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Introduction

• Making accurate predictions is a herald of any theory, and nuclear theory is no 
different. 
• Quantitative uncertainty estimate is essential for predictions.
• Verification and validation of the theory is at least nice to have.

“A theory is something nobody believes, except the person who made it. 
An experiment is something everybody believes, except the person who made it”



Introduction

• Making accurate predictions is a herald of any theory, and nuclear theory is no 
different. 
• Quantitative uncertainty estimate is essential for predictions.
• Verification and validation of the theory is at least nice to have.
• The current work is intented to show that pionless EFT, at next-to-leading order, 

can achieve high accuracy and precision≈ 1%, for 𝑀! observables of the 
deuteron, triton and 3He at vanishing momentum transfer. 
• We use this to predict the analogue proton-proton fusion at solar conditions and 

its theoretical uncertainty.
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Weak proton-proton fusion in the Sun

5

Cannot be measured terrestrially – depends on 
theory

Very low proton-proton relative momentum (Erel~6 
keV).

Needed accuracy: ~1%.

the Sun and, as previously discussed, is now in conflict with
the SSM, when recent abundance determinations from 3D
photospheric absorption line analyses are used.

A. Rates and S factors

The SSM requires a quantitative description of relevant
nuclear reactions. Both careful laboratory measurements
constraining rates at near-solar energies and a supporting
theory of sub-barrier fusion reactions are needed.

At the temperatures and densities in the solar interior (e.g.,
Tc ! 15:5" 106 K and !c ! 153 g=cm3 at the Sun’s center),
interacting nuclei reach a Maxwellian equilibrium distribu-
tion in a time that is infinitesimal compared to nuclear
reaction time scales. Therefore, the reaction rate between
two nuclei can be written (Burbidge et al., 1957; Clayton,
1968)

r12 ¼
n1n2

1þ "12
h#vi12: (3)

Here the Kronecker delta prevents double counting in the case
of identical particles, n1 and n2 are the number densities of
nuclei of types 1 and 2 (with atomic numbers Z1 and Z2, and
mass numbers A1 and A2), and h#vi12 denotes the product
of the reaction cross section # and the relative velocity v of
the interacting nuclei, averaged over the collisions in the
stellar gas,

h#vi12 ¼
Z 1

0
#ðvÞv!ðvÞdv: (4)

Under solar conditions nuclear velocities are very well
approximated by a Maxwell-Boltzmann distribution. It fol-
lows that the relative velocity distribution is also a Maxwell-
Boltzmann, governed by the reduced mass $ of the colliding
nuclei,

!ðvÞdv ¼
!

$

2%kT
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exp
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2kT
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Therefore,

h#vi12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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kT

"
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where E is the relative kinetic energy and k is the Boltzmann
constant. In order to evaluate h#vi12, the energy dependence
of the reaction cross section must be determined.

Almost all of the nuclear reactions relevant to solar energy
generation are nonresonant and charged particle induced.
For such reactions it is helpful to remove much of the rapid
energy dependence associated with the Coulomb barrier,
by evaluating the probability of s-wave scattering off a point
charge. The nuclear physics (including effects of finite nu-
clear size, higher partial waves, antisymmetrization, and any
atomic screening effects not otherwise explicitly treated) is
then isolated in the S factor, defined by

#ðEÞ ¼ SðEÞ
E

exp½'2%&ðEÞ); (7)

with the Sommerfeld parameter &ðEÞ ¼ Z1Z2'=v, where

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2E=$

p
is the relative velocity and ' the fine-structure

constant (ℏ ¼ c ¼ 1). Because the S factor is slowly varying,
one can extrapolate SðEÞ more reliably from the range of
energies spanned by data to the lower energies characterizing
the Gamow peak.

A substitution of Eq. (7) into Eq. (6) followed by a Taylor
expansion of the argument of the exponentials then yields
(Bahcall, 1989)
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E0, the Gamow peak energy where the integrand of Eq. (6)
takes on its maximum value, is the most probable energy of
reacting nuclei. "E0 corresponds to the full width of the
integrand at 1=e of its maximum value, when approximated
as a Gaussian. Equation (8) includes a factor f0, discussed
below, to correct for the effects of electronic screening on
nuclear reactions occurring in the solar plasma.

