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Theoretical Basis



Theoretical Basis: Assumptions
Complete Truth:

<latexit sha1_base64="fts3E5O04MNwjGu1vaDNSExXFGM="></latexit>

P (~p1 · · · ~pn) =
����
Z

d4x1 · · · d4xn T (x1 · · ·xn)�p1···pn(x1, · · ·xn)

����
2

�(p10 � E(p1)) · · · �(pn0 � E(pn))

Approximation 1 (of 4): Assume  factorizes, integrate over other particlesϕ

Ignores multi-particle symmetrization, correlations with other particles, 
good if unlikely other particles in same momentum range and ⟨ f⟩ < < 1
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Theoretical Basis: Assumptions

Approximation 2 (of 4): Assume emission is independent
<latexit sha1_base64="WtN6OGGLWDFpyYFj8iK6ha6e9U0="></latexit>

S(p1, p2, x1, x2) ⌘
Z

d�x1 d�x2 T ⇤
F12(x1 + �x1/2, x2 + �x2/2)TF12(x1 � �x1/2, x2 � �x/2)eip1·�x1+ip2�̇x2 ,

S(p, x) ⌘
Z

d�xT ⇤
F (x+ �x/2)TF (x� �x/2),

S(p1, p2, x1, x2) ⇡ S1(p1, x1)S2(p2, x2)

Must be true if  when particles are non-interacting 
Ignores, energy/momentum conservation… , should be very good for large sources

C(p, q) = 1



Theoretical Basis: Assumptions

Approximation 3 (of 4): Smoothness approximation
<latexit sha1_base64="HFiqGl6T/cT4UMRhLR9+ws7a/cs="></latexit>

S1(p1, x1)S2(p2, x2) ⇡ S1(p1 + �p/2, x1)S2(p2 � �p/2, x2)

Should be good for hot thermal sources

Approximation 4 (of 4): Evolve between emissions
<latexit sha1_base64="eNM9cA2sHB9xmwYDzpRRnkOUE9o="></latexit>

U(x1 � x2, q) ⇡ �q(~xcm,1 � ~xcm,2) in c.m.

Not necessary for identical particle interference



Theoretical Basis: Koonin Equation

Koonin Equation:
Evaluated in c.m.

If , C=1|ϕ |2 = 1

Goal of Femtoscopy: Determine  from experiment.S ⃗P ( ⃗r)

 represents  averaged over C( ⃗p 1, ⃗p 2) |ϕq( ⃗r) |2 ⃗r

<latexit sha1_base64="Z/XITCwnh3gV7yd2X0O7fHZU5pw="></latexit>

C(~p1, ~p2) ⌘
P (~p1, ~p2)

P (~p1)P (~p2)

⇡
Z

d3r S~P (~rcm) |�~qcm(~rcm)|
2

S~P (~r) =

R
dx1dx2s1(p1, x1)s2(p2, x2)�(~x1 � ~x2 � ~r)�(~p1 � ~p2)R

dx1dx2s1(p1, x1)s2(p2, x2)�(~p1 � ~p2)

⇡
R
dx1dx2s1(p1, x1)s2(p2, x2)�(~x1 � ~x2 � ~r)�(~p1 � ~p2 � ~q)R

dx1dx2s1(p1, x1)s2(p2, x2)�(~p1 � ~p2 � ~q)



Theoretical Basis: Classes of Interaction

1. Identical-Particle Symmetrization/Anti-symmetrization
<latexit sha1_base64="8OnC4O5T9fqInsYeProwFwQDrFk="></latexit>

�(p1, p2, r1, r2) =
1p
2

�
eip1·r1+ip2·r2 ± eip1·r2+ip2·r1

�
,

|�|2 = 1 + cos(2q · r)

<latexit sha1_base64="7bKlitaK9HGTQ8Cmq8wJYiO4lJg="></latexit>

C(~P , ~q) = 1 +

Z
d3r S~P (~r) cos(2~q · ~r),

S~P (~r) =
1

(2⇡)3

Z
d3q [C(~P ,~r)� 1].

For bosons

Straight-forward to extract ALL of , in all 3 dimensionsS ⃗P ( ⃗r)



Theoretical Basis: Classes of Interaction

2. Strong Interaction

• For  fm,  determined by phase shifts 
• For , dominated by  wave 
• Relevant interaction mainly determined by scattering length 

r > 1 Rℓ
qRcharacteristic ≲ π s

<latexit sha1_base64="2uVcxsUIh/KafGKxcKFOng6roNg="></latexit>

�(~q,~r) = ei~q·~r +
X

`

(2`+ 1)i`[R`(qr)� j`(qr)]P`(cos ✓)

each other and are both lower than the temperature for the
symmetric 58Ni!natNi collision. The reverse kinematics
58Ni! 27Al reaction exhibits a source velocity slightly lower
than the center-of-mass velocity. In contrast, the 58Ni
! 197Au reaction exhibits a velocity significantly higher than
the center-of-mass one. The lower source velocities mea-
sured at 45° as compared to 25° are probably connected to
the different degree of centrality of the collisions selected at
different polar angles. Some deviations between data and the
Maxwellian one-source fits for the highest neutron energies
!seen in Fig. 1" do show that this is an oversimplified picture
and that a multisource fit #12,13$ would naturally improve
the agreement.
Experimentally the correlation function is constructed by

dividing the coincidence yield Nc by the yield for uncorre-
lated events Nnc :

C!q! ,P! tot""K
Nc!q! ,P! tot"
Nnc!q! ,P! tot"

. !2"

In the above expression, the relative momentum q! "(p! 1
#p! 2)/2 and the total momentum P! tot"p! 1!p! 2 of the par-
ticle pair are introduced. The normalization constant K is
determined so that the correlation function goes to unity at
large values of q, where no correlations are expected. Figure
2 shows the experimental 58Ni! 27Al !circles", 58Ni!natNi
!squares", and 58Ni! 197Au !stars" neutron-neutron correla-
tion functions obtained from all four clusters of neutron de-
tectors in our experimental setup.2 The denominator is con-
structed with the ‘‘singles-product’’ technique #9,14$ and the
correlation functions are normalized in the region 40$q
$100 MeV/c . The correlation functions are corrected for
cross talk between neighboring detectors #9,14,15$ and back-
ground suppressed #9$. Furthermore, the data are sorted with
the ‘‘minimum bias’’ requirement that at least one fragment
(Z%1) is detected in the two inner rings of the forward wall
#9$, in coincidence with the neutron pair.
The large difference in strength of the three correlation

functions probes the time scale of the reactions. In particular,
the fact that the smallest system has the weakest correlation
indicates that the time scale for the 58Ni! 27Al collision,
estimated to %600&200 fm/c !exponential lifetime for neu-
tron emission" in #10$, must be the largest one. The fact that
the 58Ni!natNi correlation function exhibits the largest
strength is expected, due to the high excitation energy per

2Six liquid scintillators of the 25° cluster were switched off in the
off-line analysis of the 58Ni!natNi reaction, due to the large back-
ground of scattered particles.

