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We present a method for ordering two-nucleon interactions based upon their scaling with the
number of QCD colors, Nc, in the limit that Nc becomes large. Available data in the two-nucleon
sector shows general agreement with this ordering, indicating that the method may be useful in other
contexts where data is less readily available. However, several caveats and potential pitfalls can make
the large-Nc ordering fragile and/or vulnerable to misinterpretation. We discuss the application of
the large-Nc analysis to two- and three-nucleon interactions, including those originating from weak
and beyond-the-standard-model interactions, as well as two-nucleon external currents. Finally, we
discuss some open questions in the field.

I. INTRODUCTION

It has become increasingly recognized that the large-Nc limit of QCD [1], where Nc is the number of colors, is
a useful tool for understanding some nuclear physics phenomena. This makes it potentially helpful for prioritizing
future experiments, simulations, and calculations. In this review we introduce the basics of the method as it applies
to two-nucleon interactions. It is built upon techniques first introduced to study the single-baryon sector. For reviews
of large-Nc QCD see, e.g., Refs. [2–6]. We will discuss the application to the two-nucleon sector in the standard model
(SM), and then generalize to applications that include more bodies as well as beyond-the-standard-model (BSM)
physics.

It is arguably quite surprising that a limit of QCD where the number of colors is taken to be very large has anything
to say about our Nc = 3 world. For example, one might expect that corrections to large-Nc predictions would be on
the order of 30% if an expansion in 1/Nc is driving the corrections. Further, some relationships implied by large-Nc

QCD naively appear to contradict experiment. We will see in this review that some of these naive expectations do
not hold, and explain the origins of ones that do hold.

The methods discussed in this review apply to terms in a Lagrangian or a nuclear potential, for momenta that are
are assumed to be independent of Nc. While the interactions may not be observables and are not uniquely defined,
they nonetheless reflect the underlying QCD dynamics when used in observables that match available two- and few-
nucleon experiments. The large-Nc analysis has been applied directly to NN observables [7–9], but only for momenta
proportional to Nc. This momentum regime is not the subject of this review.

We will discuss the impact of the large-Nc analysis in two contexts: purely phenomenological models and e↵ective
field theories (EFTs). Phenomenological models provide parametrizations of the possible spin, isospin, and momentum
structures, with coe�cients that are typically fit to scattering data and bound state properties. While the long-range
interactions are most commonly given in terms of single-pion exchange, a variety of parametrizations are used to
describe intermediate- and short-range dynamics: some approaches are purely phenomenological (such as the Argonne
v18 potential [10]), in which operator structures are multiplied by specific functions that provide a good fit to data;
others are formulated in terms of one-boson-exchange (OBE) contributions (such as the CD-Bonn potential [11]).
The OBE pictures does not imply that physical mesons are exchanged between nucleons and may in fact include the
exchange of unphysical bosons; the boson exchange simply serves as a convenient way to generate operator structures.
The adjustable coe�cients in the OBE approach also parametrize multi-meson exchange contributions, e.g., two-pion
and ⇡-⇢ exchanges [11]. For the purpose of the large-Nc analysis, the details of the potential are irrelevant. The
adjustable parameters capture the strong-interaction dynamics that generate the NN interactions and the impact of
the large-Nc scaling should be reflected in their relative sizes [12].

Over the last few decades, EFTs such as pionless EFT (EFT⇡/) and chiral EFT (ChEFT) have been used in an
attempt to connect nuclear physics to the symmetries of QCD, see, e.g., Refs. [13–16] for reviews. The cornerstone of
any EFT approach is a separation of low and high energy scales such that the e↵ective Lagrangian can be organized as
an expansion in small parameters set by the ratios of these scales. This organization is referred to as power counting.
Additionally, the e↵ective Lagrangian is constructed to reproduce the symmetries of the underlying theory. EFT⇡/

is applicable at energies well below the pion mass and parametrizes two- and few-nucleon interactions in a series of
contact terms. In ChEFT, long- and medium-range interactions are given by single- and multi-pion exchanges, while
short-range interactions are represented by NN contact terms. Each term in an EFT Lagrangian is accompanied by
a so-called low-energy coe�cient (LEC) that encodes the underlying high-energy physics. In addition, EFTs provide

ar
X

iv
:2

21
2.