Rates in an astrophysical plasma can be calculated given
SðEÞ which by virtue of its slow energy dependence, in the
case of nonresonant reactions, can be approximated by its
zero-energy value Sð0Þ and possible corrections determined
by its first and second derivatives, S0ð0Þ and S00ð0Þ. It is these
quantities that we need to determine by fitting laboratory
data, or in cases where such data cannot be obtained, through
theory. For most of the reactions contributing to the pp
chain and CNO bicycle, data have been obtained only for
energies in regions above the Gamow peak, e.g., typically
E * 100 keV, so that extrapolations to lower energies de-
pend on the quality of the fit to higher-energy data. Ideally
one desires a fitting function that is well motivated theoreti-
cally and tightly constrained by the existing, higher-energy
data. The purpose of this review is to provide current best
values and uncertainties for Sð0Þ and, if feasible, its
derivatives.

S-factor uncertainties, when folded into SSM calculations,
then limit the extent to which that model can predict observ-
ables, such as the depth of the convective zone, the sound
speed profile, and the neutrino fluxes. It has become custom-
ary in the SSM to parametrize the consequences of input
uncertainties on observables through logarithmic partial

202 Adelberger et al.: Solar fusion cross . . .. II. The pp chain . . .

Rev. Mod. Phys., Vol. 83, No. 1, January–March 2011

The proton-proton weak capture reaction within

chiral effective field theory

Laura E Marcucci

Department of Physics “E. Fermi”, University of Pisa, and INFN-Pisa, 56127 Pisa, Italy

E-mail: laura.marcucci@df.unipi.it

Abstract. We review the results of the most recent calculation for the astrophysical S-factor
of the weak proton-proton capture reaction, over a range for the center-of-mass relative energy
of 0–100 keV. The so-called chiral effective field theory approach is used, where the chiral two-
nucleon potential is derived up to next-to-next-to-next-to leading order and is augmented by the
full electromagnetic interaction. The low-energy constants (LEC’s) entering the weak current
operators are fixed so as to reproduce the A = 3 binding energies and magnetic moments, and
the Gamow-Teller matrix element in tritium β-decay. Contributions from S and P partial waves
in the incoming two-proton channel are retained. The S-factor at zero energy is found to be ∼

1% larger than the value reported in the literature, mostly due to the P -waves contributions.

1. Introduction
The proton weak capture on protons, i.e., the reaction 1H(p, e+νe)2H (hereafter labelled pp), is
the most fundamental process in stellar nucleosynthesis: it is the first reaction in the pp chain,
which converts hydrogen into helium in main sequence stars like the Sun. Its reaction rate is
expressed in terms of the astrophysical S-factor, S(E), where E is the two-proton center-of-mass
(c.m.) energy, by the relation

S(E) = E exp(2π η)σ(E) , (1)

where η = α/vrel, α being the fine structure constant and vrel the pp relative velocity, and σ(E)
is the pp weak capture cross section. The energy-dependence of S(E) is often parametrized as [1]

S(E) = S(0) + S′(0)E + S′′(0)E2/2 + · · · , (2)

where S(0), S′(0) and S′′(0) are the zero-energy value of the S-factor, its first and second
derivatives, both evaluated at E = 0. At the center of light stars like the Sun, with temperature
of the order of 1.5 × 107 K, the Gamow peak is at E " 6 keV, while in larger-mass stars,
whose central temperature becomes of the order of 5 × 107 K, the Gamow peak turns out to
be E ∼ 15 keV. At these energies, the reaction cross section cannot be measured in terrestrial
laboratories, and it is necessary to rely on theoretical predictions. The many studies on S(0),
and the few for S′(0) and S′′(0), have been extensively reviewed in Ref. [1]. The currently
recommended value for S(0), (4.01 ± 0.01) × 10−23 MeV fm2 [1], is the average of values
obtained within three different approaches, the “potential model” approach (PMA), “hybrid
chiral effective field theory” (χEFT*) and “pionless effective field theory” (\πEFT). The first
one uses phenomenological realistic models for the nuclear potential, fitted to reproduce the
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in quadrature, we find that the current best estimates for
S11ð0Þ are

4:01ð1# 0:009Þ $ 10%25 MeV b potential models;

4:01ð1# 0:009Þ $ 10%25 MeV b EFT&;

3:99ð1# 0:030Þ $ 10%25 MeV b pionless EFT:

(24)

