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•Motivation


•“Normal” self-consistent Green’s functions


•Nambu-Covariant Green’s functions

Outline
Many-body method
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FIG. 3. Top: second-order labelled diagram G2 contributing
to the propagator. The chosen orientations and strengths are
given explicitly. We recall that, by convention, the energy flows
positively when following the chosen orientation convention
(without taking into account the chosen intensities). Bottom:
the three spanning trees of internal lines are shown with bold
blue lines. Thin black lines are part of the corresponding
complementary diagrams.

at second order reads
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The orientation of the energy flow is explicitly shown in
the top diagram of Fig. 3. The Matsubara sum I (G2) is
defined by
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Applying Gaudin’s summation rules as given in Sec. III D
and App. C, I (G2) reads
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Eq. (78) is obtained as the sum of the amplitudes associ-
ated to the three spanning trees (bold blue lines) shown
in the bottom of Fig. 3. Note that all three trees con-
tribute with the same denominator, which is why only
one factorised denominator appears in Eq. (78).

3. Third order perturbations

The simplifications obtained with NCPT become more
important as one considers higher perturbative orders.
To give a clear illustration, we derive the Feynman ampli-
tudes contributing to the contravariant one-body Green’s
function at third order. We start with the contribution
of the 2PI diagram G3 of Fig. 2. The Feynman amplitude
�Aµ⌫

(3)
(!m) contributing to Gµ⌫(!m) in this case reads
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where I (G3) is the Matsubara sum associated to G3, as de-
fined in Eq. (65). The Matsubara sum is computed using
Gaudin’s summation rules. There are eight spanning trees
within G3 which are identified in Fig. 4. The associated



0

1015

10

2×1014

4

Neutron-star modelling

Inner Core

?

Core

neutrons, protons, e-

Star surface

r=R≈12 km

1011

Crust

Nuclear lattices, n superfluid

DFT & solid state EFT + many-body theory Many-body

controlled extrapolation

LQCD

Radial distance to centre [km] 3

5×1014Density [g cm-3]

10152×10141011 5×1014Density [g cm-3]

Pr
es

su
re

p = KρΓ

Neutron drip Core

Schematic view of a neutron star
A. Watts et al. arXiv:1501.00042 [astro-ph.SR]
PoS AASKA14 (2015) 053



5

Nuclear error quantification (2022)

r

VNN

Hamiltonian

Many-body method

Neutron star

observations

r

ρ2

Astronuclear

property

χEFT

MBPT

SCGF

CC

Forwards modelling

• Statistical propagation

• Bayesian analysis

• EmulatorsC. Forssen’s talk



5

Nuclear error quantification (2022)

r

VNN

Hamiltonian

Many-body method

Neutron star

observations

r

ρ2

Astronuclear

property

χEFT

MBPT

SCGF

CC

Forwards modelling

• Statistical propagation

• Bayesian analysis

• EmulatorsC. Forssen’s talk



5

Nuclear error quantification (2022)

r

VNN

Hamiltonian

Many-body method

Neutron star

observations

r

ρ2

Astronuclear

property

χEFT

MBPT

SCGF

CC

✔︎

Forwards modelling

• Statistical propagation

• Bayesian analysis

• EmulatorsC. Forssen’s talk



6

Nuclear error quantification

r

VNN

Hamiltonian

Many-body method

Neutron star

observations

r

ρ2

Astronuclear

property

χEFT

?
Backwards✔︎

MBPT

SCGF

CC

I. Tews’ talk



6

Nuclear error quantification

r

VNN

Hamiltonian

Many-body method

Neutron star

observations

r

ρ2

Astronuclear

property

χEFT

?
BackwardsBackwards ✔︎

MBPT

SCGF

CC

I. Tews’ talk

Requires

• Matter composition

• Regulators & density reach

• Degeneracies?



Pr
es
su
re
,P
[d
yn
cm

-2
]

Mass density, ρ [g cm-3]

1033

1034

1035

1036

1037

1014 1015 1016
7

From M-R to EoS

M
as
s,
M
[M

⊙
]

Radius, R [km]

0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4

8 10 12 14 16

M
as
s,
M
[M

⊙
]

Radius, R [km]

0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4

8 10 12 14 16

M
as
s,
M
[M

⊙
]

Radius, R [km]

0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4

8 10 12 14 16

p(ϵ)

Maximum mass!
Mass-RadiusEquation of State

Backwards

Tolman-Oppenheimer-Volkov equations

EoS
+

<latexit sha1_base64="Ck+IAggyPwdSpX4XuvbW3N82u48="></latexit>

dP (r)

dr
= �G

c2

⇥
m<(r) + 4⇡P (r)r3

⇤
[✏(r) + P (r)]

1� 2Gm<(r)
rc2

dm<(r)

dr
= 4⇡r2⇢(r)

<latexit sha1_base64="sS1OY2EZXckaWxqyk9wA3etD5e4=">AAACEHicbVA9TwJBEN3zE/ELtbTZSIzYkDtC1MaEaGOJiXwkHJK9ZYANe7vn7h4JIfwEG/+KjYXG2Fra+W/cAwoFXzLJy3szmZkXRJxp47rfztLyyuraemojvbm1vbOb2duvahkrChUquVT1gGjgTEDFMMOhHikgYcChFvSvE782AKWZFHdmGEEzJF3BOowSY6VW5qSMfXiI2QCXc77qyVPs+2kfIs24FPgSJxqm94VWJuvm3QnwIvFmJItmKLcyX35b0jgEYSgnWjc8NzLNEVGGUQ7jtB9riAjtky40LBUkBN0cTR4a42OrtHFHKlvC4In6e2JEQq2HYWA7Q2J6et5LxP+8Rmw6F80RE1FsQNDpok7MsZE4SQe3mQJq+NASQhWzt2LaI4pQYzNM2xC8+ZcXSbWQ987yxdtitnQ1iyOFDtERyiEPnaMSukFlVEEUPaJn9IrenCfnxXl3PqatS85s5gD9gfP5A4QEmwM=</latexit>