13
04

9v
1 

 [n
uc

l-t
h]

  2
6 

D
ec

 2
02

2

arXiv: 2212.13049  [nucl-th]



N=3 is Large?
❖ Witten’s “wisecrack”

❖ Saddle point expansion is often

❖ Meson and single-baryon phenomenology is good

❖ Prototypes of QCD have exact solution in large-N limit
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Low Energy Coefficients
❖ LECs must be obtained from:


• fit to data


- lacking for many low-energy processes


• Matching calculations


- lattice QCD


❖ Theoretical constraints from large-Nc QCD
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Large-N Constraints in Nuclear EFTs

❖ Chiral EFT and pionless EFT possess symmetries of QCD

‣ Map scalings to operators with same spin-flavor structure

❖ Caveats:

❖       degenerate with nucleon

❖ chiral limit vs. large-N limit

❖  is a Goldstone boson
❖ Fierz transformations can obscure large-Nc scaling
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Large-Nc QCD
❖ One-loop beta function

❖ Rescale coupling constant 

❖ QCD becomes expansion of planar diagrams


‣Planar gluons  


‣Single quark along edge with planar gluons  

6
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Large-Nc Baryons
❖ Baryon must be made of Nc quarks 


❖ Baryon mass 


❖ Two-baryon interaction 

Large N QCD 51

Fig. 36. Baryon-baryon scattering.

N . Baryon-baryon scattering can be described by classical trajectories in
the large N limit, since the particle masses are order N , and the scattering
amplitude is also of order N .

The processes considered so far all have an N dependence that is some
power of N . There are also processes that are exponentially small in N ,
such as the cross-section for e+e− → BB. The amplitude to create a quark
pair from the vacuum is some number a < 1. The baryon has N quarks,
so the amplitude to create a BB pair is of order aN , and is exponentially
suppressed in N .

An important observation due to Witten is that all the N -counting rules
mentioned above are the same as in a field theory with coupling constant
1/

√
N , where the mesons are fundamental fields and the baryon is a soliton.

5.2. The Non-Relativistic Quark Model

The non-relativistic quark model treats the baryon as made of three non-
relativistic quarks bound by a potential. The precise details of the potential
will not be important for these lectures. All we need assume is that the
ground state baryon is described by all three quarks in the same spatial
wavefunction φ(x). The wavefunction must then be completely symmetric
in spin and flavor. In the case of three flavors, there are six possible quark
states u ↑, u ↓, d ↑, d ↓, s ↑, s ↓. The potential is assumed to be spin and
flavor independent, so the non-relativistic quark model has an SU(6) spin-
flavor symmetry under which these six states transform as the fundamental
representation. The ground state baryons transform as the completely
symmetric product of three 6’s of SU(6), which is the 56 dimensional
representation.

Figure: Baryon-baryon scattering

Manohar, 1998
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Baryon-Baryon Interaction
❖ Quarks with different colors

-                      ways to choose two quarks

-           from quark-gluon vertices

❖ Quarks of same color

-       choices
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Large N QCD 51

Fig. 36. Baryon-baryon scattering.

N . Baryon-baryon scattering can be described by classical trajectories in
the large N limit, since the particle masses are order N , and the scattering
amplitude is also of order N .

The processes considered so far all have an N dependence that is some
power of N . There are also processes that are exponentially small in N ,
such as the cross-section for e+e− → BB. The amplitude to create a quark
pair from the vacuum is some number a < 1. The baryon has N quarks,
so the amplitude to create a BB pair is of order aN , and is exponentially
suppressed in N .

An important observation due to Witten is that all the N -counting rules
mentioned above are the same as in a field theory with coupling constant
1/

√
N , where the mesons are fundamental fields and the baryon is a soliton.

5.2. The Non-Relativistic Quark Model

The non-relativistic quark model treats the baryon as made of three non-
relativistic quarks bound by a potential. The precise details of the potential
will not be important for these lectures. All we need assume is that the
ground state baryon is described by all three quarks in the same spatial
wavefunction φ(x). The wavefunction must then be completely symmetric
in spin and flavor. In the case of three flavors, there are six possible quark
states u ↑, u ↓, d ↑, d ↓, s ↑, s ↓. The potential is assumed to be spin and
flavor independent, so the non-relativistic quark model has an SU(6) spin-
flavor symmetry under which these six states transform as the fundamental
representation. The ground state baryons transform as the completely
symmetric product of three 6’s of SU(6), which is the 56 dimensional
representation.