The larger uncertainty in the pionless EFT result is due to the
relatively weak constraints on L1;A that can be imposed within
two-nucleon systems, but, as mentioned, this situation will
soon be improved. The agreement of the central values
obtained in the potential model and EFT* indicates the
robustness of the results as long as the two-body current is
constrained by tritium ! decay. Meanwhile, the agreement of
the error estimates in the two approaches is primarily due to
the fact that, as explained above, the dominant part of the
uncertainty has been estimated using the same argument.
Based on the result obtained in the potential model and
EFT*, we adopt as the recommended value

S11ð0Þ ¼ 4:01ð1# 0:009Þ $ 10%25 MeV b: (25)

We adopt the Bahcall and May (1969) value for S011ð0Þ

S011ð0Þ ¼ S11ð0Þð11:2# 0:1Þ MeV%1: (26)

Bahcall and May (1969) also estimated dimensionally that
S0011ð0Þ would enter at the level of (1%, for temperatures
characteristic of the solar center. As this is now comparable to
the overall error in S11, we recommend that a modern calcu-
lation of S0011ð0Þ be undertaken.

IV. THE dðp;!Þ3He RADIATIVE-CAPTURE REACTION

The radiative capture of protons on deuterium is the second
reaction occurring in the pp chain. Because this reaction is so
much faster than the pp weak rate discussed in the previous
section, it effectively instantaneously converts deuterium to
3He, with no observable signature. Thus uncertainties in its
rate have no consequences for solar energy generation. By
comparing the pp and dðp;"Þ3He rates, one finds that the
lifetime of a deuterium nucleus in the solar core is (1 s, and
that the equilibrium abundance of deuterium relative to H is
maintained at (3$ 10%18.

However, the dðp;"Þ3He reaction plays a more prominent
role in the evolution of protostars. As a cloud of interstellar
gas collapses on itself, the gas temperature rises to the point
of dðp;"Þ3He ignition, (106 K. The main effect of the onset
of deuterium burning is to slow down the contraction and, in
turn, the heating. As a consequence, the lifetime of the
protostar increases and its observational properties (surface
luminosity and temperature) are frozen until the original
deuterium is fully consumed (Stahler, 1988). Because of the
slow evolutionary time scale, a large fraction of observed
protostars are in the d-burning phase, while only a few are
found in the earlier, cooler, rapidly evolving phase. A reliable
knowledge of the rate of dðp;"Þ3He down to a few keV (the

Gamow peak in a protostar) is of fundamental importance for
modeling protostellar evolution.

The pd reaction also plays an important role in big bang
nucleosynthesis, which begins when the early Universe has
cooled to a temperature of (100 keV. The uncertainty in the
pd reaction in the relevant energy window (25–120 keV)
propagates into uncertainties in the deuterium, 3He, and 7Li
abundances, scaling as

d

H
/ R%0:32

pd ;
3He

H
/ R0:38

pd ;
7Li

H
/ R0:59

pd ; (27)

where Rpd is the value of S12 relative to the fiducial value in

Cyburt (2004). Thus a 10% error in the pd capture rate
propagates into roughly 3.2%, 3.8%, and 5.9% uncertainties
in the light element primordial abundances, d, 3He, and 7Li,
respectively.

A. Data sets

The extensive experimental data sets for pd radiative
capture include total cross sections and spin polarization
observables at center-of-mass energies E ranging from sev-
eral tens of MeV to a few keV, covering all the relevant
astrophysical energies. In the regime E & 2 MeV (below
the deuteron breakup threshold), the relevant experimental
data include Griffiths et al. (1962, 1963), Bailey et al.
(1970), Schmid et al. (1995, 1996), Ma et al. (1997), and
Casella et al. (2002). The Griffiths et al. (1963) and Bailey
et al. (1970) low-energy data may be(15% too high because
of the use of incorrect stopping powers (Ma et al., 1997;
Schmid et al., 1995, 1996). Also, the Schmid et al. (1995),
(1996) data sets may have not propagated their energy-
dependent systematic uncertainties. In Fig. 3, the data for
S12 used for the best fit in Sec. IV.C are plotted together with
theoretical predictions of Marcucci et al. (2005). The ob-
served linear dependence of S12 on E at low energies as well
as the angular distributions of the cross section and polariza-
tion observables indicates that the dðp;"Þ3He reaction pro-
ceeds predominantly through s- and p-wave capture,
induced, respectively, by magnetic (M1) and electric (E1)
dipole transitions. The M1 transitions (proceeding through
2S1=2 and

