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| Neutron-star modelling
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4l Nuelear error quantification

Astronuclear Neutron star
__property % observations
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e Matter composition
* Regulators & density reach
* Degeneracies?




From M-R to EoS

(Tolman-Oppenheimer-Volkov equations

dP(r) G [m< (r) + 47TP(7“)7“3] le(r) + P(r)]

dr 2 1 — 2Gm§(r)
dmdj(?“) = 47r?p(r)
\ ,
Equation of State
1037E — ——— 247

Backwards

(" EoS
P = P(p)

L,

Mass-Radius

2
—_
(@]

[6)

[e)}

T

Maximum mass!

Pressure, P [dyn cm™]
S,
I

—_

(@]
[€8)
~
T

p(e)

1033 |

L L TR L L L O |
1014 1015 1016 8
Mass density, p [g cm™]

10 12 14 16
Radius, R [km]



From M-R to EoS | , | V Backwards

(Tolman-Oppenheimer-Volkov equations
dP(r) G [m<(r) +4xP(r)r®] [e(r) + P(r) /" EoS
P

b= = P(p)
dm(r)
< 2
= 47r<p(r) A2
dr K € — IOCJ
- Equation of State Mass-Radius
«“ N i — _ . 24— . — . , —
S A =3 22 F Maximum mass! -
= & = ! _
— & . —_— N 2r
(@) 1 i
: ] ==~ prior 90% -l 1.8 |
e 50% CI i | i
= 10% 90% CI e S 3 L6
= ’ L T 2 14
2R = 12
= 8 10% 57 @
B ” g 1r
S = / > 08|
% = g0 i 0.6 |
g . —r 04 F
8 g z g T Pe2 -
~ 10% / & ) S B [ 02
] ; 0 . I . I . 1 .
1014 1019 0 1
8 10 12 14 16
7 plg/cm’] Plpe > ) Radius, R [km]



+ul Self-Consistent Green’s Functions

(0. D )yl

2N & 3N forces

Forward

Carbone, Rios & Polls PRC 88 044302 (2013);
PRC 90, 054322 (2014);
Carbone PhD Thesis



Forward

Carbone, Rios & Polls PRC 88 044302 (2013);
2N & 3N forces PRC 90, 054322 (2014);

Carbone PhD Thesis

4 . )
T-matrix at T=5 MeV

MNNS = o---0 + ..@

W:.---Q%.....@.@

0) [MeV fm3]
]

-20

;P.g

+

In-medium interaction

VAV 600
T |[=svwvwe + 1 1 0

|
n
o

Re T(Q

g
P

0 100

P [MeV] 0 0o 100

Q-2 [MeV]

\_ J

Ramos, Polls & Dickhoff, NPA 503 1 (1989)

Alm et al., PRC 53 2181 (1996)

Dewulf et al., PRL 90 152501 (2003)

Frick & Muther, PRC 68 034310 (2003)

Rios, PhD Thesis, U. Barcelona (2007)

Soma & Bozek, PRC 78 054003 (2008)

8 Rios & Soma PRL 108 012501 (2012)



Forward

Carbone, Rios & Polls PRC 88 044302 (2013);
2N & 3N forces PRC 90, 054322 (2014);

Carbone PhD Thesis

4 . )
T-matrix at T=5 MeV

MNNS = o---0 + ..@

W:.---Q%.....@.@

0) [MeV fm3]
]

-20

s Pa

In-medium interaction

g
= 25
[
T _30

AVAVAVAVAY 600

A A 400

T = N\ +
100
T P [MeV] 0 00 100 0
Q-2 [MeV]

Self-energy

AVAVAVAVAY

A 3
‘z«vvvv\x +
T

Ramos, Polls & Dickhoff, NPA 503 1 (1989)

Alm et al., PRC 53 2181 (1996)

Dewulf et al., PRL 90 152501 (2003)

Frick & Muther, PRC 68 034310 (2003)

Rios, PhD Thesis, U. Barcelona (2007)

Soma & Bozek, PRC 78 054003 (2008)

8 Rios & Soma PRL 108 012501 (2012)



Forward

(0. )