FIG. 1. Neutron kinetic energy distributions !corrected for de-
tection efficiency" from 45A MeV: !a"58Ni! 27Al, !b" 58Ni!natNi,
and !c" 58Ni! 197Au collisions, at 25° !circles", 45° !stars", and 90°
!squares" in the laboratory frame. The 90° distributions are arbi-
trarily normalized; the 25° and 45° distributions are normalized to 5
times and 20 times relative to the normalization of the 90° distri-
bution, respectively. The systematic uncertainty !not shown in the
figure" is estimated to &20%. The solid lines are Maxwell-
Boltzmann fits !see text".

TABLE I. Temperature (Tslope) and source velocity (vsource)
parameters extracted from the Maxwell-Boltzmann fits to the angle-
gated neutron kinetic energy distributions. The parameters
E*, TFermi , and vc.m. are calculated within the assumption of total
fusion.

Target E*/A TFermi Tslope vc.m. /c vsource /c vsource /c
!MeV" !MeV" !MeV" 25° 45°

27Al 9.7 8.8 8.5&1.5 0.20 0.18&0.02 0.16&0.02
natNi 11.2 9.4 10&1.5 0.15 0.16&0.02 0.14&0.02
197Au 7.9 7.9 8.0&1.5 0.07 0.15&0.02 0.13&0.02

FIG. 2. Cross-talk-corrected and background-rejected neutron-
neutron correlation functions for 58Ni! 27Al !circles", 58Ni!natNi
!squares", and 58Ni! 197Au !stars". All background yields have
been generated from the product of singles distributions and inde-
pendent normalization constants have been calculated constraining
each correlation function to go to unity in the region 40$q
$100 MeV/c . The error bars in C(q) represent statistical errors.
The uncertainty in q falls within the symbol size.

BRIEF REPORTS PHYSICAL REVIEW C 62 037603

037603-2

R.Ghetti et al, PRC 2000



Theoretical Basis: Classes of Interaction
3. Coulomb Interaction
• For  and , 

determined by Gamow factor 
 
 
 

• For  and , becomes classical

r < a0/2π qr ∼ π

qr > > π r > > a0

<latexit sha1_base64="pWppnCOso1jEM9CvtTt92lrceLc="></latexit>

|�|2 ⇡ 2⇡⌘

e2⇡⌘ � 1
,

⌘ =
me2

q

Independent of !r

<latexit sha1_base64="8X7H14n2A6E28XERZ2I3lOeKcwY="></latexit>

|�(q, r, cos ✓)|2classical =
X

±
1± 1

�


✏

(1± �)(1 + cos ✓)

�2
,

� =

r
1� 2✏

1 + cos ✓
,

✏ =
Z1Z2e2/r

q2/2µ

22

FIG. 6. For large relative momenta classical expressions are applied for the squared relative wave
functions. The classical analogy of the squared wave functions are generated from the relation between the
final direction of the relative momenta and the initial direction. This is illustrated in the lower panels of
both figures where angles are relative to the original relative position. Because the squared wave function
depends on the Jacobian, d cos ✓0/d cos ✓, there are integrable poles in the wave function. The e↵ective
squared wave function, |�|2, depends on the final direction ✓ and on the ratio of the original potential
energy, Z1Z2e2/r. to the final relative energy, q2/2µ.

ber OAC-2004601 (BAND Collaboration). The authors are grateful for the assistance with fitting
routines provided by Ozge Surer.

[1] S. A. Bass, P. Danielewicz and S. Pratt, Phys. Rev. Lett. 85, 2689 (2000).

pp:  fm 
CC:  fm

a0 = 58
a0 = 0.13



Theoretical Basis: Imaging
<latexit sha1_base64="t8TrU0GOdRSpvptU3gPzVnG1Gzw="></latexit>

C`m(q) = 1 + 4⇡

Z 1

0
r2dr K`(q, r)S`m(q, r)S`m(r),

K`(q, r) =
1

2

Z
d cos ✓ P`(cos ✓)(|�(q, r, cos ✓)|2 � 1)

Isolate  components 
1-D inversion problem

ℓ, m

Can be applied to any interaction!!

Panitkin et al., PRC 2000



Theoretical Basis: Coalescence

<latexit sha1_base64="zDjS1w4p4m/TV6HRxcWrby3eAPQ="></latexit>

Pd(~P ) =
3

4

Z
d4r1d

4r2|�d(~r)|2s(~P/2,~r)s(~P/2,~r)

For deuterons:

• Same as Koonin formula,  
• If is localized same as thermal model  

applied to end of reaction aside from  
• No shape information, but can infer  

from

⃗q → d
|ϕ |2

e−B/T

Rgauss

<latexit sha1_base64="XqlkklcUgB/KCjKns8j0JvuFo8w="></latexit>

R3
G =

 
⇡

R2
g

R2
G + ⇢2c/2

!3/2
(2Sc + 1)

(2Sa + 1)(2Sb + 1)

Pa(P/2)Pb(P/2)

Pc(P )

2010 W. J. LLOPE et al.
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FIG. 3. The source radii extracted from six different FCM chan-
nels versus the transverse velocity for the central 115 MeV/nucleon
"Ar+ Sc reactions viewed at midrapidity. A temperature of 5
MeV/nucleon was assumed, and the correction for the finite size of
the fragments was included.

and DMNCM results show a similar, but smoother, depen-
dence on the transverse velocity. In similarity to the results
for the deuteron and triton channels, the TDNCM and
DMNCM predictions for the u-particle channels are signifi-
cantly sma11er than those from the FCM for low transverse
velocities.
Figure 3 depicts the source radii from the FCM for six

different channels leading to charge one (upper frames), two
(middle frames), and three (lower frame) fragments versus
the transverse velocity. The results for the 55 (115) MeV/
nucleon Ar+ Sc reaction are shown as the open (solid)
squares, and a temperature of 5 MeV was assumed. The
source radii extracted from two proton interferometry of
"Ar+ Sc collisions at 80, 120, and 160 MeV were -7—8
fm [25,29]. This radius is somewhat larger than that ex-
tracted from the p+p —+d channel in our 115 MeV/nucleon
data using the FCM and a temperature of 5 MeV. The present
FCM radii agree with that presented in Refs. [25] and [29] if
a temperature of —4 MeV is used in the model.
Using the fireball model [30], the impact parameter region

studied herein corresponds to —70 participant nucleons. Di-
viding this number by the volume 4~R /3 gives a breakup
density of about forty percent of normal nuclear matter den-
sity when using R=6.5 fm. The true freeze-out density
would be somewhat smaller than this value if the actual tem-
perature is smaller than 5 MeV. Also, the overall radius may
increase slightly upon consideration of the effects of collec-
tive flow.
The effective source radii for both the 55 and 115 MeV/

nucleon data decrease as one considers coalescence into in-
creasingly heavier fragments. This may be due to the (rela-
tively weak) collective expansion of the matter which
concentrates heavier particles of a given velocity in a smaller
region of the source. Alternatively, it may result from phase
separation, which would focus f'ragments into the smaller
regions of the source with high densities. By combining coa-