4S3=2 pd channels) are especially interesting, as the

one-body M1 operator cannot connect the main s-state com-
ponents of the pd and 3He wave functions at low energies.
Because of this ‘‘pseudo-orthogonality,’’ only the small com-
ponents of the wave functions contribute in the impulse
approximation (IA). In contrast, as exchange current opera-
tors are not similarly hindered, their matrix elements are
exceptionally large relative to those obtained with the one-
body M1 operator. The suppression of matrix elements cal-
culated in the IA and their consequent enhancement by
exchange current contributions are a feature common to other
M1-induced processes in A ¼ 3 and 4 systems, such as the nd
and n3He radiative captures at thermal neutron energies.

B. Theoretical studies

The most extensive and recent theoretical studies of the
dðp;"Þ3He reaction at low energies have been carried out by
Marcucci et al. (2005). The calculated S12, shown in Fig. 3, is
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The radiative capture of protons on deuterium is the second
reaction occurring in the pp chain. Because this reaction is so
much faster than the pp weak rate discussed in the previous
section, it effectively instantaneously converts deuterium to
3He, with no observable signature. Thus uncertainties in its
rate have no consequences for solar energy generation. By
comparing the pp and dðp;"Þ3He rates, one finds that the
lifetime of a deuterium nucleus in the solar core is (1 s, and
that the equilibrium abundance of deuterium relative to H is
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role in the evolution of protostars. As a cloud of interstellar
gas collapses on itself, the gas temperature rises to the point
of dðp;"Þ3He ignition, (106 K. The main effect of the onset
of deuterium burning is to slow down the contraction and, in
turn, the heating. As a consequence, the lifetime of the
protostar increases and its observational properties (surface
luminosity and temperature) are frozen until the original
deuterium is fully consumed (Stahler, 1988). Because of the
slow evolutionary time scale, a large fraction of observed
protostars are in the d-burning phase, while only a few are
found in the earlier, cooler, rapidly evolving phase. A reliable
knowledge of the rate of dðp;"Þ3He down to a few keV (the
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modeling protostellar evolution.

The pd reaction also plays an important role in big bang
nucleosynthesis, which begins when the early Universe has
cooled to a temperature of (100 keV. The uncertainty in the
pd reaction in the relevant energy window (25–120 keV)
propagates into uncertainties in the deuterium, 3He, and 7Li
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respectively.
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capture include total cross sections and spin polarization
observables at center-of-mass energies E ranging from sev-
eral tens of MeV to a few keV, covering all the relevant
astrophysical energies. In the regime E & 2 MeV (below
the deuteron breakup threshold), the relevant experimental
data include Griffiths et al. (1962, 1963), Bailey et al.
(1970), Schmid et al. (1995, 1996), Ma et al. (1997), and
Casella et al. (2002). The Griffiths et al. (1963) and Bailey
et al. (1970) low-energy data may be(15% too high because
of the use of incorrect stopping powers (Ma et al., 1997;
Schmid et al., 1995, 1996). Also, the Schmid et al. (1995),
(1996) data sets may have not propagated their energy-
dependent systematic uncertainties. In Fig. 3, the data for
S12 used for the best fit in Sec. IV.C are plotted together with
theoretical predictions of Marcucci et al. (2005). The ob-
served linear dependence of S12 on E at low energies as well
as the angular distributions of the cross section and polariza-
tion observables indicates that the dðp;"Þ3He reaction pro-
ceeds predominantly through s- and p-wave capture,
induced, respectively, by magnetic (M1) and electric (E1)
dipole transitions. The M1 transitions (proceeding through
2S1=2 and

4S3=2 pd channels) are especially interesting, as the

one-body M1 operator cannot connect the main s-state com-
ponents of the pd and 3He wave functions at low energies.
Because of this ‘‘pseudo-orthogonality,’’ only the small com-
ponents of the wave functions contribute in the impulse
approximation (IA). In contrast, as exchange current opera-
tors are not similarly hindered, their matrix elements are
exceptionally large relative to those obtained with the one-
body M1 operator. The suppression of matrix elements cal-
culated in the IA and their consequent enhancement by
exchange current contributions are a feature common to other
M1-induced processes in A ¼ 3 and 4 systems, such as the nd
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Marcucci et al.