Figure: Baryon-baryon scattering

Manohar, 1998


Witten NPB 160

Nc (Nc � 1)

1/Nc

Nc



Consistency Conditions
❖ Axial current matrix elements

❖ Baryon-meson scattering amplitude should be 

❖ Baryons transform under contracted 
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Spin-Flavor Symmetry
❖ Large-Nc baryons transform under SU(4) 

❖ Expand QCD operators in basis of SU(4) generators
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are suppressed [16]. In order to achieve this, one may start from the QCD Lagrangian for Nf flavors of
quarks,

L =

NfX
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1

4
F a
µ⌫F

µ⌫
a , (1)

where D
µ is the QCD gauge covariant derivative, and make the replacement

g !
g

p
Nc

. (2)

As a consequence, each interaction vertex comes with a factor of N�1/2
c , and traces over color indices which

are necessary for the theory to be color neutral produce factors of Nc. These observations may be related
to the topology of a given Feynman diagram, from which it may be inferred that the leading order vacuum-
to-vacuum diagrams in QCD start at N2

c and contain only planar gluons, and every quark loop produces a
N�1

c suppression [5].
In a theory with Nc colors of quarks, it is clear that a baryon must be composed of Nc quarks that are

antisymmetric in color indices. From this observation, Witten showed that the mass of a Large-Nc baryon
grows as Nc while the shape of the baryon is independent of Nc [18]. In addition, because of the scaling of
the coupling constant g and some combinatorics from choosing quarks in a baryon, it can be seen that the
baryon-baryon scattering amplitude is O(Nc).

Perhaps the most relevant result from the study of Large-Nc QCD is that the baryon sector possesses an
exact SU(4) contracted symmetry as Nc ! 1 [6]. For finite Nc, corrections for certain baryon properties
may be calculated through the study of the baryon spin-flavor structure [7]. Sometimes, these corrections
actually come in an expansion in N�2

c , which certainly has a smaller error than an expansion in N�1
c . The

key result from the study of baryon spin-flavor structure is the scaling of baryon matrix elements [9, 10],

hB0
|
O
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c

|Bi ⇠ N�|I�S|
c .

From this relation, the scalings for the quark-model operators

Ŝi = q†
�i

2
q, Îa = q†

⌧a

2
q, Ĝia = q†

�i⌧a

4
q (3)

may be deduced, and we find that

hB0
| Ŝi

|Bi , hB0
| Îa |Bi ⇠ O(N0

c )

hB0
| Ĝia

|Bi ⇠ O(Nc). (4)

Additionally, the identity operator scales as O(Nc) since we may insert it on any of the Nc quark lines inside
the baryon. However, the matrix elements do not necessarily begin at these orders, rather these are upper
bounds on the matrix elements since there could be various cancellations in a calculation.

2.2 Pionless E↵ective Field Theory

For more extensive reviews of EFT⇢⇡ , see [2, 3, 4, 8, 14]. Low energy physics is insensitive to high energy
physics, so for nucleons at momenta much smaller than the pion mass the physics should not depend highly
upon meson exchange. Therefore, it is possible to construct an e↵ective theory consisting only of nucleons
organized in powers of

Q ⇠
p

m⇡
, (5)

where p is the external momentum and m⇡ is the pion mass. The most general set of operators may
be constructed such that they are hermitian and possess the desired symmetry properties under Galilean
transformations, gauge transformations, isospin rotations, etc. For example, at lowest order in the e↵ective
theory, there are four operators for two-nucleon interactions.
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�
. (6)
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Large-Nc NN Force
❖ Two-nucleon potential


❖ Hamiltonian takes Hartree form


❖ Two-nucleon matrix elements factorize
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Central Potential
❖ Large-N analysis shows           expansion

❖ Wigner SU(4) symmetry valid at leading order
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0 ~⌧1 · ~⌧2 + V 1
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TABLE 1