FIG. 4. The temperature leading to radii of 5 (squares), 6 (up
triangles), 7 (down triangles), and g (circles) fm versus the trans-
verse velocity for the two FCM channels leading to n particles in
the central 115 MeV/nucleon Ar+ Sc reactions studied at mid
rapidity. The finite size correction was included in the calculation.

lescence analyses with nucleon-nucleon and Coulomb-
induced two fragment interferometry, one can determine the
cause of this behavior. Qualitatively, this behavior was ob-
served at the Bevalac [4], but in this analysis the Boltzmann
factor was not included and the centrality of the events was
not well characterized.
The apparent source sizes vary little for the two beam

energies, which agrees with the behavior seen using two
nucleon interferometry [25,29], as well as two fragment cor-
relations which are governed by Coulomb repulsion [31—33].
The radii from the central 55 MeV/nucleon reactions are
generally larger that those from the 115 MeV/nucleon reac-
tions for a coalescence. According to the discussion in the
previous section, this would imply an u source lifetime for
the 55 MeV/nucleon reactions that is significantly larger than
that for the 115 MeV/nucleon reactions.
In the two o.-particle channels, the FCM indicates a sig-

nificant increase in the apparent source size at the largest
transverse velocities when a constant temperature of 5 MeV
is assumed (cf. Figs. 2 and 3).We present an alternative view
in Fig. 4. In this figure, the temperatures that lead to specific
source radii equalling 5, 6, 7, and 8 fm are shown versus the
transverse velocity for these two FCM channels. For small
transverse velocities, these source radii are realized over a
relatively small temperature interval near -5 MeV. How-
ever, for the large transverse velocities, temperatures signifi-
cantly higher than 5 MeV lead to FCM radii similar to those
measured at the low transverse velocities. The relatively
large radii shown in Figs. 2 and 3 for helium and lithium
coalescence at large values of the transverse velocity can
therefore occur if the temperatures corresponding to these
velocities are significantly larger than 5 MeV.
Such an observation clearly underscores the need of an

independent measurement of the temperature versus the
transverse velocity. Temperature measurements have previ-

Llope et al, PRC 1995



Theoretical Basis: Multi-Pion Symmetrization
Koonin eq. Ignored body terms in wave functions 
For symmetrization only:

n−

<latexit sha1_base64="b+pyXLAMbQiMBFEVPKo43haE5ac="></latexit>

P (~p) = G1(p, p) +G2(p, p) +G3(p, p) + · · ·
P (~p1, ~p2) = P (~p1)P (~p2) + [G1(p1, p2) +G2(p1, p2) +G3(p1, p2) + · · · ][G1(p2, p1) +G2(p2, p1) +G3(p2, p1) + · · · ],

Gn(p, q) =

Z
d4x1 · · · d4xn d3k1 · · · d3kn�1

S((p+ k)/2, x1)S((k1 + k2)/2, x2) · · ·S((kn�1 + q)/2, xn)

Expression and effects altered if pion number fixed

Volume 301, number  2,3 PHYSICS LETTERS B 4 March 1993 

sian distribution of R = 2.5 fm, the resulting rr_ den- 
sity ts 0.10 fm-3. This represents a significant fraction 
of the critical density. The size of R=2.5  fm is small 
enough that finite size effects increase the critical 
multiplicity such that 25 pions is exactly half the crit- 
ical number. When the lead beam at the SPS is avail- 
able in 1994, the pion density should roughly double. 
The larger source size will reduce finite-size effects as 
well. Crincal multiphctty might then be reached. 
Stimulated emission would then become unstable and 
the majority of the plon emission channels should 
emit plons into low momentum stales. Two charac- 
teristics of such emission would be anomalous pion 
multiplicities and stopping. We refer to such behav- 
ior as a plon laser. As we discuss the effects on single- 
body and two-body measurements, the similariues to 
photon lasers will become clear. 

Fig. 3 shows the symmetrizatlon-corrected smgle- 
pion probability divided by the smgle-pion probabil- 
ity when symmetnzanon is neglected. The rano is 
plotted against the plon's momentum. We have used 
the same gaussian distributions with R = 3.5 fm and 
d=250  MeV/c and have fixed the number of pions 
to 100, 200 and 400 for the three hnes shown on the 
graph. The symmetnzation brings about a IOW-PT en- 
hancement. This is sxgnificant in the case of mulu- 
plicines of 100, but spectacular for multlphcxties of 
200 and 400. The enhancement in fig. 3 has two mo- 
mentum scales. For lower muluphcmes the PT en- 
hancement has a charactensuc width of,J, while once 
the condensate is formed a narrow peak occurs at zero 
momentum with a width of 1/R. One can perform 

the same diagrammatic calculation for particles in-a- 
box geometry that we presented here for gausslan ge- 
ometry. For large boxes, the correction to the single- 
particle spectra can be shown to be precisely the Bose- 
Emstein distribution divided by the Boltzmann dis- 
tnbution. Low-pr enhancement has been searched for 
at CERN with mixed results [4-7 ]. 

The two-particle correlation function is the proba- 
bility that two particles emitted from the same event 
have a relative momentum k divided by the proba- 
bdity that two particles from different events are sep- 
arated by k. Fig. 4 shows the modified correlation 
funcnons where probabilities are constructed using 
events of a fixed multiplicity. The heavy line repre- 
sents the correlauon function for small multiplicities 
where higher-order effects are negligible. The light line 
and the dotted line correspond to multiplicities of 200 
and 400 respectively. The intercept of the correlation 
function approaches unity as the multiplicity goes to 
infinity. This is charactenstic of a coherent state. This 
is remarkable, as the source were assumed to be m- 
coherent. Whereas quantum mechanics textbooks re- 
fer to coherent states as those produced by coherently 
summing states of different multiplicities, this be- 
havior appears for fixed multiplicity. 

Proton-induced reactions can at times produce a 
large muluplicity, but the emission is usually spread 
over several units of rapidity, and multi-particle ef- 
fects are negligible. However, ifa high-energy proton 
were incident on a nuclear target, they could collide 
up to a half dozen rimes, thus raising the density of 
like-pions to near the lasing threshold. Large particle 
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~p/dp 

dPbolt:idP 
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00 

, Single-Body_ S p e c t r a  

! 