Table 3. Cumulative S- and P -wave contributions to S(0) in units of 10−23 MeV fm2. The
results labelled “χEFT(500)” and “χEFT(600)” have been obtained within the χEFT approach
with two different cutoff values, 500 and 600 MeV. The results obtained within the PMA are
also shown. The theoretical uncertainties are given in parentheses and are due to the fitting
procedure adopted for the LEC’s (or g∗A within the PMA) in the weak current.

1S0 · · · + 3P0 · · · + 3P1 · · · + 3P2

χEFT(500) 4.008(5) 4.011(5) 4.020(5) 4.030(5)
χEFT(600) 4.007(5) 4.010(5) 4.019(5) 4.029(5)

PMA 4.000(3) 4.003(3) 4.015(3) 4.033(3)

In conclusion, the χEFT results of table 3 can be summarized in the conservative range
S(0) = (4.030±0.006)×10−23 MeV fm2, with a P -wave contribution of " 0.2×10−23 MeV fm2.

Finally, we show in figure 2 the energy dependence of S(E) in the energy range 2 – 100 keV,
as obtained within the χEFT approach. The S- and (S + P )-wave contributions are displayed
separately, and the theoretical uncertainty is included—the curves are in fact very narrow bands.
As expected, the P -wave contributions become significant at higher values of E. From these
results, a least-squares polynomial fit to S(E) has been performed up to order O(E2), i.e., by
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Figure 2. (Color online) Energy dependence of S(E) in the range 2 – 100 keV. The S- and
(S + P )-wave contributions are displayed separately. In the inset, S(E) is shown in the range
3–15 keV.
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FIG. 2. (Color online). The green band indicates the spread
of S(0)-values due to variations in Tmax

Lab used in the opti-
mization of the NNLO chiral force, as well as the propagated
statistical uncertainties of all LECs and gA, as a function of
the cuto↵ ⇤EFT in the �EFT. ⇤EFT was varied between 450
MeV and 600 MeV in steps of 25 MeV. The cuto↵ in the
current and the interaction sectors were always equal to each
other. This figure demonstrates that the S-factor is relatively
insensitive to reasonable variations in the cuto↵.

FIG. 3. (Color online). Correlation matrix of the zero-energy
S-factor (S(0)), the squared radial wave function overlap
(⇤2), and the ratio of the 2B and 1B current matrix elements
(�2B). We also show the correlations between theese quan-
tities and the ground state energies (E), point-proton radii
(rpt�p) for A = 2, 3, 4 nuclei as well as the matrix element of
the reduced axial-vector current (E1

A) of the triton �-decay
and the quadrupole moment (Q(2H)) and D-state probability
(D(2H)) of the deuteron.

tract those with the spline Jacobians extracted in this
work. A graphical representation of the relevant correla-
tions is shown in Fig. 3. This particular correlation ma-
trix is based on the NNLO interaction with ⇤EFT = 500
MeV and T

max
Lab = 290 MeV. The same pattern emerges

with any of the 42 di↵erent interactions employed in this
work. As expected from the Q-value dependence of the
phase space volume, the S-factor strongly anticorrelates
with the deuteron ground state energy. It is noteworthy

that the squared radial overlap ⇤2 of the deuteron and
relative-proton wave functions does not correlate signif-
icantly with S(0). This indicates that the dependence
of the S-factor on binding energy indeed occurs pre-
dominantly through the phase space. We also observe
that an increase in the deuteron radius would increase
the radial overlap with the proton-proton wave function.
The quadrupole moment of the deuteron and its D-state
probability anti-correlate with ⇤2. Here, it is important
to point out that our squared radial overlap only con-
tains the 1B piece of the current operator. Thus it only
measures the overlap between S-wave components. A
smaller D-state probability implies a larger S-state prob-
ability. Consequently, the anti-correlation between ⇤2

and Q(2H)/D(2H) mostly traces the same underlying S-
wave component of the deuteron wave function. Finally,
we observe a strong correlation between the strength of
the 2B current and the reduced axial-vector current of
the triton �-decay. In fact, the LEC cD plays a domi-
nant role for both currents. In conclusion, we quantify
all expected correlations and confirm that they emerge
in our statistical analysis.