Carbone, Rios & Polls PRC 88 044302 (2013);
2N & 3N forces PRC 90, 054322 (2014);

Carbone PhD Thesis

4 . )
T-matrix at T=5 MeV

MNNS = o---0 + ..@

W:.---Q%.....@.@

T
é -10

% —15

° . ° ﬂc-’:- -20
In-medium interaction S
VAV i

T [=svwwe + ] 1 -

T Fie ° 20 o Q—Zpo[MeV] v
- v,

Self-energy

AVAVAVAVAY

A 3
‘z«vvvv\x +
T

SZ

Propagator Ramos, Polls & Dickhoff, NPA 503 1 (1989)

Alm et al., PRC 53 2181 (1996)
Dewulf et al., PRL 90 152501 (2003)
+ Frick & Muther, PRC 68 034310 (2003)

Rios, PhD Thesis, U. Barcelona (2007)
Soma & Bozek, PRC 78 054003 (2008)
Rios & Soma PRL 108 012501 (2012)




Forward

(0. )

Carbone, Rios & Polls PRC 88 044302 (2013);
2N & 3N forces PRC 90, 054322 (2014);

Carbone PhD Thesis

4 . )
T-matrix at T=5 MeV

MNNS = o---0 + ..@

W:.---Q%.....@.@

T
é -10

% —15

° . ° ﬂc-’:- -20
In-medium interaction S
VAV i

T [=svwwe + ] 1 -

T Fie ° 20 o Q—Zpo[MeV] v
- v,

Self-energy

AVAVAVAVAY

A 3
‘z«vvvv\x +
T

SZ

Propagator Ramos, Polls & Dickhoff, NPA 503 1 (1989)

Alm et al., PRC 53 2181 (1996)
Dewulf et al., PRL 90 152501 (2003)
+ Frick & Muther, PRC 68 034310 (2003)

Rios, PhD Thesis, U. Barcelona (2007)
Soma & Bozek, PRC 78 054003 (2008)
Rios & Soma PRL 108 012501 (2012)




(0. )

2N & 3N forces

MNNS = o---0 + ..@

W:.---Q%.....@.@

In-medium interaction

T

T

A 3
‘z«vvvv\x +
T

Self-energy

AVAVAVAVAY

Spectral function, Ay (w)/(2m)

Forward

Carbone, Rios & Polls PRC 88 044302 (2013);
PRC 90, 054322 (2014);

Carbone Ph s
10-1'1"'1"'1"'1"'1'
®

= =
< <
w N

—_
<
IS

—_
<
a1

LELBRRLL B R LLLL IR R, B RLLLL I R

o
A el ol vl el e

. IR t PRI T R T T
-400 -200 0 200 400
Single-particle energy, w-u [MeV]

—_
<
(@)Y

n(k)
Thermodynamics & EoS
Transport J

SZ

Propagator

+

Ramos, Polls & Dickhoff, NPA 503 1 (1989)
Alm et al., PRC 53 2181 (1996)

Dewulf et al., PRL 90 152501 (2003)

Frick & Muther, PRC 68 034310 (2003)
Rios, PhD Thesis, U. Barcelona (2007)
Soma & Bozek, PRC 78 054003 (2008)
Rios & Soma PRL 108 012501 (2012)



(0. )

2N & 3N forces

MNNS = o---0 + ..@

W:.---Q%.....@.@

In-medium interaction

T |=a v +

T

Self-energy

AVAVAVAVAY

A 3
‘z«vvvv\x +
T

SZ

Propagator

+

Forward

Carbone, Rios & Polls PRC 88 044302 (2013);
PRC 90, 054322 (2014);

Carbone Ph °11'°
100" Fr——1——1 113

5
= 102 & E
3 ]
<103 L j .
g
8 ! ]
3] 4 L 4 ]
£10
E '(' "_“ 7]
2107 | %3
C%‘ o “, ]
T 74 : “v.:
10—6 (/PP RV B B B
-400 -200 O 200 400
Single-particle energy, w-u [MeV]
n(k)