~oo 200 3oo to~ 
p(MeV/, ) 

Fig. 3 The single-particle spectra divided by what the spectra 
would be if symmetnzat ton were neglected is shown as a function 
of  the momenta  for a 3.5 fm source where the particle number  is 
fixed at ! 25 (light line ), 200 (heavy line) and 400 (dotted line ). 

. . . . . .  v -  - - - 7  

20  1 
i 
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Fig. 4 The figure shows the correlation function for an R--3.5  
fm source when the multiplicity of  the events used to construct 
the correlation function is fixed at a few (heavy line), 200 (light 
line) and 400 (dotted line). 
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CF distorted 
for large phase 
space densities

S.P. PLB 1993



Theoretical Basis: Connect toTransport
<latexit sha1_base64="BijviaZJz4jWSYBxs3yxBy9PiCw="></latexit>

C(~p1, ~p2) =

Z
d3r S~P (~rcm) |�~qcm(~rcm)|

2

S~P (~r) =

R
dx1dx2s1(p1, x1)s2(p2, x2)�(~x1 � ~x2 � ~r)�(~p1 � ~p2)R

dx1dx2s1(p1, x1)s2(p2, x2)�(~p1 � ~p2)

 samples relative positionsS ⃗P ( ⃗r)



Theoretical Basis: Connect toTransport

2 different eq.s (same within smoothness eq.)
<latexit sha1_base64="RoRBN/7+41jZHiVtoINa4fO0UHI="></latexit>

C(~p1, ~p2) =

Z
d3r S~P (~rcm) |�~qcm(~rcm)|

2

S~P (~r) =

R
dx1dx2s1(p1, x1)s2(p2, x2)�(~x1 � ~x2 � ~r)�(~p1 � ~p2)R

dx1dx2s1(p1, x1)s2(p2, x2)�(~p1 � ~p2)

⇡
R
dx1dx2s1(p1, x1)s2(p2, x2)�(~x1 � ~x2 � ~r)�(~p1 � ~p2 � ~q)R

dx1dx2s1(p1, x1)s2(p2, x2)�(~p1 � ~p2 � ~q)

Method 1

Method 2



Theoretical Basis: Connect toTransport

Both methods can sample by mixing events with same  
Method 1: needs few hundred events 
Method 2: needs few thousand events

b

Method 1 
• Sum particles over , 

assigning bin by  
• For given  bin, sum over q 

sum over all pairs (regardless of ) 
 

p
P = 2p ± δ

P
q

C(P, q) = ⟨ |ϕ(q, r) |2 ⟩

Method 2 
• Sum particles over all pairs, 

assigning bin by 
  

•  
P = p1 + p2, q = (p1 − p2)/2
C(P, q) = ⟨ |ϕ(q, r) |2 ⟩



Theoretical Basis: Connect toTransport

To average , In coral:|ϕ |2

string wf_parsfilename="parameters/wfparameters.dat";

CWaveFunction wf=new CWaveFunction_pp_schrod(wf_parsfilename);

.

.

wf->getqrctheta(pa,xa,pb,xb,q,r,ctheta);

iP = …;

iq = …;

.

.

N[iP][iq] += 1;

cf[iP][iq]+= GetPsiSquared(q,r,ctheta);

.

.

cf[iP][iq] = cf[iP][iq]/N[iP][iq]

 



Other wave functions in coral:

	 CWaveFunction_pipluspiplus_nostrong(string parsfilename);

	 CWaveFunction_pipluspiminus_nostrong(string parsfilename);

	 CWaveFunction_pkplus_phaseshift(string parsfilename);

	 CWaveFunction_ppiplus_phaseshift(string parsfilename);

	 CWaveFunction_generic(string parsfilename,int q1q2,double m1,double m2,double symmweight);

	 CWaveFunction_Xipi_phaseshift(string parsfilename);

	 CWaveFunction_pn_phaseshift(string parsfilename);

	 CWaveFunction_plambda_phaseshift(string parsfilename);

	 CWaveFunction_kpluspiminus_phaseshift(string parsfilename);

	 CWaveFunction_pp_phaseshift(string parsfilename);

	 CWaveFunction_nn_phaseshift(string parsfilename);

	 CWaveFunction_pipluspiminus_phaseshift(string parsfilename);

	 CWaveFunction_pipluspiplus_phaseshift(string parsfilename);

	 CWaveFunction_lambdalambda_phaseshift(string parsfilename);

	 CWaveFunction_lambdalambdaantiparspin_phaseshift(string parsfilename);

	 CWaveFunction_lambdalambdaparspin_phaseshift(string parsfilename);

	 CWaveFunction_pipluspiminus_sqwell(string parsfilename);

	 CWaveFunction_kpluspiminus_sqwell(string parsfilename);

	 CWaveFunction_pipluspiplus_sqwell(string parsfilename);

	 CWaveFunction_kpluspiplus_sqwell(string parsfilename);

	 CWaveFunction_pkplus_sqwell(string parsfilename);

	 CWaveFunction_ppiplus_sqwell(string parsfilename);

	 CWaveFunction_ppiminus_sqwell(string parsfilename);

	 CWaveFunction_pp_schrod(string parsfilename);

	 CWaveFunction_ppbar_nocoulomb(string parsfilename);

	 CWaveFunction_optical(string parsfilename);
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Figure 2: For non-central collisions the principal axes describing the orientation
of the region of homogeneity can differ from the out-side-long axes. By viewing
the source distribution from the perspective where the beam axis is oriented
horizontally (left panel) and from peering down the beam pipe (right panel), the
orientations leading to out-long and out-side cross terms are illustrated.

direction b̂ matters. The φpair-dependences of (R2)out, (R2)side, and (R2)out−side

then characterize the degree to which the initially out-of-plane-extended source
geometry has expanded to the point where it becomes in-plane-extended (66; 67).
The out-longitudinal and side-longitudinal cross terms contain information about
the extent to which the main axis of the emission ellipsoid is tilted with respect
to the beam axis(67). We return to this topic in Section 4.2.

The Yano-Koonin parameterization (77; 78; 71; 79) provides an alternative
basis for describing the out-long cross term. The Yano-Koonin form is based on
the assumption that one can boost along the beam axis to a source frame where
the correlation function has a simple form.