P ⌘ P (⇢)

✏ = ⇢c2



Pr
es
su
re
,P
[d
yn
cm

-2
]

Mass density, ρ [g cm-3]

1033

1034

1035

1036

1037

1014 1015 1016
7

From M-R to EoS

M
as
s,
M
[M

⊙
]

Radius, R [km]

0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4

8 10 12 14 16

M
as
s,
M
[M

⊙
]

Radius, R [km]

0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4

8 10 12 14 16

M
as
s,
M
[M

⊙
]

Radius, R [km]

0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4

8 10 12 14 16

p(ϵ)

Maximum mass!
Mass-Radius

LI
GO

/V
IR

GO
 P

RL
 1

21
 1

61
10

1 
(2

01
8)

Equation of State

Backwards

Tolman-Oppenheimer-Volkov equations

EoS
+

<latexit sha1_base64="Ck+IAggyPwdSpX4XuvbW3N82u48="></latexit>

dP (r)

dr
= �G

c2

⇥
m<(r) + 4⇡P (r)r3

⇤
[✏(r) + P (r)]

1� 2Gm<(r)
rc2

dm<(r)

dr
= 4⇡r2⇢(r)

<latexit sha1_base64="sS1OY2EZXckaWxqyk9wA3etD5e4=">AAACEHicbVA9TwJBEN3zE/ELtbTZSIzYkDtC1MaEaGOJiXwkHJK9ZYANe7vn7h4JIfwEG/+KjYXG2Fra+W/cAwoFXzLJy3szmZkXRJxp47rfztLyyuraemojvbm1vbOb2duvahkrChUquVT1gGjgTEDFMMOhHikgYcChFvSvE782AKWZFHdmGEEzJF3BOowSY6VW5qSMfXiI2QCXc77qyVPs+2kfIs24FPgSJxqm94VWJuvm3QnwIvFmJItmKLcyX35b0jgEYSgnWjc8NzLNEVGGUQ7jtB9riAjtky40LBUkBN0cTR4a42OrtHFHKlvC4In6e2JEQq2HYWA7Q2J6et5LxP+8Rmw6F80RE1FsQNDpok7MsZE4SQe3mQJq+NASQhWzt2LaI4pQYzNM2xC8+ZcXSbWQ987yxdtitnQ1iyOFDtERyiEPnaMSukFlVEEUPaJn9IrenCfnxXl3PqatS85s5gD9gfP5A4QEmwM=</latexit>

P ⌘ P (⇢)

✏ = ⇢c2



8

Self-Consistent Green’s Functions
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Asymmetry dependence in spectral functions
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Momentum distribution
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[arXiv:2006.10610]
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Renormalization factor: towards impurities
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EoS at finite temperature
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•Relevant & necessary for binary NS simulations

https://arxiv.org/abs/2006.10610
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Liquid-gas phase transition

Carbone, Polls, Rios, PRC 98 025804 (2018)

[arXiv:2006.10610]
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Zero temperature extrapolation
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Self-Consistent Green’s Functions

Rios, Frontiers Physics fphy.2020.00387 (2020) 

[arXiv:2006.10610]
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SCGF can treat:

•Explicitly asymmetric matter ✔︎

•Finite temperature ✔︎

•Systematic expansion ✔︎

•3 nucleon forces ✔︎
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but:

•Numerically intensive

•Pairing?
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Nuclear error quantification (2022)
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Cooling curve of neutron stars

Vela

• Observational data available for a handful of NS

• Sensitive to interior physics (mostly pairing)

Yakovlev & Pethick, ARAA 42 169 (2004)
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Te

m
pe

ra
tu

re
, T

 [
K]

Radial coordinate, r 

1S0

Singlet 

pairing

3PF2

Triplet

pairing

r=R r=0 

1011

2×1010

5×109

t=0, “hot” protoneutron star
n + n → n + p + e + ν̄e

1st superfluid transition
n + n → [nn] + ν̄ + ν

2nd superfluid transition
n + n → [nn] + ν̄ + ν

FAST COOLING!

Density
ρ ≫ ρ0 ρ ≈ ρ0 ρ ≪ ρ0
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Cooling example

Sellahewa, PhD Thesis (2015)
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Cooling example

Sellahewa, PhD Thesis (2015)
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Cooling of CasA

Ho, et al., PRC 91 015806 (2015)

Cas A data

Page, et al., PRL 106 081101 (2011)

Ingredients

(a) Mass of pulsar

(b) EoS (determines radius)

(c) Internal composition

(d) Pairing gaps (1S0 & 3PF2 channels)

(e) Atmosphere composition
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BCS+HF gaps in neutron matter

Drischler, Kruger, Hebeler, Schwenk, Phys Rev C 95 024302 (2017) [arXiv:1610.05213]

Singlet gaps with 3NF

• Error estimates from nuclear force (chiral expansion) ✓

• Many-body uncertainty? ✗

"k =
k2

2m
+ U(k)� µ

+
BCS equation

Hamiltonian Triplet gaps with 3NF
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Triplet channel: limits of EFT
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Finite Temperature BCS
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Drissi & Rios, Eur. Phys. J. A 58, 90 (2022) [arXiv:2202.07501]

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Temperature, T [MeV]

0.0

0.5

1.0

1.5

2.0

G
ap

,D
(T

)
[M

eV
]

BCS+HF, r =0.04 fm°3

EM
EM+3NF

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Temperature, T [MeV]

SRC, r =0.04 fm°3

EM
EM+3NF

Many-body method

r

Hamiltonian

https://www.google.com/url?q=https%3A%2F%2Fdoi.org%2F10.1140%2Fepja%2Fs10050-022-00738-2&sa=D&sntz=1&usg=AOvVaw3IVeIboyLg7ZybIpnFCR_h
https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fabs%2F2202.07501&sa=D&sntz=1&usg=AOvVaw36OU1cnOJDTaC-SMyAt5ME
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Finite Temperature BCS
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Finite Temperature BCS
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Finite Temperature BCS

BCS prediction
Δ(T = 0)

Tc
= 1.76
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Finite Temperature BCS

BCS prediction
Δ(T = 0)

Tc
= 1.76
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•BCS prediction based on constant V

•Full chiral NN interactions 

•Full HF spectrum

•3NFs do not change the ratio!