Isospin V0 Vσ VLS VT VQ

1 · 1 Nc 1/Nc 1/Nc 1/Nc 1/N3
c

τ1 · τ2 1/Nc Nc 1/Nc Nc 1/Nc

The four terms V i
0 , V

i
σ constitute the central potential, while V i

T , V
i
LS and V i

Q are the tensor

interaction, the spin-orbit interaction, and the quadratic spin-orbit interaction respectively;

the ten functions V i
a can in general be velocity dependent. The main result of this paper

is that the strength of the ten functions V i
a can be determined in the 1/Nc expansion, and

are as given in Table 1. As is apparent from this Table, the actual expansion parameter

is not 1/Nc but 1/N2
c . Thus even though the actual value Nc = 3 is not very large, an

expansion in 1/N2
c can be quite predictive.

The organization of this paper is as follows: in §2 we briefly review general properties of

baryons in the large Nc limit. In §3 we derive the results given in Table 1. These results are

compared in §4 with the “Nijmegen potential” of references [8,9] — a phenomenologically

successful model of the NN interaction; we show that the the hierarchy of Table 1 is

evident in NN phenomenology. §5 extends the discussion of ref. [7] concerning how the

Wigner supermultiplet symmetry might arise in light nuclei as a consequence of the 1/Nc

expansion. This is followed by conclusions, and an appendix in which we extend our

analysis to hyperon interactions (i.e, including the s quark).

2. The Large Nc QCD Analysis

The large Nc limit is defined by taking the number of colors Nc of QCD to be large

while simultaneously rescaling the QCD coupling as g → g/
√
Nc, keeping ΛQCD fixed [10].

The 1/Nc expansion has proven to be a powerful tool for analyzing baryon properties,

since baryon structure simplifies considerably in this limit. Antiquarks in the baryon

are suppressed, and as baryons consist of Nc quarks interacting with 1/Nc strength, the

Hartree approximation becomes exact in the large Nc limit [11]. Although one cannot solve

the Hartree equations due to the nonlinearity of glue interactions, one can nevertheless

determine a number of useful properties of the spin and flavor properties of the baryons

and their interactions.

2
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Large-Nc and Nijmegen
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1

1/3

gε gρgω gP fρ

   0

gf0 fωga0 ga2 gφ

Fig. 3. The couplings for the Nijmegen NN potential in ref. [9] rescaled by fρ.
The values for this ratio predicted by large Nc QCD in eq. (4.3) are indicated by
lines, and the shaded regions are the size of the expected O(1/Nc) corrections to the
leading result. The five regions in the plot (separated by vertical dashed lines) are
(from left to right) the (I, S) = (0, 0), (1, 1), (1, 0), (0, 1), and gφ couplings.

potential do not correspond to single meson exchange at all, and the a2 in the Nijmegen

potential has a Gaussian propagator. The model subsumes such effects as 2-π exchange, ρπ

exchange, etc. within the phenomenological couplings gIS . Only the pseudoscalar meson

couplings are related to the physical meson-nucleon couplings, since the long distance part

of the NN potential is dominated by single meson exchange. Thus the agreement between

fig. 3 and the large-Nc prediction (4.3) contains more than the claim that meson-baryon

couplings obey the It = Jt rule. We take fig. 3 to provide encouraging evidence that our

large-Nc analysis of the NN interaction describes the qualitative features seen in nature.

5. The Central Potential and Wigner Supermultiplet Symmetry

It was suggested in ref. [7] that the approximate Wigner supermultiplet symmetry

observed in light nuclei could be explained by the 1/Nc expansion of QCD. Under the

Wigner symmetry SU(4)W , the four nucleon states p ↑, p ↓, n ↑ and n ↓ transform as the

four dimensional fundamental representation. Note that SU(4)W is distinct from the quark

model SU(4), and that the former cannot be realized as a symmetry at the quark level.