C(P,Q) = 1 + exp
{

−Q̃2
⊥R2

⊥ − Q̃2
||R

2
|| − Q̃2

0R
2
0

}

, (21)

where Q̃ is the momentum difference defined in the source frame which has ra-
pidity yYK. In that frame R0 is the Gaussian lifetime and R⊥ and R|| are the
dimensions of the source. This can be transposed to the out-long-side frame by
boosting Q̃ along the beam axis to the frame where Pz = 0, i.e. the LCMS
frame, then using the fact that Q0 = QoutP⊥/P0 ≡ QoutV⊥ in the new frame.
This yields Q̃0 = cosh(yππ − yY K)QoutV⊥ − sinh(yππ − yYK)Qlong, and Q̃|| =
cosh(yππ − yY K)Qlong − sinh(yππ − yYK)QoutV⊥, where yππ is the rapidity of the
LCMS frame. Substituting these expressions into Equation 21 yields a cross term
in the exponential equal to QoutQlong(R2

0 + R2
||) sinh 2(yππ − yYK), which disap-

pears when yY K = yππ. By fitting yY K as a function of the pair rapidity, aspects
of boost invariance can be tested. Given that the distribution of source rapidities
should fall off for large rapidities, one expects yY K to lag yππ, because pions of
a given rapidity would more likely have been emitted from sources with smaller
rapidities (78).

2.6 The λ factor

Many pions measured in experiment come from long-lived decays. Pions from
weak decays may or may not, depending on the experiment, be identified and re-
moved from the analysis, because their decay vertices are typically a few centime-
ters from the reaction center. Decays from η or η′ mesons occur a few thousand
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Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm〈t〉. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system

Rlong ≈ vthermτ

Lifetime stretches phase space cloud, 
Both along  and along beam⃗v
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Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm〈t〉. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system
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Figure 9: World data set of published mT dependence of pion Bertsch-Pratt
radii near mid-rapidity from Au+Au (Pb+Pb) collisions. Centrality selection is
roughly top 10% of cross-section, but varies somewhat with experiment. Data
from (86; 121; 149; 137; 178; 181; 182; 122; 179; 142; 118) Lines represent
parameterized fits; see text for details.

In a flow-dominated freeze-out scenario, the fall-off of transverse radii with mT

increases as flow increases and/or temperature decreases (e.g. 72). Blast-wave fits
to spectra (183) indicate that freeze-out flow and temperature vary significantly
with

√
sNN for

√
sNN ! 10 GeV. The overall approximate

√
sNN-independence

of the αi parameters may reflect the fact that significantly changing the slope of
Ri(mT ) requires very large changes in flow and temperature; on the other hand,
it could be that the compensating effects of smaller (larger) homogeneity lengths
generated by larger flow (temperature) cancel almost exactly in nature. Although
Ri(mT ) almost certainly reflects strong collective flow, determining the strength
of that flow requires other information, such as particle spectra (94; 72).

because the radii fall off roughly as 1/
√

mT (see Figure 10) and such a de-
pendence has been discussed frequently in the literature (e.g. 184; 185), it is
interesting to look at the overall scale parameter from a single-parameter fit to
R′

i/
√

mT . The
√

sNN-dependence of R′
side and R′

long are shown in Figure 11. The
scale of the longitudinal homogeneity length grows significantly with

√
sNN, con-

sistent with an increase of the system evolution time. However, R′ varies only
very weakly with

√
sNN.

4.4.2 Systematics with particle mass Systematic studies for different
mass particles provide additional controls probing the space-time evolution of the
source. In particular for kaons, the interpretation may be simplified owing to re-
duced effects of resonance feed-down (186) and a reduced scattering cross-section
for K+ in nuclear matter, raising the possibility that kaon correlations could peer
farther back to earlier stages of the collision (187). Indeed, the first kaon mea-
surements (188; 189; 190; 176) reported smaller source radii for kaons. However,
the observation that radii for K+ and K− were very similar (189) was an early
experimental indication that different cross-sections were not the driving physics
behind these smaller radii. This was supported by model calculations (191),
which suggested that K+ and K− in fact scattered roughly equally in the dense
medium created in heavy ion collisions. In this case, the smaller radii for kaons

Source sizes fall with mT
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Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm〈t〉. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system

protons

pions

S ⃗P ( ⃗r) ≠ S ⃗P (− ⃗r) → C( ⃗P , ⃗q ) ≠ C( ⃗P , − ⃗q )
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Figure 6: Squared source radii mea-
sured at mid-rapidity in Au+Au col-
lisions at RHIC, as a function of pair
emission angle relative to the reaction
plane. Data for three centralities are
shown. Figure from (134).
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ure from (132).

source increasingly elongated out of the reaction plane (134).1

The strong in-plane expansion (163) does not fully convert the initial out-of-
plane (overlap) geometry into an in-plane-extended source at freeze-out. This
suggests a rather short evolution time; in essence, the system did not have time
to reverse its deformation. However, this is only a hint, and a full dynamical
transport calculation is required to extract physical timescales (90).

Whereas at the highest RHIC energy, the freeze-out anisotropy is ∼ 1
3 of the

initial (134), at low AGS energies, the final anisotropy is consistent with that of
the initial overlap region (132), or perhaps slightly lower. because elliptic flow
vanishes—changes sign—at these energies (164), these trends make intuitive sense
and suggest an underlying connection to the evolution dynamics. It would be
desirable to map the source anisotropy at intermediate (AGS and SPS) energies,
for which there may be interesting changes in the space-time systematics. At
these energies, there have been intriguing hints of asymmetries in the homogeneity
regions for pions (165; 166; 167; 168) and protons (169), and in the proton-pion
separation (166; 73), although they have not been finalized.

If the impact parameter direction b̂—not simply the 2nd-order event-plane angle
(unambiguous only over a range [0,π])—is known, then more detailed information
may be obtained. In the left panel of Figure 2, the source is tilted with respect to
the beam axis, toward b̂. Just as anisotropic azimuthal geometry in the transverse
plane is related to the structure of elliptic flow (90; 100), a tilted geometry can
reveal important information on the underlying nature of directed flow (170;

1The out-of-plane nature of the elongation may be read directly from Figure 6. Ignor-
ing collective flow or opacity effects (e.g. 67) an out-of-plane-extended Source would produce
R2

side(φpair = 0◦) > R2
side(φpair = 90◦), as seen in Figure 6. Collective flow effects complicate

this picture (66; 72), but the sign of the oscillations are determined by geometric, not dynamic,
effects for realistic sources at RHIC (90; 72).

Direction of ⃗P
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Figure 2: For non-central collisions the principal axes describing the orientation
of the region of homogeneity can differ from the out-side-long axes. By viewing
the source distribution from the perspective where the beam axis is oriented
horizontally (left panel) and from peering down the beam pipe (right panel), the
orientations leading to out-long and out-side cross terms are illustrated.

direction b̂ matters. The φpair-dependences of (R2)out, (R2)side, and (R2)out−side

then characterize the degree to which the initially out-of-plane-extended source
geometry has expanded to the point where it becomes in-plane-extended (66; 67).
The out-longitudinal and side-longitudinal cross terms contain information about
the extent to which the main axis of the emission ellipsoid is tilted with respect
to the beam axis(67). We return to this topic in Section 4.2.