Thermodynamics & EoS
\Transport J
e Off-shell v/

e Matsubara formalism v/
e ®-derivable v

Ramos, Polls & Dickhoff, NPA 503 1 (1989)
Alm et al., PRC 53 2181 (1996)

Dewulf et al., PRL 90 152501 (2003)

Frick & Muther, PRC 68 034310 (2003)
Rios, PhD Thesis, U. Barcelona (2007)
Soma & Bozek, PRC 78 054003 (2008)
Rios & Soma PRL 108 012501 (2012)



g
c
)
5
&
e
A=
ﬂa.
—
3=
»
Q
Q,
Vp]
A=
Q
»
=
Q
o
=
D)
Q
D
o
P
s
)
=
=
P
s
<

k=

k=2kp

K

200 0 200 400

-400

7200 400

Neutrons

102

¥
S
—

[

I

I()I

200

~400

12

(@]

i <F

1O

(@)

e\

] (@»)

lo

(@]

I

1o

(@)

15
Lo 0
(@] (@)
Auml i

ANIN] (22)/

(

2KkP

k

k=kp

i
-
—

m)]

1

v

102 k

— —
‘uonpuny Ten3dadg

200 0 200 400

7200 400 ~400

200 0
Single-particle energy, w-u* [MeV]

-400

200 0 200 400

~400

_ ¥ L _
o o o o
— —



| Momentum distribution
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| Renormalization factor: towards impurities
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| EoS at finite temperature
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SCGF can treat:

* Explicitly asymmetric matter v/
* Finite temperature ¢/

* Systematic expansion v/

* 3 nucleon forces ¢/
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but:

* Numerically intensive
* Pairing?
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¢+l Neutron star modelling
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4l Cooling curve of neutron stars
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e Observational data available for a handful of NS
* Sensitive to interior physics (mostly pairing)
18 Yakovlev & Pethick, ARAA 42 169 (2004)
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¢ Pairing gaps & cooling
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¢ Pairing gaps & cooling

t=0, “hot” protoneutron star

4 n+n—-n+p+e+v,
0
: 1st superfluid transition
n+n-—nnl+v+v
G2X100 s s s e, [-\ ]
—
-
)
av)
—
&,
= 1So
S 3PF, Singlet
Triplet pairing

pairing

|
P

r=0 Radial coordinate, r r

Density <
o P > Po P = Py P < Py




¢ Pairing gaps & cooling

t=0, “hot” protoneutron star

4 n+n—-n+p+e+v,
0
: 1st superfluid transition
n+n-—nnl+v+v
G2X100 s s s e, [-\ ]
—
-
)
i
3 G!
= 1So
S 3PF, Singlet
Triplet pairing

pairing

|
P

r=0 Radial coordinate, r r

Density <
o P > Po P = Py P < Py




+ Pairing gaps & cooling
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.. BCS+HF gaps in neutron matter

Hamiltonian

22

Slnglet gaps W1th 3NF

o
=)

0.5 1.0 15 00 0.5

5
. EMSOOMeV s,
3.k
3 _
F2F
4
1E 3
of m Pt
E EGM 450/500 MeV m — NN-only
~YF B +NLO 3N
35t B +NPLO 3N
27 3
22}
a ¢
1t
0 e e e }
4 [ EGM 430/700 Mev 'Sy
'
EI:
1E E
05 L P T S (Y — — | T Y ..E

1.0 1.5

ke [fm~1] ke [fm~1]

BCS equation

A(kp) [MeV] Aikg) [MeV]

Afkg) [MeV]

0.8
0.7

0.6 F
0s
04 |
03 |
0z F
01 F

Trmlet EaDS w1th 3NF

EM 500 MeV

0.0 |ttt

0.7

06 |
0.5 |
0.4 |
03 |
0z |
01 |
0.0 F
07 |
0.6 |
0s [
0.4 |
03 |
02 F

0.1

0.0 L=

p—
[ EGM 450/500 MeV

— NN-only H
B +N%L0 3N
B +N°LO 3N []

1.0 15
e [Fm 1]

Drischler, Kruger, Hebeler, Schwenk, Phys Rev C 95 024302 (2017) [arXiv:1610.05213]

15 2.0
kr [fm~1]

VLL’ |k’>

AL = / A
Z ’ 2\/ka + [Ag|?