Nevertheless, ref. [7] argued that the 1/Nc expansion explains how SU(4)W symmetry

could emerge as an accidental symmetry in light nuclei. As that work only examined the

central part of the NN potential, it is worth reexamining the argument.
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Figure: Comparison of large-N analysis of 
two-nucleon potential to Nijmegen 
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Other Aspects and Open Questions
❖ Parity and time-reversal-invariance violating forces

❖ Does nuclear matter bind 

❖ Relations to Skyrme models

❖ What about the delta resonance

❖ Alternative large-N scalings

❖ Renormalization group
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Two Nucleons in Magnetic Field
❖ Lagrangian in partial wave basis

❖ Isovector from  cross section

❖ Isoscalar determined from fit to deuteron magnetic moment

❖ Resolution from Large-Nc analysis?
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Large-Nc Basis
❖ Lagrangian in basis more convenient for large-Nc

❖ Fierz transformations relate these couplings to the 
partial wave couplings
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Large-Nc Prediction
❖  Partial wave basis

❖ Large-N basis

❖ Standard power counting + large-N explains suppression

❖ Use large-N to inform Bayesian priors?
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Light Majorana Exchange Mechanism

❖ Contact term renormalizes log-type divergence
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Relation to Charge Independence Breaking

❖ CIB isotensor Lagrangian


❖ Chiral symmetry dictates


❖ Approximate 
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Large-N Lagrangian
❖ LNV contact term


❖ CIB contact terms
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Large-Nc Consistency
❖ CIB LECs same size and sign

❖ LNV and CIB scale the same way
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Comparison to Cottingham
❖ Central Cottingham values fall within large-Nc estimate

❖ Large-Nc with experiment
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Dark Matter Direct Detection
❖ Recent interest in light nuclear targets

❖ Momentum bounded from above by a few MeV
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Single-Nucleon Lagrangian
❖ Zero derivatives

❖ One derivative—16 terms, but only 6 are 

- 3 suppressed by WIMP mass

25

<latexit sha1_base64="2vwPzb6OPz9kCA5v+f99uIXypqc="></latexit>

C
(PT )
1,�N , C

(PT )
2,�N ⇠ O(Nc)

C
(PT )
3,�N , C

(PT )
4,�N ⇠ O(1)

<latexit sha1_base64="ZbkzOkNyJnT71VXTZU8BIRy0Dec=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinosevGkFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uaXlldS2/XtjY3NreKe7uNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5RpZkUD2YUUz/CfcFCRrCxUuOufNslx91iya24U6BF4mWkBBlq3eJXpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+dXjtGR1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsJLP2UiTgwVZLYoTDgyEk1eRz2mKDF8ZAkmitlbERlghYmxARVsCN78y4ukcVLxziun92el6lUWRx4O4BDK4MEFVOEGalAHAo/wDK/w5kjnxXl3PmatOSeb2Yc/cD5/AH6gjm4=</latexit>

O(Nc)

<latexit sha1_base64="S+OllwUg1ps3JO2xyzjkbfo1MSs="></latexit>

L(PT )
�N =

�
�†�

� h
C(PT )

1,�N

�
N†N

�
+ C(PT )

4,�N

�
N†⌧3N

�i

+
�
�†�i�

� h
C(PT )

3,�N

�
N†�iN

�
+ C(PT )

2,�N

�
N†�i⌧3N

�i

<latexit sha1_base64="9cq5+PXRAl3OTT579Dn7AA8JMyo="></latexit>

LLO�in�Nc
�N �

�
�†�

� h
C(/PT )

5
✏ijkrj

�
N†�k⌧3N

�
+ C(/P/T )

11
ri

�
N†�i⌧3N

�i

+ C(/P/T )

12

�
�†�i�

�
ri

�
N†N

�

Fitzpatrick et al., 2013; 
Hill and Solon, 2015

TRR et al., PRC 106



Two-Nucleon Lagrangian for WIMP-Deuteron Scattering

❖ 7  dark matter-two-nucleon couplings

❖ 2            couplings

❖ 1 coupling at
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Deuteron Form Factor
❖ Generic form factors 

❖ Focus on specific model—WIMP coupled to scalar quark 
current

➡Nuclear sigma terms
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Scalar Current Response Function: Deuteron

Andreoli et al. PRC 99
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Scalar Current Response: Triton



Scalar Current Response Function: Triton vs. 3He
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Summary
❖ Large-N QCD constrains relative sizes of couplings based on 

symmetry


‣ No (maybe some) data


‣ Constraints for few-nucleon forces agrees with 
phenomenology


❖ Inform development Bayesian priors


❖ Explains sizes of magnetic couplings in pionless EFT


❖ Novel constraints for BSM processes
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