

Nuclear physics with LQCD - Variational calculation
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S. Amarasinghe et al (NPLQCD), arXiv:2108.10835
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Nuclear physics with LQCD - Variational calculation

variational method provides (stochastic)

 upper bounds on energy levels



Are we really missing a deep bound state?

Successful reproduction of properties of light nuclei direcly from QCD

Nuclear magnetic moments
NPLQCD, PRD 103 (2021) 

Triton axial charge, gA = ⟨h |qγ3γ5q |h⟩

Momentum fraction of 3He , 

NPLQCD, PRL 126 (2021)



Summary 

• During the last 2 decades we have witnessed great advances in the calculation of nuclear interactions with 
Lattice QCD, partly thanks to the technological development but also thanks to the development of algorithms 
and communication between different communities (computing science, theoretical physics, nuclear).


• Calculations near the physical pion mass using the direct method are under way

   (coarse extrapolations at the moment)


• Investigation on lattice artefacts, excited state contamination, …


• Operator dependence: Variational studies have revealed significant interpolating-operator dependence in 
LQCD calculations of NN energy spectrum with unphysical quark masses


- Variational bounds don’t provide conclusive evidence for (or against) bound states. 


- Ongoing and future work: include a larger operator set (complete basis of local 6 quark operators), 
additional volumes, multi-exponential fits vs GEVP 


- The analysis of analogous calculations in the strange sector are underway ( )
ΛΛ
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Nuclear physics with LQCD - Methods

Potential method

R(⌧, r) =
CB1B2(⌧, r)

CB1(⌧, r)CB2(⌧, r)
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E. Berkowitz et al. [CalLat], Phys.Lett.B 765 (2017)
S.R. Beane et al. [NPLQCD], arXiv:1705.09239 [hep-lat]

T. Yamazaki et al. [PACS], EPJ Web Conf. 175 (2018)

pre-variational → bound

‘ppppvariational → not clear not boundNN systems at unphysical mπ

Test convergence expansion

Short-distance operator dependence

Only applicable at the energy 

of the calculation/system

T. Iritani et al. [HAL QCD], Phys.Rev.D 99 (2019)

Ground-state saturation requirement

k⇤ cot �
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R(⌧,p) =
CB1B2(⌧,p)

CB1(⌧,p)CB2(⌧,p)

<latexit sha1_base64="OXyqCoorfrodk5US/77ZcYMzHyg="></latexit>

Lüscher’s 

method

Direct method

Misidentification of the plateau



Issues with different methods

Direct method Potential method

Prof. Aoki’s talk this morning
Misidentification of the plateau


E. Berkowitz et al. [CalLat], Phys.Lett.B 765 (2017)


S.R. Beane et al. [NPLQCD], arXiv:1705.09239 [hep-lat]


T. Yamazaki et al. [PACS], EPJ Web Conf. 175 (2018)

Only applicable at the energy of the system


Ground-state saturation requirement


Test of the convesgence expansion


Short-distance operator dependence


T. Iritani et al. [HAL QCD], Phys.Rev.D 99 (2019)



from UNRESOLVING THE NN CONTROVERSY, W. Detmold.  Bethe Forum: Multihadron Dynamics in a Box, MIT 


NN



S. Amarasinghe et al (NPLQCD), arXiv:2108.10835

strong overlap with a particular operator

NN, I=1

Nuclear physics with LQCD - Variational calculation



A. Francis, PRD 99, 074505 (2019)

H-dibaryon

Note: 

We should use adimensional variables to compare results 

obtained using different configurations to minimize the effect 

of different scale settings and other systematics

Hermitian 2x2 matrix with hexaquark and dibaryon-like operators

Non-hermitian 2x2 matrix with dibaryon-like operators



BB systems @ mπ ~ 450 MeV

away from the SU(3)f limit

nf = 2 + 1

mπ = 450(5)MeV

b = 0.117(2) fm

L = 2.8, 3.7, 5.6 fm

T = 7.5, 11.2, 11.2 fm

Boosted 

and back-to-back


momenta

NPLQCD + QCDSF, Phys. Rev. D 103, 054504 (2021)
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Extracting scattering information

m⇡ = 450 MeV

k⇤2t�cut ⇠ 0.018 l.u.

most constrained values show unnaturalness (r/a ~0.2 - 0.3)



Extracting scattering information

L(0), SU(3)
BB =� c1Tr(B

†
iBiB

†
jBj)� c2Tr(B

†
iBjB

†
jBi)� c3Tr(B

†
iB

†
jBiBj)

� c4Tr(B
†
iB

†
jBjBi)� c5Tr(B

†
iBi)Tr(B

†
jBj)� c6Tr(B

†
iBj)Tr(B

†
jBi)

<latexit sha1_base64="3AOuKRp/j0QwFgk/sqsYi7Ub+HI="></latexit>

Assuming SU(3)f, at leading order we have

M.J. Savage, M. Wise, Phys.Rev.D 53 (1996)

c1, . . . , c6
<latexit sha1_base64="oDNUDsLFhN30QuA1QT1Uib5tG9o="></latexit>

c(27), . . . , c(8a)
<latexit sha1_base64="xxs+EKEO8OEZ/msTQprteOrXhNg="></latexit>

Agreement with 

the large-Nc prediction 

of an SU(6) symmetry

D. Kaplan, M.J. Savage, 

Phys.Lett.B 365 (1996)



Lattice artifacts?

mπ ∼ mK ∼ 420 MeV

Green, Hanlon, Junnarkar, Wittig, PRL 127 (2021)

a ∼ 0.099 fm

a ∼ 0.039 fm

First continuum extrapolation



Lattice artifacts?

mπ ∼ mK ∼ 420 MeV

Green, Hanlon, Junnarkar, Wittig, PRL 127 (2021)

Marc Illa @ HYP22

Potentially important

b ∼ 0.123 fm

b

b

b



Lattice artifacts?

Detmold @ Bethe Forum 2022, Bonn, Aug 18th, 2022 


Potentially important