IV. RESULTS AND DISCUSSION

We have calculated the pp-fusion S-factor using �EFT
and carried out a state-of-the-art uncertainty analysis by
employing a family of mathematically optimized chiral
potentials at NNLO with consistently renormalized cur-
rents. We focused on the threshold S-factor and have
therefore only considered initial S-wave pp scattering. To
O(↵), we obtain a threshold S-factor

S(0) = (4.081+0.024
�0.032) ⇥ 10�23 MeV fm2

, (19)

where we combined, for simplicity, all uncertainties
by adding them in quadrature, and then taking the
min/max values of the green band in Fig 2. This error
represents all uncertainties originating from �EFT, the
computational method, and the statistical extrapolation
to obtain the threshold value. The e↵ects of higher or-
der electromagnetic contributions that are proportional
to ↵

2 remains to be accounted for. These corrections
lower the threshold S-factor by about a percent [6, 7, 9].
From the energy dependence of these corrections, calcu-
lated in Ref. [6], we estimate a 0.84% reduction in S(0).
The inclusion of these electromagnetic e↵ects leaves the
uncertainties that are due to the strong interaction un-
changed, and the final result becomes

Scor(0) = (4.047+0.024
�0.032) ⇥ 10�23 MeV fm2

. (20)

For comparison, the uncertainty presented here is four
times larger than the estimate reported in the pioneer-
ing �EFT calculation in Ref [9]. The comparison of the
central values, however, is not so straightforward since
their calculation includes additional terms in the cur-
rent operator involving additional LECs, namely g4S and

2011

2013

2016
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The pionless EFT expansion parameter

10

For any observable !𝑇:

𝑇 = 𝑇()× 1 +
𝑇*()
𝑇()

+ 𝑂 𝜖+

𝑜𝑟𝑑𝑒𝑟 𝑂 𝜖

▸Observables may differ in their convergence pattern.
▸There can be several expansions, that differ by the two-body experimental observables 

that are chosen to be reproduced at each order:
▸Effective range parameterization: effective ranges are fully reproduced at NLO

▸Z-parameterization: deuteron residue is fully reproduced at NLO

𝜌 = ⏟0

()

+*𝜌*+,

-()

𝑍. = ⏟1

()

+ 𝑍.
*+, − 1

-()

Phillips; Grießhammer



The pionless EFT expansion parameter

11

For any observable !𝑇:

𝑇 = 𝑇()× 1 +
𝑇*()
𝑇()

+ 𝑂 𝜖+

𝑜𝑟𝑑𝑒𝑟 𝑂 𝜖

▸Observables may differ in their convergence pattern.
▸There can be several expansions, that differ by the two-body experimental observables 

that are chosen to be reproduced at each order:
▸Effective range parameterization: effective ranges are fully reproduced at NLO

▸Z-parameterization: deuteron pole residue is fully reproduced at NLO

𝜌 = ⏟0

()

+*𝜌*+,

-()

𝑍. = ⏟1

()

+ 𝑍.
*+, − 1

-()

𝑍! =
"

"#$!%!
= 1 + 𝛾&𝜌& + 𝑂((𝛾&𝜌&)2) ≈ 1.4 (i.e., 17% deviation from exp)

𝜌% =
-!./
0"

≈ 2.96 fm (i.e., 40% deviation from exp)



The strong sector of pionless EFT A=2, 3 next-to-leading order expansion

▸5 Leading Order Parameters 
▸nn and 2-np Scattering lengths: 3S1, 1S0.
▸pp scattering length.
▸Three body force strength renormalizing the three body system. (introduces cutoff Λ)

▸5 Next-to Leading Order parameters:
▸2 effective ranges (or 1 effective range and 𝑍!)
▸Renormalizations of pp scattering length and LO-3NF.
▸isospin dependent 3NF to prevent logarithmic divergence in the binding energy of 3He.

▸Use 3H and 3He binding energies to fix the 3NF.
▸For observables the cutoff dependence vanishes at momenta of the order of the pion-

momentum. This allows to take the physical value at infinite cutoff. 
12König; Vanasse; Hammer; van Kolck; De Leon, Platter, DG

Rev. Mod. Phys. 92, 025004 (2020)



M1 (𝑞à0) observables at the A<4 systems:

13µd µ 3H
µ 3Hen + p→ d + γ µ p µn



The magnetic probe lagrangian

▸The M1 opearator is given by:

▸The interaction is expanded in clusters of nucleons:



EFT reordering of the interaction Lagrangian of 2-nucleon cluster and 
the magnetic probe
▸Applying a Hubbard-Stratanovich transformation allows to write the 2-nucleon cluster as 

spin-singlet and spin-triplet states. 
▸The resulting 2-nucleon magnetic interaction Lagrangian is then naturally written as an 

effective range expansion:

▸The H-S transformation introduces a cutoff dependence. We choose to work with the same 
cutoffs and take them to infinity, 𝜇 = Λ → ∞. 
▸In previous studies 𝜇 was fixed arbitrarily at 𝜇 = 𝑚9 .