The Yano-Koonin parameterization (77; 78; 71; 79) provides an alternative
basis for describing the out-long cross term. The Yano-Koonin form is based on
the assumption that one can boost along the beam axis to a source frame where
the correlation function has a simple form.

C(P,Q) = 1 + exp
{

−Q̃2
⊥R2

⊥ − Q̃2
||R

2
|| − Q̃2

0R
2
0

}

, (21)

where Q̃ is the momentum difference defined in the source frame which has ra-
pidity yYK. In that frame R0 is the Gaussian lifetime and R⊥ and R|| are the
dimensions of the source. This can be transposed to the out-long-side frame by
boosting Q̃ along the beam axis to the frame where Pz = 0, i.e. the LCMS
frame, then using the fact that Q0 = QoutP⊥/P0 ≡ QoutV⊥ in the new frame.
This yields Q̃0 = cosh(yππ − yY K)QoutV⊥ − sinh(yππ − yYK)Qlong, and Q̃|| =
cosh(yππ − yY K)Qlong − sinh(yππ − yYK)QoutV⊥, where yππ is the rapidity of the
LCMS frame. Substituting these expressions into Equation 21 yields a cross term
in the exponential equal to QoutQlong(R2

0 + R2
||) sinh 2(yππ − yYK), which disap-

pears when yY K = yππ. By fitting yY K as a function of the pair rapidity, aspects
of boost invariance can be tested. Given that the distribution of source rapidities
should fall off for large rapidities, one expects yY K to lag yππ, because pions of
a given rapidity would more likely have been emitted from sources with smaller
rapidities (78).

2.6 The λ factor

Many pions measured in experiment come from long-lived decays. Pions from
weak decays may or may not, depending on the experiment, be identified and re-
moved from the analysis, because their decay vertices are typically a few centime-
ters from the reaction center. Decays from η or η′ mesons occur a few thousand
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FIG. 1: (color online) Gaussian radii reflecting spatial sizes
of outgoing phase space distributions in three directions:
Rout, Rside and Rlong. Data from the STAR collaboration
(red stars) are poorly fit by a model with a first-order
phase transition, no pre-thermal flow, and no viscosity
(solid black squares). Correcting for all those deficiencies,
and using a more appropriate treatment of the relative
wave function in Eq. (1) brings calculations close to the
data (filled black circles). The sequential effects of includ-
ing prethermal acceleration (open blue squares), using a
more realistic equation of state (open green diamonds),
and adding viscosity (open cyan triangles) all make sub-
stantial improvements to fitting the data. An improved
relative wave function yielded modest improvements (com-
pare open cyan triangles to filled black circles).

cascade code. The cascade microscopically simulates
the final stages of the collision and breakup where lo-
cal kinetic equilibrium is lost and hydrodynamics is
unjustified. The times and positions of last collisions
for particles of a specific k were used to calculate the
source function, from which correlation functions were
generated via Eq. (1). These were then fit to corre-
lations from Gaussian sources to extract radii, which
are also displayed in Fig. 1.
As a benchmark, the first calculation (filled squares

in Fig. 1) was parameterized similarly to previous hy-
drodynamic calculations, and failed in a similar man-
ner. Transverse expansion was delayed until 1 fm/c

after the initial collision. A strong first-order phase
transition, which is inconsistent with lattice gauge
theory, was employed, and the viscosities were set to
zero. Additionally, an over-simplified relative wave
function, neglecting Coulomb and strong interactions
between the pions, was used to generate correlation
functions. Since the source functions are not truly
Gaussian, this can lead to different Gaussian radii.
This benchmark calculation overstates the Rout/Rside

ratio by ∼ 40% and overstates Rlong by ∼ 25%.

The second calculation (open squares in Fig. 1) ac-
counts for prethermal acceleration by beginning the
expansion 0.1 fm/c after the initial collision, roughly
the amount of time required for the Lorentz contracted
nuclei to traverse one another. The importance of
pre-thermalized acceleration has been emphasized in
several studies during the last few years [10, 15, 16].
As was shown in Ref. [17], flow during the first 1
fm/c is approximately universal for any system with
a traceless energy tensor, including partonic and field
based pictures, independent of thermalization. Since
the transverse expansion starts earlier, the longitudi-
nal size is smaller at breakup, more in line with data.
The Rout/Rside ratios also drop, moving modestly to-
ward the data.

The second improvement to be considered is to use
a stiffer equation of state. Early studies used an equa-
tion of state with a first order phase transition with
a large latent heat [4, 5, 6]. Such soft equations of
state have constant temperature and pressure for en-
ergy densities between εh and εh + L, where εh is the
maximum density of the hadronic phase. Here, εh
corresponds to a hadronic gas with a temperature of
Tc = 170 MeV, and L is the latent heat. In con-
trast, lattice QCD now suggests a crossover transition
where the pressure rises continuously with energy den-
sity. There indeed exists a soft region, but the speed
of sound, c2s = dP/dε, never falls below 0.1 and the
width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The
benchmark calculation, displayed in the upper panel,
assumed a first order transition with a latent heat
L = 1.6 GeV/fm3 with a lower bound to the mixed
phase at εh ≈ 500 MeV/fm3. This is not only inconsis-
tent with lattice calculations, but is also inconsistent
with femtoscopic analyses of data at lower energies.
For heavy ion collisions at the upper AGS and for the
lower SPS beam energies, maximum energy densities
were in the neighborhood of εh + L. For a first order
phase transition the pressure P stays fixed through-
out the mixed phase, and these conditions would have
minimal values of P/ε with minimal explosivity re-
sulting in perhaps dramatically large lifetimes, well
exceeding 20 fm/c. The long duration of the emis-
sion would lead to extended values of the outward
dimensions of the phase-space cloud [18, 19]. This
was not observed. The third calculation (open dia-
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FIG. 2: The entropy per unit rapidity from lattice calculations
(solid line) is displayed as a function of the ε0, the energy den-
sity at τ = 1 fm/c. The horizontal band shows the final-state
entropy extracted from experiment. Hydrodynamic models
typically have energy densities nearing 10 GeV/fm3, which
would push the limit for entropy from the final state.

masses should result into the increase being in the 10-
15% range. For massless particles undergoing a purely
one-dimensional Bjorken expansion, the energy density
would fall as τ−4/3, and dET /dy would change by a fac-
tor of τ−1/3. This would be a factor of 2 for times be-
tween 1 and 8 fm/c. The loss of ET from longitudinal
work is proportional to the πR2

∫

Pdτ in hydrodynamic
models, or πR2Tzzdτ if the stress tensor is non-isotropic,
i.e., viscous effects are included. The effects of viscosity
have been studied within the context of cascade models.
Whereas, one-dimensional hydrodynamic models might
show that dET /dy is higher than that at breakup, the
inclusion of viscosity reduces that increase to the 50%
range [35, 36]. After including the effects of longitudinal
work and longitudinal motion, estimates of the initial
average energy density might be in the range of 7 ± 2
GeV/fm3, depending on the equation of state and the
viscosity.