Hamiltonian

https://www.google.com/url?q=https%3A%2F%2Fdoi.org%2F10.1140%2Fepja%2Fs10050-022-00738-2&sa=D&sntz=1&usg=AOvVaw3IVeIboyLg7ZybIpnFCR_h
https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fabs%2F2202.07501&sa=D&sntz=1&usg=AOvVaw36OU1cnOJDTaC-SMyAt5ME


What equations should we work with?
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BCS+SRC gap equation
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Rios, Polls & Dickhoff, J Low T Phys 189 234 (2017)
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Why does it matter?
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“Beyond”-BCS
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How to go beyond?

++
 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

1.0 1.5 2.0 2.5 3.0

P
a
ir
in

g
 g

a
p
, 

∆
 [
M

e
V

]

Fermi  momentum, kF [fm-1]

CDBonn
3PF2 BCS

SRC
SRC+LRC

1.0 1.5 2.0 2.5 3.0

Fermi  momentum, kF [fm-1]

Av18

1.0 1.5 2.0 2.5 3.0

Fermi  momentum, kF [fm-1]

N3LO

Normal 
state

Superfluid

Δ(kF)

๏Existing frameworks difficult to generalise

๏Nambu-covariant SCGF technique


•Symmetry breaking ✔︎

•Finite temperature ✔︎

•Systematic expansion w diagrams ✔︎

•3 nucleon forces ✔︎

Barbieri, Drissi
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What was the issue before?



Nambu-Covariant Perturbation Theory
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Nambu fields
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Tensor

31

•Let  a unitary Bogoliubov transformation𝒲

•Definition: (p,q)-tensor is multi-dim array s.t.


with p contravariant & q covariant indices
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•Operators are polynomials of Nambu fields:
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•Co(contra-)variance under Bogoliubov transforms 
provide invariant expressions in any basis


•Potential to optimise the extended basis

•Tensor-network structure becomes transparent

•Leads to diagrammatic expansion (à la de 

Dominicis-Martin or Haussmann)

•Other formalisms through specific basis or metric

Why Bogoliubov tensor algebra?

Tensor product:  


Tensor contraction: 

rμ1ν1
μ2μ3 = sμ1ν1 tμ2μ3

rμ
ν = ∑

α

sμ
α tα

ν
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Perturbative expansion
Hamiltonian partitioning


 

Ω = Ω0 + Ω1

Ω0 =
1
2 ∑

μν

UμνAμAν

Ω1 =
n

∑
k=1

1
(2k)! ∑

μ1…μ2k

v(k)
μ1…μ2k

Aμ1…Aμ2k

Green’s functions

๏Contravariant k-body Green’s function 

 


with and 


๏Unperturbed case:    

(−1)k 𝒢μ1…μ2k(τ1, …, τ2k) ≡ ⟨T [Aμ1(τ1) … Aμ2k(τ2k)]⟩

⟨ . ⟩ = Tr ( . ρ) ρ ≡
e−βΩ

Tr (e−βΩ)
Ω ⟷ Ω0

Covariant k-body vertices

Propagators


Fully antisymmetric vertex

๏Definition


 

๏Antisymmetrisation defines a new (0,2k)-
tensor 

๏Not the case in a mixed representation

v(k)
[μ1 μ2 … μ2k−1 μ2k] ≡

1
(2k)! ∑

σ∈S2k

ϵ(σ) v(k)
μσ(1) μσ(2) … μσ(2k−1) μσ(2k)

Drissi, Rios & Barbieri, Paper I, arxiv:2107.09759
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Perturbative expansion
Hamiltonian partitioning
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Drissi, Rios & Barbieri, Paper I, arxiv:2107.09759
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Why antisymmetric vertices?

+ + +…
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<latexit sha1_base64="L1yduY4IHsXZrjD3BHSGz4TsiyQ=">AAACPHicbVBNSwMxFMz6Wdevqkcv0SJ4Krta1KPoxWMFq4ItJZu+bUOTzZK8FcrS3+BV/4z/w7s38erZtO7BrQ4Ehpn3eJOJUiksBsGbNze/sLi0XFnxV9fWNzarW9u3VmeGQ4trqc19xCxIkUALBUq4Tw0wFUm4i4aXE//uEYwVOrnBUQodxfqJiAVn6KRWW2Xd4261FtSDKehfEhakRgo0u1veXruneaYgQS6ZtQ9hkGInZwYFlzD225mFlPEh68ODowlTYDv5NO2YHjilR2Nt3EuQTtXfGzlT1o5U5CYVw4Gd9Sbiv56wGnUKzuMDUIVampjsGBvbMS1HxPisk4skzRAS/pMwziRFTSed0Z4wwFGOHGHcCPdJygfMMI6u2dKByLAh4Nj3fVdqOFvhX3J7VA9P6o3rRu38oqi3QnbJPjkkITkl5+SKNEmLcCLIE3kmL96r9+59eJ8/o3NesbNDSvC+vgFHYq2R</latexit>µ3

