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Lattice effective field theory
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[D.L, Prog. Part. Nucl. Phys. 63 117-154 (2009)]
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[Lähde, Meißner, Nuclear Lattice Effective Field Theory (2019), Springer]
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Construct the effective potential order by order
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Contact interactions

Leading order (LO) Next-to-leading order (NLO)

Chiral effective field theory
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Euclidean time projection



We can write exponentials of the interaction using a Gaussian 
integral identity

We remove the interaction between nucleons and replace it 
with the interactions of each nucleon with a background field.
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Auxiliary field method
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Adiabatic projection method

In the first part, use Euclidean time projection and lattice Monte 
Carlo to derive an abinitio low-energy cluster Hamiltonian, called the 
adiabatic Hamiltonian.  

In the second part, we use the adiabatic Hamiltonian to compute 
scattering phase shifts or reaction amplitudes.
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The adiabatic projection method is a first principles method for 
scattering and reactions. Strategy is to divide the problem into two 
parts. 
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Effective cluster-cluster Hamiltonian is constructed from these states

M. Groening
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We then evolve the clusters with Euclidean time
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We evaluate matrix elements of the full microscopic Hamiltonian with 
respect to the dressed cluster states,

Since the dressed cluster states are in general not orthogonal, we also 
construct a norm matrix given by the inner product

The adiabatic Hamiltonian is defined by the matrix product



As we increase the projection time, the adiabatic Hamiltonian exactly 
reproduces the low-energy spectrum of the full microscopic Hamiltonian.  
We can read off the scattering phase shifts for the asymptotic long-
distance properties of the scattering wave functions.

Distortion and polarization of the nuclear wave functions are 
automatically produced by the Euclidean time projection.
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Rokash, Pine, Elhatisari, D.L., Epelbaum, Krebs, PRC 106, 054612, 2015
Elhatisari, D.L., PRC 90, 064001, 2014



We use projections onto spherical harmonics defined on sets of lattice 
points with the same distance from the origin. 
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Hybrid Monte Carlo updates

New algorithm developed for auxiliary field updates and initial/final 
state updates

Metropolis updates
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Lattice simulations for alpha-alpha scattering using adiabatic projection 
method.  The computational scaling of the method is roughly quadratic 
in the number of nucleons.

Elhatisari, D.L., Rupak, Epelbaum, Krebs, Lähde, Luu, Meißner, Nature 528, 111 (2015)
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A tale of two interactions

Two different chiral LO interactions, A and B, that are nearly the same for 
up to four nucleon systems.  However, they disagree strongly for systems 
with more nucleons.

Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, Meißner, Epelbaum, Krebs, Lähde, D.L., Rupak, 
PRL 117, 132501 (2016)
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Bose condensate of alpha particles!
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Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, Meißner, Epelbaum, Krebs, Lähde, D.L., Rupak, 
PRL 117, 132501 (2016)
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Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, Meißner, Epelbaum, Krebs, Lähde, D.L., Rupak, 
PRL 117, 132501 (2016)



Essential elements for nuclear binding

What is the minimal nuclear interaction that can reproduce the ground 
state properties of light nuclei, medium-mass nuclei, and neutron 
matter simultaneously with no more than a few percent error in the 
energies and charge radii? 

We construct an interaction with only four parameters.

1. Strength of the two-nucleon S-wave interaction
2. Range of the two-nucleon S-wave interaction
3. Strength of three-nucleon contact interaction

4. Range of the local part of the two-nucleon interaction
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fit to 
A = 2, 3 systems

fit to A > 3
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Pinhole algorithm
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Seeing Structure with Pinholes

Consider the density operator for nucleon with spin i and isospin j

We construct the normal-ordered A-body density operator

In the simulations we do Monte Carlo sampling of the amplitude
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proton up
proton down
neutron up
neutron down
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Ab initio No-Core Monte Carlo Shell Model calculations of 12C

Otsuka et al., Nat. Comm. 13:2234 (2022)
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Structure and spectrum of 12C



Shen, Elhatisari, Lähde, D.L., Lu, Meißner, arXiv:2202.13596
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Wave function matching

39
Work in progress:  Elhatisari, Bovermann, et al.
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Lattice Monte Carlo simulations can compute highly nontrivial 
correlations in nuclear many-body systems.  Unfortunately, sign 
oscillations prevent direct simulations using a high-fidelity Hamiltonian 
based on chiral effective field theory due to short-range repulsion.  

Wave function matching solves this problem by means of unitary 
transformations and perturbation theory.  By using unitary 
transformations, we construct a high-fidelity Hamiltonian that can be 
reached by perturbation theory, starting from a Hamiltonian without a 
sign problem.



N3LO chiral interaction
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Wave function matching
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Let us write the eigenenergies and eigenfunctions for the two interactions 
as 

We would like to compute the eigenenergies of HA starting from the 
eigenfunctions of HB and using first-order perturbation theory.
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Not surprisingly, this does not work very well.  The interactions VA and 
VB are quite different.
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Let P be a projection operator that is nonzero only for separation distances 
r less than R. We define a short-distance unitary operator U such that

There are many possible choices for U.  The corresponding action of U on 
the Hamiltonian is 

and the resulting nonlocal interaction is
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Since they are unitarily equivalent, the phase shifts are exactly the same
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Ground state wave functions
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With wave function matching, we can now compute the eigenenergies
starting from the eigenfunctions of HB and using first-order perturbation 
theory.
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Binding energy per nucleon
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Summary

We started with an introduction to lattice
effective field theory. We then discussed
alpha-alpha scattering using the adiabatic
projection method and showed that nuclear
physics is close to a quantum phase
transition. We then introduced the pinhole
algorithm for determining probability
distributions of nucleons in position space
with full correlations and discussed nuclear
structure, alpha clustering, and the
intrinsic structure of the low-lying 12C
states. We concluded with a discussion of
wave function matching for high-fidelity
calculations at N3LO order.
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