L/
k/

k2
e =—+4+U
2m

(k) =

L4

e Error estimates from nuclear force (chiral expansion) v’
e Many-body uncertainty? X



' Triplet channel: limits of EFT
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* BCS prediction based on constant V
 Full chiral NN interactions

e Full HF spectrum

* 3NFs do not change the ratio!
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| What equations should we work with?
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| What equations should we work with?
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: How to go beyond?

CDBonn
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@Existing frameworks difficult to generalise

@Nambu-covariant SCGF technique
e Symmetry breaking v/
* Finite temperature v/
e Systematic expansion w diagrams v
* 3 nucleon forces v/

. Barbieri, Drissi



IWhat was the issue before?

Standard PT PT a la Gor’kov PT a la Bogoliubov

Bogoliubov —

<abal> } transformation <Bk1 [3);2>

Reformulation

<A,U,AV>/_\ @ Based on Nambu fields

® Propagators transform contravariantly
® Vertices transform covariantly

® Un-oriented diagrammatic

28



. Nambu-Covariant Perturbation Theory

" Double dimension H space\ g Basis @
%GE%X%T " B°=BUB
- . J ~

Elements p=(b1) T:l=1=2 R
b

() e

- | _J

Product & metric tensor

o () (91)) = w190+ w12
Juv = g (1) 5 V) = Opp




¢ Nambu fields

( Nambu fields \

ACD Z g, |

A2 — - Al = Abg) (az;)

o K @mg#a;a
(b,1) = Qb o o

Az =ap - Ap=Apg) = (CLE ap)

F Commutator relations\ f Co- or contravariant

(On extended indices!) Ay=> guw A",
oAV v
Tl e
{ A A} =g," ME2 A
k {AuvAu}:guu Jk AM:Z,:QMVAV. J
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°Let 7/ a unitary Bogoliubov transformation
AT =3 (whH! A,

A= W As,

*Definition: (p,q)-tensor is multi-dim array s.t.

I S L N N

p
A1 Ap

KRi1...Rgq

with p contravariant & q covariant indices

* Operators are polynomials of Nambu fields:

— 1. bk A 41 Vi
O= 3" oM, L Ay AL AT LA

H1---Hk
Vyi... Vg

K
DA%

q



::".._!;iii Why Bogoliubov tensor algebra?

Tensor product: 11, *25 = g1 rHals

Tensor contraction: r¥, = Z sk, 1%,

a

* Co(contra-)variance under Bogoliubov transforms
provide invariant expressions in any basis

* Potential to optimise the extended basis
* Tensor-network structure becomes transparent

*Leads to diagrammatic expansion (a la de
Dominicis-Martin or Haussmann)

e Other formalisms through specific basis or metric

32



|il"'j!||| Perturbative expansion

Hamiltonian partitioning Fully antisymmetric vertex
@®Definition
Q=0Q,+Q »® — (k)
¢ 1 [/41 Uy oo Hop—1 Mokl (Zk)' Z ( ) ﬂo(l) Ho2) -+ Ho(2k—1) Ho(2k)

O'ESZk

- %Z U, AFAY

®Antisymmetrisation defines a new (0,2k)-

k
Q= Z (2k y ( ) Mok AMLLL AR tensor

Hak @Not the case in a mixed representation

Covariant k-body vertices

Green’s functions 4 Propagators )
®Contravariant k-body Green’s function M
~gw) = | 1w
(= Dk Gty o) = <T Az .. A'“2k(’L'2k)]>
v
(p)andp = —
with (.)=Tr(.p)and p = w
Te (e79) Ea) = | 1,
@Unperturbed case: €2 «— €,
- v )

33 Drissi, Rios & Barbieri, Paper I, arxiv:2107.09759



|il"'j!||| Perturbative expansion

Hamiltonian partitioning Fully antisymmetric vertex
@®Definition
Q=0Q,+Q »® — (k)
¢ 1 [/41 Uy oo Hop—1 Mokl (2 )y Z ( ) ﬂo(l) Ho2) -+ Ho(2k—1) Ho(2k)