Rev. Mod. Phys. 92, 025004 (2020)



A consistent perturbative calculation of M1 observable



A=2 M1 observables (A=3 are less transparent):

Deuteron magnetic moment:

Radiative capture of thermal 
neutron on proton 𝑛 + 𝑝 → 𝑑 + 𝛾:



Cutoff dependence in the A=3 system



Observables dependence on different fixing of l'1 and l’2:

Nominal numbers – Z parameterization
In brackets – ER parameterization.



NLO contribution to observables –
significantly smaller than naïve pionless EFT expansion parameter

Nominal numbers – Z parameterization
In brackets – ER parameterization.



Intermittent results:
(1) Z-parameterization has a more natural convergence pattern compared to the ER-
parameterization at NLO:
• ER has larger fluctuations between different NLO contributions.
• ER has large fluctuations in values of LECs

(2) Isoscalar two-body coupling is consistent with zero:
• The isoscalar coupling is basically consistent with zero.
• The deuteron NLO contribution almost vanishes (and, we are not supposed to look at this 

now, but the LO result is very close to the experimental result).
• Huge fluctuations in size of l’2 compared to l’1

• We take this as a numerical evidence that l’2  is higher than NLO.
• We continue only with Z-parameterization.



Intermittent results (cont’d):

• Z parameterization results with l’2=0:

(3) NLO contribution is smaller than the Naïve pionless EFT estimate.



Order-by-order Bayesian uncertainty estimate
• The BUQEYE collaboration (and other approaches) have nicely established a way 

to infer a truncation error in an EFT expansion of the form:
• 𝑀3 = 𝑀3 () ⋅ 1 + 𝑐4!

*() ⋅ 𝛿 + 𝑐4!
*"() ⋅ 𝛿+ +⋯

• However, in the current case, the value of the expansion parameter is unclear.
• We thus first use a Bayesian approach estimate the p.d.f ot the expansion 

parameter.
• The objective, maximal entropy, form of the distribution is log-normal.
• We use our different observables as “independent” measurements of the 

expansion parameter.
• The result is a Student’s-t distribution for the expansion parameter.



Estimating the expansion parameter

• We find that at a 95% degree of 
belief, the expansion parameter is 
within the range of 0.05 < δ < 
0.13.



Estimating the truncation error

From BUQEYE formalism our approach



Final result for M1 observables
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Bayesian uncertainty estimate using NLO/LO values

RG invariance of all three-body observables.
The value is taken at infinity. 

Arbitrarily choosing LECs values at 𝑚" is problematic

3H and 3He have almost 
the same wave function
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Enhanced pp-fusion rate

Enhanced “Solar composition problem"

𝜒EFT [27] 𝑙1,𝐴 from 
LQCD [11]

𝑙1𝐴 from 
𝜒EFT

calculation 
of 𝜈 𝑑

scattering  
Ref [30]

This work:
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𝜒EFT 𝜋EFT

Old composition SSM

New composition SSM      

BETTER AGREEMENT OF OLD SSM
WORSE AGREEMENT OF NEW SSM



Discussion and results
• Pionless EFT has a predictive power, combining accuracy and precision.
• The theory is renormalizable.
• Small number of parameters, with concrete experimental origin (except 3NF).
• The agreement of the theory with experiment in the electromagnetic sector validates it 

and verifies the theory.
• Surprising EFT results:
• The isoscalar coupling constant is found numerically to be consistent with orders higher than 

NLO:
• This is consistent with chiral EFT counting! Is this a remnant of chiral symmetry?

• Expansion parameter smaller than expected by naïve pionless estimate:
• Does this originate in a unitary expansion or is it an emergence of Wigner SU(4) symmetry.
• A small expansion parameter is needed for a “shell model” structure of the lightest nuclei magnetic moments.
• Consistent with the small NLO contribution in triton beta decay.

• N2LO – not so elegant verification anymore due to three body electroweak current.

In this case