<latexit sha1_base64="Uo6QfyGDWETcScp3e8FfzqU2VKQ=">AAACP3icbVDLSgMxFM34rOOr6tJNtAiuykwp6lJ047KC1YItJZPeaUOTyZDcEcowP+FWf8bP8AvciVt3pnUWVj0QOJxzL/fkRKkUFoPg1VtYXFpeWa2s+esbm1vb1Z3dW6szw6HNtdSmEzELUiTQRoESOqkBpiIJd9H4curfPYCxQic3OEmhp9gwEbHgDJ3U6aqsnzfGRb9aC+rBDPQvCUtSIyVa/R3voDvQPFOQIJfM2vswSLGXM4OCSyj8bmYhZXzMhnDvaMIU2F4+C1zQI6cMaKyNewnSmfpzI2fK2omK3KRiOLK/van4ryesRp2C8/gIVKnOTUx3jI1tQecjYnzWy0WSZggJ/04YZ5KiptPa6EAY4CgnjjBuhPsk5SNmGEdX7tyByLAxYOH7vis1/F3hX3LbqIcn9eZ1s3Z+UdZbIfvkkByTkJySc3JFWqRNOJHkkTyRZ+/Fe/PevY/v0QWv3Nkjc/A+vwBFiK8R</latexit>µ2k <latexit sha1_base64="SJPX4CePt3X/saMjgCE22uoZusw=">AAACQXicbVDLSgNBEJz17frWo5fRIHgx7AZRj6IXjwpGRRPC7KTXDJnHMtMrhGX/wqv+jF/hJ3gTr16cxD0YtWCgqOqmayrJpHAYRa/BxOTU9Mzs3Hy4sLi0vLK6tn7lTG45NLmRxt4kzIEUGpooUMJNZoGpRMJ10j8d+tcPYJ0w+hIHGbQVu9ciFZyhl25bKu8Ujf5eXHZWa1E9GoH+JXFFaqTCeWct2Gp1Dc8VaOSSOXcXRxm2C2ZRcAll2ModZIz32T3ceaqZAtcuRpFLuuOVLk2N9U8jHak/NwqmnBuoxE8qhj332xuK/3rCGTQZeI/3QFXq2MRwx7rUlXQ8IqZH7ULoLEfQ/DthmkuKhg6Lo11hgaMceMK4Ff6TlPeYZRx9vWMHEsv6gGUYhr7U+HeFf8lVox4f1Pcv9mvHJ1W9c2STbJNdEpNDckzOyDlpEk40eSRP5Dl4Cd6C9+Dje3QiqHY2yBiCzy9B6q+D</latexit>µ2k�1

<latexit sha1_base64="C0+i55XszDJxmmSOKNxPuol0qDg=">AAACPHicbVBNSwMxFMzW7/Wr6tFLtAieyq4U9Vj04rGCVcEuJZu+bUOTzZK8FUrpb/Cqf8b/4d2bePVs2u7BVQcCw8x7vMnEmRQWg+DNqywsLi2vrK756xubW9vVnd1bq3PDoc211OY+ZhakSKGNAiXcZwaYiiXcxcPLqX/3CMYKnd7gKINIsX4qEsEZOqndUXm30a3WgnowA/1LwoLUSIFWd8c76PQ0zxWkyCWz9iEMMozGzKDgEiZ+J7eQMT5kfXhwNGUKbDSepZ3QI6f0aKKNeynSmfpzY8yUtSMVu0nFcGB/e1PxX09YjToD5/EBqEItTUx3jE3shJYjYnIejUWa5QgpnydMcklR02lntCcMcJQjRxg3wn2S8gEzjKNrtnQgNmwIOPF935Ua/q7wL7k9qYen9cZ1o9a8KOpdJfvkkByTkJyRJrkiLdImnAjyRJ7Ji/fqvXsf3ud8tOIVO3ukBO/rG0k2rZI=</latexit>µ4

<latexit sha1_base64="gLxw5PTVqpN47rKmh+Yl8SPISsk=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjB1UJbSjZ9a0OTzZK8FUrpb/Cqf8b/4d2bePVstt2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDIeJaatOKmQUpUohQoIRWZoCpWMJ9PLwq/PtHMFbo9BZHGXQVe0hFIjhDJ0UdlffC3k4tqAdT0L8kLEmNlGj2qt5Bp695riBFLpm17TDIsDtmBgWXMPE7uYWM8SF7gLajKVNgu+Np2gk9ckqfJtq4lyKdqj83xkxZO1Kxm1QMB/a3V4j/esJq1Bk4jw9AlercRLFjbGIndD4iJufdsUizHCHls4RJLilqWnRG+8IARzlyhHEj3CcpHzDDOLpm5w7Ehg0BJ77vu1LD3xX+JXcn9fC03rhp1C4uy3orZJ8ckmMSkjNyQa5Jk0SEE0GeyDN58V69d+/D+5yNLnjlzh6Zg/f1DUO6rY8=</latexit>µ1
<latexit sha1_base64="tDOwJYIwc73ljPA4VokHK6Up/wA=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjBaqFdSjZ9a0OTzZK8FUrZ3+BV/4z/w7s38erZtN2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDocW11KYdMwtSpNBCgRLamQGmYgn38fBq4t8/grFCp7c4yiBS7CEVieAMndTqqrx30tupBfVgCvqXhCWpkRLNXtU76PY1zxWkyCWzthMGGUZjZlBwCYXfzS1kjA/ZA3QcTZkCG42naQt65JQ+TbRxL0U6VX9ujJmydqRiN6kYDuxvbyL+6wmrUWfgPD4AVapzE5MdYxNb0PmImJxHY5FmOULKZwmTXFLUdNIZ7QsDHOXIEcaNcJ+kfMAM4+ianTsQGzYELHzfd6WGvyv8S+5O6uFpvXHTqF1clvVWyD45JMckJGfkglyTJmkRTgR5Is/kxXv13r0P73M2uuCVO3tkDt7XN0WOrZA=</latexit>µ2