1 0Ok
- 9 Z U, AFAY t - N

Covariant k-body vertices

®Antisymmetrisation defines a new (0,2k)-

k
Q= Z (2k y ( ) Mok AMLLL AR tensor

Hak @Not the case in a mixed representation

Covariant k-body vertices

Green’s functions 4 Propagators )
®Contravariant k-body Green’s function M
~gw) = | 1w
(= Dk Gty o) = <T Az .. A'“2k(’L'2k)]>
v
(p)andp = —
with (.)=Tr(.p)and p = w
Te (e79) Ea) = | 1,
@Unperturbed case: €2 «— €,
- v )

33 Drissi, Rios & Barbieri, Paper I, arxiv:2107.09759



¢+l Why antisymmetric vertices?

vertex u;

oK) _
H1H2.. 2k —1H2EK

\ M2k

4 Un-symmetrised )

M2

,U2k—d

(k) _

v
[1ip2.. . pok—1H12k]

\ K2k

4 Antisymmetrized )

12

N2k—1)

34

SCX):

Diagram factorisation

®Derivations rely on

»Wick theorem = sum over pairing
»Sum over single-particle and Nambu indices

= Extends Hugenholtz antisymmetrisation

@Antisym is a one-off pre-computing cost

Drissi, Rios & Barbieri, Paper I, arxiv:2107.09759



+4l Perturbative expansion

Order n graphical rules

®Draw all topologically distinct connected unlabelled
diagrams

®with 2k external legs

®with n vertices (for order n contributions)

Feynman rules

1. Label vertices from 1 to n
»S is the number of vertex labels permutations
leaving the diagram invariant

2. For each line multiply by — (?(0))”1/(0)6)

3 ) . (k)
For each k-body vertex multiply by VUi iy .. oy i

4. Sum over each internal y index and each
independent w, frequency

-1 n+L
5. Multiply by D

§ x 2T T]/max jpym

4 Tadpoles are exceptional )

—1)*k
. P )

,LL H2.. U2k 12k_1(k N 1)'

v X — —GH2H3 () e Wele
H3 b WZ

(k=2)
[n fr2 i3 V]

@Partially antisymmetrized vertices needed:

2Pp!
yo o = P E e(e) v
Lty izt ™ (2 Ho(1)--Foc- -y Ho(2k)

UESZk/ngsp
®@p internal lines are fixed
®k-body generalisation works

_
(" HFB partitioning 3rd order )

Qg

E2




: Advantages vs Gorkov

Gorkov GF NCGF

Order 2 3
N
______________ 3 B\

£112) () ﬂ O I O 3TT1
----------- Aé/\/ \
A




"l Basic example

—f(€3) f(—¢€) f(—€) f(—eyp) f(—=€) f(—€)) f(—€y) f(—€3) f(—€)) f(—¢€y) f(—€3)(—f(€2))

€1t e3—6—¢€ €4+ €3— € — € —€4— €3+ €+ € —€4— €3+ €+ €

(1 T°° dey dep des d )
_ (2) (2) €1 A€z d€3 dea cain A2 35 aX)
= 18 AX;A IS WWLIVEY /_OO or 2m 2m am O (1) 57 (e2) 57 (es) 57N ()
AiAiAZAi
. flen) flea) f(=es) f(—ea) — f(=er) f(=e2) fles) flea
€1 + €2 — €3 — €4
\_ Y,
Spectral function Properties
T de’ S*(w') @Symmetries
T(w,) = . SYRmEEe C
o 27 iw,— @ ‘Hermiticity:  (S¥,(w)) = % (w)
©Lehmanri representation »Antisymmetry: S (o) = Sy”(—a))( # 58" (-w) )
SH @) = — Z (¥, | A9, (¥,|AY]Y,,) ®@Positive bounds
z o »S(w) > 0 < each principal minor is strictly positive