Of course, the initial entropy is less than the final
state entropy. One expects the entropy to increase dur-
ing the reaction by the order of 10% from viscous effects
or shocks [37]. If one were to lower the final-state esti-
mate of dS/dy by 10% it would come close to the value of
dS/dy predicted by the lattice gauge calculation. A lack
of complete thermalization of the initial state would also
point to a lack of entropy at early times. If the initial
energy was stored in classical gluon fields [38], the en-
tropy would be negligible. An underpopulation of quark
degrees of freedom would also lower the entropy. Since
flavor and color charges cannot sample the entire volume,
finite-size effects can also reduce the initial entropy, but
only by a few percent [39, 40]. Since the amount of en-
tropy produced during the expansion is unknown, it is

impossible to rule out that the initial state might have
been of lower entropy.
Thus, our estimate of the final-state entropy, dS/dy =

4451, does not seem inconsistent with expectations from
lattice calculations from analyzing Fig. 2. It therefore
seems puzzling that hydrodynamic calculations based on
lattice-inspired equations of state matched spectra and
failed to fit HBT sizes [9, 10, 11, 12]. An overestimate
of a factor of two in R3

inv would suggest an overestimate
of the entropy of the order of ln(2) per pion, or ∼ 400
units per rapidity. However, it appears from the data
that other degrees of freedom, especially the baryonic
degrees of freedom, compensate for the lack of entropy
in the pions. Although the pions comprise two thirds
of the final-state particles, they provide less than half
the final-state entropy. The shift of entropy from pions
to the (anti)baryon sector was discussed by Rapp and
Shuryak [41] as a natural consequence of an increased
phase space density of pions. This follows from the reac-
tion pp ↔ Nπ. Since pion number population is difficult
to maintain, the overpopulation of pions was expected
in an isentropic expansion [42]. An additional factor in
increasing the overpopulation of pions would be a low-
ering of hadronic masses associated with chiral symme-
try restoration [43]. A lowering of hadron masses would
lead to an increase in the population of heavier hadrons,
many of which would decay back to multiple pions after
the normal QCD vacuum is restored [44].
It should be stressed that the small pionic sources ex-

tracted from HBT remain a puzzle. Since the overall en-
tropy of the final state is consistent with the lattice gauge
theory, the possibility remains open that a quark-gluon
plasma is indeed created at RHIC but that the dynam-
ics of the expansion and decoupling somehow differ from
current hydrodynamic descriptions [45, 46].
To illustrate the sensitivity of the entropy to the num-

ber of degrees of freedom, Fig. 2 also displays dS/dy for
a pion gas. Since the pion gas has only three effective
degrees of freedom, it has a much higher temperature
for a given energy density than does the lattice equa-
tion of state. From Eq. 1, it therefore has a lower en-
tropy when compared at the same energy density. At
high temperatures, a hadron gas would effectively incor-
porate more degrees of freedom, and for energy densities
near or above 10 GeV/fm3 would have more effective
degrees of freedom than a plasma due to the extremely
large number of baryonic resonances with masses between
1.0 and 2.0 GeV. However, since the volume of a baryon
is in the neighborhood of 2 fm3, energy densities above
0.5 GeV/fm3 preclude a serious description in terms of a
non-interacting hadron gas.
In conclusion, we have calculated the final-state en-

tropy from 130A GeV Au+Au collisions at RHIC to be
dS/dy = 4451. We estimate that this number, which is
based solely on measured spectra and extracted source-
size radii of the principal final-state constituents, to have

<latexit sha1_base64="/5RmZ9tzCLCDnpr2jfxgiWUlyE0="></latexit>
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
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FIG. 1. Twenty pion, kaon and proton spectra as measured

by the ALICE collaboration at the LHC (circles for 0-5% and

squares for 20-30%) [14] are compared to model predictions

using parameters randomly taken from the prior parameter

space (panels a-c) and using parameters weighted by the like-

lihood (d-f).

FIG. 2. The pion azimuthal anisotropy v2, often referred

to as elliptic flow, from ALICE [16] for the 20-30% centrality

(circles) are compared to model predictions using parame-

ters randomly taken from the prior parameter space (a), and

weighted by the likelihood (b).

1, 2 and 3 by comparing both full model calculations at
20 random points in parameter space and then again at
20 points chosen proportional to the likelihood defined in
Eq. (1). Calculations are compared to ALICE Collabo-
ration at the LHC. Similarly good representations of the
experimental data are found for RHIC data, with results
very similar to those in [13]. The procedure readily iden-
tified regions of parameter space that matched the exper-
imental data within the 6% uncertainty assumed here.
Nonetheless, it appears that the procedure finds spec-
tra that have transverse momenta that are a few percent
higher than the the experiment, and femtoscopic source
sizes that are a few percent larger. This suggests the fem-
toscopic data and the spectra are competing for agree-
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FIG. 3. Two-particle femtoscopic source sizes from ALICE

[15] (circles for 0-5% and squares for 20-30% centrality) are

compared to model predictions using parameters randomly

taken from the prior parameter space (a-c), and weighted by

the likelihood (d-f).

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

X0

−0.5

0.0

0.5

1.0

1.5

2.0

R

FIG. 4. The posterior likelihood for the two parameters that

describe the equation of state, X 0
and R, have a preference

to be along the diagonal. This shows that experiment con-

strains some integrated measure of the overall sti↵ness of the

equation of state, i.e. a softer equation of state just above Tc

is consistent with the data if it is combined with a more rapid

sti↵ening at higher temperature.

ment with the model, as slightly more explosive models
would better match the femtoscopic observations, while
less explosive models would better reproduce the spec-
tra. This implies that improved physics might be needed
if one were to reproduce the experimental results much
better than 6%.
The ability of the procedure to constrain the two pa-

Sample 
calculations 
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Sample 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FIG. 5. (a) Fifty equations of state were generated by ran-

domly choosing X 0
and R in Eq. (2) from the prior distribu-

tion and weighted by the posterior likelihood (b). The two

upper thick lines in each figure represent the range of lat-

tice equations of state shown in [4], and the lower thick line

shows the equation of state of a non-interacting hadron gas.