<latexit sha1_base64="L1yduY4IHsXZrjD3BHSGz4TsiyQ=">AAACPHicbVBNSwMxFMz6Wdevqkcv0SJ4Krta1KPoxWMFq4ItJZu+bUOTzZK8FcrS3+BV/4z/w7s38erZtO7BrQ4Ehpn3eJOJUiksBsGbNze/sLi0XFnxV9fWNzarW9u3VmeGQ4trqc19xCxIkUALBUq4Tw0wFUm4i4aXE//uEYwVOrnBUQodxfqJiAVn6KRWW2Xd4261FtSDKehfEhakRgo0u1veXruneaYgQS6ZtQ9hkGInZwYFlzD225mFlPEh68ODowlTYDv5NO2YHjilR2Nt3EuQTtXfGzlT1o5U5CYVw4Gd9Sbiv56wGnUKzuMDUIVampjsGBvbMS1HxPisk4skzRAS/pMwziRFTSed0Z4wwFGOHGHcCPdJygfMMI6u2dKByLAh4Nj3fVdqOFvhX3J7VA9P6o3rRu38oqi3QnbJPjkkITkl5+SKNEmLcCLIE3kmL96r9+59eJ8/o3NesbNDSvC+vgFHYq2R</latexit>µ3
<latexit sha1_base64="C0+i55XszDJxmmSOKNxPuol0qDg=">AAACPHicbVBNSwMxFMzW7/Wr6tFLtAieyq4U9Vj04rGCVcEuJZu+bUOTzZK8FUrpb/Cqf8b/4d2bePVs2u7BVQcCw8x7vMnEmRQWg+DNqywsLi2vrK756xubW9vVnd1bq3PDoc211OY+ZhakSKGNAiXcZwaYiiXcxcPLqX/3CMYKnd7gKINIsX4qEsEZOqndUXm30a3WgnowA/1LwoLUSIFWd8c76PQ0zxWkyCWz9iEMMozGzKDgEiZ+J7eQMT5kfXhwNGUKbDSepZ3QI6f0aKKNeynSmfpzY8yUtSMVu0nFcGB/e1PxX09YjToD5/EBqEItTUx3jE3shJYjYnIejUWa5QgpnydMcklR02lntCcMcJQjRxg3wn2S8gEzjKNrtnQgNmwIOPF935Ua/q7wL7k9qYen9cZ1o9a8KOpdJfvkkByTkJyRJrkiLdImnAjyRJ7Ji/fqvXsf3ud8tOIVO3ukBO/rG0k2rZI=</latexit>µ4

<latexit sha1_base64="gLxw5PTVqpN47rKmh+Yl8SPISsk=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjB1UJbSjZ9a0OTzZK8FUrpb/Cqf8b/4d2bePVstt2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDIeJaatOKmQUpUohQoIRWZoCpWMJ9PLwq/PtHMFbo9BZHGXQVe0hFIjhDJ0UdlffC3k4tqAdT0L8kLEmNlGj2qt5Bp695riBFLpm17TDIsDtmBgWXMPE7uYWM8SF7gLajKVNgu+Np2gk9ckqfJtq4lyKdqj83xkxZO1Kxm1QMB/a3V4j/esJq1Bk4jw9AlercRLFjbGIndD4iJufdsUizHCHls4RJLilqWnRG+8IARzlyhHEj3CcpHzDDOLpm5w7Ehg0BJ77vu1LD3xX+JXcn9fC03rhp1C4uy3orZJ8ckmMSkjNyQa5Jk0SEE0GeyDN58V69d+/D+5yNLnjlzh6Zg/f1DUO6rY8=</latexit>µ1
<latexit sha1_base64="tDOwJYIwc73ljPA4VokHK6Up/wA=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjBaqFdSjZ9a0OTzZK8FUrZ3+BV/4z/w7s38erZtN2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDocW11KYdMwtSpNBCgRLamQGmYgn38fBq4t8/grFCp7c4yiBS7CEVieAMndTqqrx30tupBfVgCvqXhCWpkRLNXtU76PY1zxWkyCWzthMGGUZjZlBwCYXfzS1kjA/ZA3QcTZkCG42naQt65JQ+TbRxL0U6VX9ujJmydqRiN6kYDuxvbyL+6wmrUWfgPD4AVapzE5MdYxNb0PmImJxHY5FmOULKZwmTXFLUdNIZ7QsDHOXIEcaNcJ+kfMAM4+ianTsQGzYELHzfd6WGvyv8S+5O6uFpvXHTqF1clvVWyD45JMckJGfkglyTJmkRTgR5Is/kxXv13r0P73M2uuCVO3tkDt7XN0WOrZA=</latexit>µ2