X e P (1 + e‘ﬂ“’) 2n) 6 (Qn -Q - a))
37



+" Self-consistent Green’s function resummation

Dyson equation Diagrammatic expansion of
®Partitioning considered Eluy(a)n)
Q= i Z U AHAY + i v(2) ACABPAY AS @with unperturbed propagators
2! o 4 afyé J (w)—F (—w,)
w apyé u\%n vp n
Zﬂy(a)n) =
2
Q, Q,

I w,) = Z 1PI diagrams with €V

@®Dyson equation

' w,) = ?(O)W(a)n) + Z “g(owl(wn) 2, (@) T (@)
Aidy Zﬂy(a)n) _

@with self-consistent propagators
I @,) = I, (—w,)
2

J W(a)n) = Z 2PI diagrams with & ( =J W(a)n))

Diagrammatic

SCGF cycle Self-energy expression
representation

N [z
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i . T-matrix: ladders

Approximations on ['?)

® Sum of all possible rungs

2PFI

Tl = > o + -

T-matrix = ['® in
ladder approximation

N\

T =
Z N

\__/
T = +
7\

39

N\
+

T

2

Ladder approximation

®Analytic/Retarded/Advanced/Sp function =
as usual

@T-matrix equation

1 /
Tun(Z) = Vin + 3 Y Vi, T (2) Twn(2)
LL’

where VA%)V = U[(izmmuz]’M = (p1,p2) & N = (11, 12)

Solving the ladder

®Spectral representation
T dQ Tun(Q
Tun(Z) = VX +/ )

2 4 — Q)

— OO

@®Solution
T(Q) =iv® {(gg — %HR(Q)V@)) _ (gg _ %HA(Q)V(2)> }



i Nambu-Covariant Ladders

Bubble I1 T-matrix

Initial Propagator &

guess

_I_

or
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.. Nambu-Covariant Ladders

Bubble I1 T-matrix

1 +o0 d -1
_ do 1
®) [ 2 @ @) TQ) = iV(Z){ <gg - EHR(Q)V(2)>

X S22 (Q — w) f(Q — w)
-1
1
= <gg - EHA(Q)V(2’> }

Self-energy X

Initial
guess
Unperturbed

SO(w)

Propagator & =13 roo do

- [f(@) + b — w)]
/1 i

S)=i(wg— (U+Zkw))” X T (@ — @) SH(e

/ —i(a)g—(U+ZA(a))))_

Refined

+o0
Vi J . fi=e) sm5c)
27
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+"1 Thouless’ criterion

modynamic potential.

David J. Thouless

Pairing temperatures

(O}

' Critical temperature

1
» T. such that r (EH(O)V@) =1

®

® Dynamical pairing temperature

1
. T, such that 3Q . r (En(szp)v(:z)) e

® Upper-bound on dynamical pairing temperature

I~

1l o
117 2)
=II(0)V

P

=1
S

= T, such that

® Opening of possible regions of interest !
sIngeneral: T, < T, < T,

= Recover Thouless’ criterion when 1, =1

Thouless’ criterion How to extend to all energies?
[Thouless, 1960] ® Original case considered by Thouless
® Homogeneous system of fermions + two-body interaction V., " Separable interaction in singlet channel:
@ Finite-temperature: T > 0 Sl T Vamaodnin = 8 Y@)* xv@ x89(P'~ P)
® Thouless' claim: (in the abstract) on the potential * Additional assumption: V'= cst # 0 only for
The convergence of the ladder diagrams is suggested [17']| small and [1g1] ~ 11| ~ ke

as a criterion which the BCS solution must satisfy, and it is shown that this is
equivalent to requiring the BCS solution to give a local minimum of the ther-

30

Normal Phase -
Allowed region for

dynamical pairing

Superfluid Phase

> i,

Open questions to be investigated
= Are T, and T, close for relevant physical systems 7

= What are the characteristic properties when 7, < T < 7, 7

= Pre-pairing effects such as pseudo-gap in S(w) ?
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¢+ Conclusions

1) Thermal & microscopic properties :,.[

ion, A(w)/(2m)

10°F 7

2) Nuclear uncertainty quantification =<z

Single-particle energy, w-u [MeV]

Spectral funct

3) New superfluid extensions

Next:

Numerical implementation

Uncertainties in predictions?
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