This suggests that the matter created in heavy-ion collisions

at RHIC and at the LHC has a pressure that is similar, or

slightly softer, to that expected from equilibrated matter.

rameters that determine the equation of state is shown
in Fig. 4. As a function of X 0 and R defined in Eq.
(2), the likelihood is significant for a large band near
the diagonal. Higher values of X 0, which delays the ap-
proach of the speed of sound to one third until higher
energy densities and makes the equation of state softer,
can be compensated by higher values of R, which sends
the speed of sound higher just above Tc and makes the
equation of state sti↵er. Fifty values of X 0 and R were
then taken randomly from both the prior, and weighted
by the posterior likelihood. For each case the speed of
sound is plotted as a function of the temperature in Fig.
2. It is clear that the experimental results significantly
constrain the equation of state and we also note that
the RHIC and LHC data in combination provide a bet-

ter constraint than either can alone. It appears that
the speed of sound cannot fall much below the hadron
gas value, ⇠ 0.15, for any extended range and that it
must rise with temperature. Figure 5 also shows a range
of equations of state from lattice calculations [4]. The
equations of state found here show a preference for being
slightly softer than those from the lattice, but the ranges
overlap.

IV. CONCLUSIONS

Determining the equation of state from experiment
has proven di�cult due to the intertwined links between
model parameters and numerous observables. The sta-
tistical techniques applied here overcome these di�cul-
ties. The resulting constraints suggest the speed of sound
gradually rises as a function of temperature from the
hadron gas value. The band of equations of state from
Fig. 5 is modestly softer than that of lattice calculations,
but has significant overlap. This analysis strengthens the
supposition that the matter created in relativistic heavy
ion collisions has properties similar to that of equilibrated
matter according to lattice calculations and shows that
our model describes the dynamics of heavy ion collisions
well enough to permit the extraction the thermodynamic
and transport properties of equilibrium condensed QCD
matter.
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Resolving Power 13

FIG. 5. The resolving power for determining a pair of parameters, xi, xj , due to a specific observable ya as defined by Rij;a in
Eq. (22). The sensitivity for the two viscosity parameters is shown in the upper panel and that for the two equation-of-state
parameters is displayed in the lower panels. Information about eh viscosity is most strongly determined by measurements of
v2 and the multiplicities. The equation of state is most strongly constrained by femtoscopic radii.

pressures leading to more elongated phase space distributions in the outward direction and that the longitudinal sizes
would increase if transverse expansion was slower, [9, 16, 17]. Additionally, source sizes played a role in measuring
the final entropy, which is also a measure of the equation of state [18]. The mean transverse momentum had long
ago been pointed out as being sensitive to the temperature, and therefore the equations of state, [19], and even v2
had been suggested as a means for extracting early pressure [20]. Therefore, it was not surprising to see the resolving
power for the equation of state in Fig. 5 spread across all observables.

The techniques presented here could play a pivotal role in determining the direction of future experiments. Before
embarking on an expensive experimental program to improve the measure of a specific observable, one could check
to see how that improvement might indeed better determine parameters of greatest interest. For example, one could
determine whether running an accelerator for a specific projectile target combination, or at a new beam energy, or
with higher statistics would best provide insight into better determining the equation of state. In many cases it would
behoove the community to pre-analyze a project with modern statistical techniques before investing the cost and
manpower for the e! ort.
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Most resolving power for EoS 
comes from femtoscopy
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Future: To-Do List • Non-identical particles 
— compare to transport 

• Coalescence source sizes 
— systematic 
— compare to femtoscopic correlations 

• Understand body symmetrization 
— realistic models 

• Imaging 
— 3-dimensional 
—  
— compare to transport 

• Bayesian analysis of BES data 
— global (spectra, flow,femtoscopy) 
— models need improvement 

n−

p, π, K⋯

More theory/data 
Interaction needed!
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Fig. 1: (Color online) The
!

sNN dependence of (a) (R2
out "

R2
side),

and (b) [(Rside "
!

2 øR)/Rlong] [8].

Fig. 2: Illustration of the Finite-Size (L)
dependence of the peak position, width
and magnitude of the susceptibility!
(see text).

2. Anatomy of the search strategy for the CEP

The critical point is characterized by several (power law) divergences linked to the divergence of the cor-
relation length" # |t|" # $ |T " Tcep|" #. Notable examples are the baryon number ßuctuations%($n)& ' "%/ #,
the isobaric heat capacityCp ' "%/ # and the isothermal compressibility&T ' "%/ #. Such divergences sug-
gest that reaction trajectories which are close to the CEP, could drive anomalies in the reaction dynamics to
give distinct non-monotonic patterns for the related experimental observables. Thus, a current experimental
strategy is to carry out beam energy scans which enable a search for non-monotonic excitation functions
over a broad domain of the (T, µB)-plane. In this work we use the non-monotonic excitation functions for
HBT radii combinations that are sensitive to the divergenceof the compressibility [7].

The expansion of the pion emission source produced in heavy ion collisions, is driven by the sound speed
c2

s = 1/ '& s, where' is the density,&s = (&T is the isentropic compressibility and( = Cv/ Cp is the ratio of the
isochoric and isobaric heat capacities. Thus, an emitting source produced in the vicinity of the CEP, would
be subject to a precipitous drop in the sound speed and the collateral increase in the emission duration [9],
which results from the divergence of the compressibility. The space-time information associated with these
e! ects, are encoded in the Gaussian HBT radii which serve to characterize the emission source. That is,Rlong

is related to the source lifetime) , (R2
out " R2

side) is sensitive to its emission duration" ) [10] (an intensive
quantity) and [(Rside"

!
2øR)/Rlong] gives an estimate for its expansion speed (for small valuesof mT), where

øR is an estimate of the initial transverse size, obtained via Monte Carlo Glauber model calculations [8, 7].
Therefore, characteristic convex and concave shapes are tobe expected for the non-monotonic excitation
functions for (R2

out " R2
side) and [(Rside"

!
2 øR)/Rlong] respectively.

These predicted patterns are validated in Figs. 1(a) and (b). They reenforce the connection between
(R2

out " R2
side) and the compressibility and suggest that reaction trajectories spend a fair amount of time near

a soft point in the EOS that coincides with the CEP. We associate (R2
out " R2

side) with the susceptibility&and
employ Finite-Size Scaling (FSS) for further validation tests, as well as to extract estimates for the location
of the CEP and the critical exponents which characterize itsstatic and dynamic properties.

3. Characterization of the CEP via Finite-Size Scaling

For inÞnite volume systems," diverges nearTcep. Since" ( L for a system of Þnite sizeLd (d is
the dimension), only a pseudo-critical point, shifted fromthe genuine CEP, is observed. This leads to
a characteristic set of Finite-Size Scaling (FSS) relations for the magnitude (! max

T ), width ($T) and peak
position (tT) of the susceptibility [7] as illustrated in Fig. 2;! max

T (V) ' L%/ #, $T(V) ' L" 1/ # andtT(V) '

R.Lacey,NPA 2018

softest point?

REMARKABLE! 
Lowering beam energy 
below 19.6 GeV yields  

higher speed of sound 
despite higher  ratio!p/π

Priority: Improve modeling and perform Bayesian analysis for BES data

INT Workshop: Dense Nuclear Matter EoS from Heavy-Ion Collisions 
Dec. 5-9, 2022, Seattle