<latexit sha1_base64="L1yduY4IHsXZrjD3BHSGz4TsiyQ=">AAACPHicbVBNSwMxFMz6Wdevqkcv0SJ4Krta1KPoxWMFq4ItJZu+bUOTzZK8FcrS3+BV/4z/w7s38erZtO7BrQ4Ehpn3eJOJUiksBsGbNze/sLi0XFnxV9fWNzarW9u3VmeGQ4trqc19xCxIkUALBUq4Tw0wFUm4i4aXE//uEYwVOrnBUQodxfqJiAVn6KRWW2Xd4261FtSDKehfEhakRgo0u1veXruneaYgQS6ZtQ9hkGInZwYFlzD225mFlPEh68ODowlTYDv5NO2YHjilR2Nt3EuQTtXfGzlT1o5U5CYVw4Gd9Sbiv56wGnUKzuMDUIVampjsGBvbMS1HxPisk4skzRAS/pMwziRFTSed0Z4wwFGOHGHcCPdJygfMMI6u2dKByLAh4Nj3fVdqOFvhX3J7VA9P6o3rRu38oqi3QnbJPjkkITkl5+SKNEmLcCLIE3kmL96r9+59eJ8/o3NesbNDSvC+vgFHYq2R</latexit>µ3
<latexit sha1_base64="C0+i55XszDJxmmSOKNxPuol0qDg=">AAACPHicbVBNSwMxFMzW7/Wr6tFLtAieyq4U9Vj04rGCVcEuJZu+bUOTzZK8FUrpb/Cqf8b/4d2bePVs2u7BVQcCw8x7vMnEmRQWg+DNqywsLi2vrK756xubW9vVnd1bq3PDoc211OY+ZhakSKGNAiXcZwaYiiXcxcPLqX/3CMYKnd7gKINIsX4qEsEZOqndUXm30a3WgnowA/1LwoLUSIFWd8c76PQ0zxWkyCWz9iEMMozGzKDgEiZ+J7eQMT5kfXhwNGUKbDSepZ3QI6f0aKKNeynSmfpzY8yUtSMVu0nFcGB/e1PxX09YjToD5/EBqEItTUx3jE3shJYjYnIejUWa5QgpnydMcklR02lntCcMcJQjRxg3wn2S8gEzjKNrtnQgNmwIOPF935Ua/q7wL7k9qYen9cZ1o9a8KOpdJfvkkByTkJyRJrkiLdImnAjyRJ7Ji/fqvXsf3ud8tOIVO3ukBO/rG0k2rZI=</latexit>µ4

<latexit sha1_base64="gLxw5PTVqpN47rKmh+Yl8SPISsk=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjB1UJbSjZ9a0OTzZK8FUrpb/Cqf8b/4d2bePVstt2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDIeJaatOKmQUpUohQoIRWZoCpWMJ9PLwq/PtHMFbo9BZHGXQVe0hFIjhDJ0UdlffC3k4tqAdT0L8kLEmNlGj2qt5Bp695riBFLpm17TDIsDtmBgWXMPE7uYWM8SF7gLajKVNgu+Np2gk9ckqfJtq4lyKdqj83xkxZO1Kxm1QMB/a3V4j/esJq1Bk4jw9AlercRLFjbGIndD4iJufdsUizHCHls4RJLilqWnRG+8IARzlyhHEj3CcpHzDDOLpm5w7Ehg0BJ77vu1LD3xX+JXcn9fC03rhp1C4uy3orZJ8ckmMSkjNyQa5Jk0SEE0GeyDN58V69d+/D+5yNLnjlzh6Zg/f1DUO6rY8=</latexit>µ1
<latexit sha1_base64="tDOwJYIwc73ljPA4VokHK6Up/wA=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjBaqFdSjZ9a0OTzZK8FUrZ3+BV/4z/w7s38erZtN2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDocW11KYdMwtSpNBCgRLamQGmYgn38fBq4t8/grFCp7c4yiBS7CEVieAMndTqqrx30tupBfVgCvqXhCWpkRLNXtU76PY1zxWkyCWzthMGGUZjZlBwCYXfzS1kjA/ZA3QcTZkCG42naQt65JQ+TbRxL0U6VX9ujJmydqRiN6kYDuxvbyL+6wmrUWfgPD4AVapzE5MdYxNb0PmImJxHY5FmOULKZwmTXFLUdNIZ7QsDHOXIEcaNcJ+kfMAM4+ianTsQGzYELHzfd6WGvyv8S+5O6uFpvXHTqF1clvVWyD45JMckJGfkglyTJmkRTgR5Is/kxXv13r0P73M2uuCVO3tkDt7XN0WOrZA=</latexit>µ2

<latexit sha1_base64="L1yduY4IHsXZrjD3BHSGz4TsiyQ=">AAACPHicbVBNSwMxFMz6Wdevqkcv0SJ4Krta1KPoxWMFq4ItJZu+bUOTzZK8FcrS3+BV/4z/w7s38erZtO7BrQ4Ehpn3eJOJUiksBsGbNze/sLi0XFnxV9fWNzarW9u3VmeGQ4trqc19xCxIkUALBUq4Tw0wFUm4i4aXE//uEYwVOrnBUQodxfqJiAVn6KRWW2Xd4261FtSDKehfEhakRgo0u1veXruneaYgQS6ZtQ9hkGInZwYFlzD225mFlPEh68ODowlTYDv5NO2YHjilR2Nt3EuQTtXfGzlT1o5U5CYVw4Gd9Sbiv56wGnUKzuMDUIVampjsGBvbMS1HxPisk4skzRAS/pMwziRFTSed0Z4wwFGOHGHcCPdJygfMMI6u2dKByLAh4Nj3fVdqOFvhX3J7VA9P6o3rRu38oqi3QnbJPjkkITkl5+SKNEmLcCLIE3kmL96r9+59eJ8/o3NesbNDSvC+vgFHYq2R</latexit>µ3
<latexit sha1_base64="C0+i55XszDJxmmSOKNxPuol0qDg=">AAACPHicbVBNSwMxFMzW7/Wr6tFLtAieyq4U9Vj04rGCVcEuJZu+bUOTzZK8FUrpb/Cqf8b/4d2bePVs2u7BVQcCw8x7vMnEmRQWg+DNqywsLi2vrK756xubW9vVnd1bq3PDoc211OY+ZhakSKGNAiXcZwaYiiXcxcPLqX/3CMYKnd7gKINIsX4qEsEZOqndUXm30a3WgnowA/1LwoLUSIFWd8c76PQ0zxWkyCWz9iEMMozGzKDgEiZ+J7eQMT5kfXhwNGUKbDSepZ3QI6f0aKKNeynSmfpzY8yUtSMVu0nFcGB/e1PxX09YjToD5/EBqEItTUx3jE3shJYjYnIejUWa5QgpnydMcklR02lntCcMcJQjRxg3wn2S8gEzjKNrtnQgNmwIOPF935Ua/q7wL7k9qYen9cZ1o9a8KOpdJfvkkByTkJyRJrkiLdImnAjyRJ7Ji/fqvXsf3ud8tOIVO3ukBO/rG0k2rZI=</latexit>µ4

<latexit sha1_base64="gLxw5PTVqpN47rKmh+Yl8SPISsk=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjB1UJbSjZ9a0OTzZK8FUrpb/Cqf8b/4d2bePVstt2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDIeJaatOKmQUpUohQoIRWZoCpWMJ9PLwq/PtHMFbo9BZHGXQVe0hFIjhDJ0UdlffC3k4tqAdT0L8kLEmNlGj2qt5Bp695riBFLpm17TDIsDtmBgWXMPE7uYWM8SF7gLajKVNgu+Np2gk9ckqfJtq4lyKdqj83xkxZO1Kxm1QMB/a3V4j/esJq1Bk4jw9AlercRLFjbGIndD4iJufdsUizHCHls4RJLilqWnRG+8IARzlyhHEj3CcpHzDDOLpm5w7Ehg0BJ77vu1LD3xX+JXcn9fC03rhp1C4uy3orZJ8ckmMSkjNyQa5Jk0SEE0GeyDN58V69d+/D+5yNLnjlzh6Zg/f1DUO6rY8=</latexit>µ1
<latexit sha1_base64="tDOwJYIwc73ljPA4VokHK6Up/wA=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjBaqFdSjZ9a0OTzZK8FUrZ3+BV/4z/w7s38erZtN2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDocW11KYdMwtSpNBCgRLamQGmYgn38fBq4t8/grFCp7c4yiBS7CEVieAMndTqqrx30tupBfVgCvqXhCWpkRLNXtU76PY1zxWkyCWzthMGGUZjZlBwCYXfzS1kjA/ZA3QcTZkCG42naQt65JQ+TbRxL0U6VX9ujJmydqRiN6kYDuxvbyL+6wmrUWfgPD4AVapzE5MdYxNb0PmImJxHY5FmOULKZwmTXFLUdNIZ7QsDHOXIEcaNcJ+kfMAM4+ianTsQGzYELHzfd6WGvyv8S+5O6uFpvXHTqF1clvVWyD45JMckJGfkglyTJmkRTgR5Is/kxXv13r0P73M2uuCVO3tkDt7XN0WOrZA=</latexit>µ2

Antisymmetrized 
vertex
<latexit sha1_base64="gLxw5PTVqpN47rKmh+Yl8SPISsk=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjB1UJbSjZ9a0OTzZK8FUrpb/Cqf8b/4d2bePVstt2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDIeJaatOKmQUpUohQoIRWZoCpWMJ9PLwq/PtHMFbo9BZHGXQVe0hFIjhDJ0UdlffC3k4tqAdT0L8kLEmNlGj2qt5Bp695riBFLpm17TDIsDtmBgWXMPE7uYWM8SF7gLajKVNgu+Np2gk9ckqfJtq4lyKdqj83xkxZO1Kxm1QMB/a3V4j/esJq1Bk4jw9AlercRLFjbGIndD4iJufdsUizHCHls4RJLilqWnRG+8IARzlyhHEj3CcpHzDDOLpm5w7Ehg0BJ77vu1LD3xX+JXcn9fC03rhp1C4uy3orZJ8ckmMSkjNyQa5Jk0SEE0GeyDN58V69d+/D+5yNLnjlzh6Zg/f1DUO6rY8=</latexit>µ1

<latexit sha1_base64="tDOwJYIwc73ljPA4VokHK6Up/wA=">AAACPHicbVBNSwMxFMz6WdfP6tFLtAieyq4U9Sh68VjBaqFdSjZ9a0OTzZK8FUrZ3+BV/4z/w7s38erZtN2DVQcCw8x7vMnEmRQWg+DNW1hcWl5Zraz56xubW9s71d07q3PDocW11KYdMwtSpNBCgRLamQGmYgn38fBq4t8/grFCp7c4yiBS7CEVieAMndTqqrx30tupBfVgCvqXhCWpkRLNXtU76PY1zxWkyCWzthMGGUZjZlBwCYXfzS1kjA/ZA3QcTZkCG42naQt65JQ+TbRxL0U6VX9ujJmydqRiN6kYDuxvbyL+6wmrUWfgPD4AVapzE5MdYxNb0PmImJxHY5FmOULKZwmTXFLUdNIZ7QsDHOXIEcaNcJ+kfMAM4+ianTsQGzYELHzfd6WGvyv8S+5O6uFpvXHTqF1clvVWyD45JMckJGfkglyTJmkRTgR5Is/kxXv13r0P73M2uuCVO3tkDt7XN0WOrZA=</latexit>µ2
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v(k)[µ1µ2...µ2k�1µ2k]
=

Diagram factorisation

๏Derivations rely on

‣Wick theorem  sum over pairing

‣Sum over single-particle and Nambu indices


➡ Extends Hugenholtz antisymmetrisation


๏Antisym is a one-off pre-computing cost

⇒

Drissi, Rios & Barbieri, Paper I, arxiv:2107.09759
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Perturbative expansion
Order n graphical rules


๏Draw all topologically distinct connected unlabelled 
diagrams


๏with 2k external legs

๏with n vertices (for order n contributions)

Feynman rules

1. Label vertices from 1 to n


‣S is the number of vertex labels permutations 
leaving the diagram invariant


2. For each line multiply by 


3. For each k-body vertex multiply by  


4. Sum over each internal  index and each 
independent  frequency


5. Multiply by 

−(𝒢(0))μν(ωe)

v(k)
[μ1 μ2 … μ2k−1 μ2k]

μ
ωe

(−1)n+L

S × 2T ∏lmax
l=2 (l!)m

Gaudin rules

๏ These simplify Matsubara sums

๏ Require spanning trees

v(k)
[μ1… ·μx… ·μy…μ2k] ≡

2pp!
(2k)! ∑

σ∈S2k /Sp
2 ×Sp

ϵ(σ) v(k)
μσ(1)… ·μx… ·μy…μσ(2k)

HFB partitioning 3rd order


<latexit sha1_base64="SGxAWZ0z9kBSWYtZqtcwrr59S1E="></latexit>

Iµ⌫ =
X

µ2...µ2k�1

(�1)k

2k�1(k � 1)!
v(k=2)
[µ µ̇2 µ̇3 ⌫]

⇥ 1

�

X

!e

�Gµ2µ3(!e)e
�i!e⌘p

Tadpoles are exceptional


๏Partially antisymmetrized vertices needed:


๏p internal lines are fixed

๏k-body generalisation works
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Advantages vs Gorkov
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⌫
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�

µ

, ,

FIG. 3. Top: second-order labelled diagram G2 contributing
to the propagator. The chosen orientations and strengths are
given explicitly. We recall that, by convention, the energy flows
positively when following the chosen orientation convention
(without taking into account the chosen intensities). Bottom:
the three spanning trees of internal lines are shown with bold
blue lines. Thin black lines are part of the corresponding
complementary diagrams.

at second order reads

�Aµ⌫
(2)

(!m) =

X

��0

G(0)µ�(!m)

8
>><

>>:

1

3!

X

�1�2�3

�0
1�

0
2�

0
3

v
(2)

[��1�2�3]
v
(2)

[�0
3�

0
2�

0
1�

0]

⇥ 1

�2

X

!l1!l2

⇣
G(0)�1�

0
1(!l1)G(0)�2�

0
2(!l2)

G(0)�3�
0
3(!m � !l1 � !l2)

⌘
9
>>=

>>;

⇥ G(0)�0⌫(!m) . (76)

The orientation of the energy flow is explicitly shown in
the top diagram of Fig. 3. The Matsubara sum I (G2) is
defined by

I (G2) ⌘
�1

�2

X

!l1!l2

G(0)�1�
0
1(!l1)G(0)�2�

0
2(!l2)

⇥ G(0)�3�
0
3(!m � !l1 � !l2) . (77)

Applying Gaudin’s summation rules as given in Sec. III D
and App. C, I (G2) reads

I (G2) =
X

n1n2n3

f(�✏n3)f(�✏n2)� f(�✏n3)f(✏n1) + f(✏n2)f(✏n1)

�i!m + ✏n1 + ✏n2 + ✏n3

⇥X
(n1)�1X̄

(n1)�
0
1 X

(n2)�2X̄
(n2)�

0
2 X

(n3)�3X̄
(n3)�

0
3 .

(78)

Eq. (78) is obtained as the sum of the amplitudes associ-
ated to the three spanning trees (bold blue lines) shown
in the bottom of Fig. 3. Note that all three trees con-
tribute with the same denominator, which is why only
one factorised denominator appears in Eq. (78).

3. Third order perturbations

The simplifications obtained with NCPT become more
important as one considers higher perturbative orders.
To give a clear illustration, we derive the Feynman ampli-
tudes contributing to the contravariant one-body Green’s
function at third order. We start with the contribution
of the 2PI diagram G3 of Fig. 2. The Feynman amplitude
�Aµ⌫

(3)
(!m) contributing to Gµ⌫(!m) in this case reads

�Aµ⌫
(3)

(!m) = � 1

(2!)2

X

�1�0
4

G(0)µ�1(!m)

⇥

8
>>>>><

>>>>>:

X

�2�3�4

�0
1�

0
2�

0
3�

0
4

�00
1 �

00
2 �

00
3

v
(2)

[�1�2�3�4]
v
(2)

[�0
4�

0
3�

0
2�

0
1]
v
(2)

[�00
1 �

00
2 �

00
3 �

00
4 ]

I (G3)

9
>>>>>=

>>>>>;

⇥ G(0)�00
4 ⌫(!m) , (79)

where I (G3) is the Matsubara sum associated to G3, as de-
fined in Eq. (65). The Matsubara sum is computed using
Gaudin’s summation rules. There are eight spanning trees
within G3 which are identified in Fig. 4. The associated
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(a) (b) (c) (d)

FIG. 5. Third-order skeleton diagrams corresponding to !̃11(ω) with a particle-particle (pp) type intermediate interaction. The contri-
butions to the other Nambu components of the self-energy with pp intermediate interactions originate from four analogous diagrams each
obtained by inverting one or both of the incoming and outgoing lines.

self-energy, i.e., to the first or second term on the right-hand
side of Eqs. (29), respectively,

E (Ia)
r,r′ =






1
6P123P456

(
E (pp)

k1k2,k4k5
δk3,k6

)

for forward poles
1
6P123P456

(
E (hh)

k1k2,k4k5
δk3,k6

)

for backward poles,

(44)

where

E (pp)
k1k2,k4k5

=
∑

αβγ δ

(
U k1

α U k2
β

)∗
vαβ,γ δU k4

γ U k5
δ , (45)

E (hh)
k1k2,k4k5

=
∑

αβγ δ

V̄k1
α V̄k2

β vαβ,γ δ

(
V̄k4

γ V̄k5
δ

)∗
. (46)

The corresponding hh (pp) interaction contributions to the
forward-going (backward-going) self-energies arise from the
four diagrams in Fig. 6. They are analogous to the diagrams
of Fig. 5 except for inverting the orientation of all lines en-
tering and leaving the intermediate interaction vertex. These
diagrams lead to the following corrections to the coupling
amplitudes:

C (IIc)
α,r = 1√

6
P123

∑

µνλ
k4k5

vαλ,µν

2

(
V̄k4

µ V̄k5
ν

)∗
t k4k5
k1k2

V̄k3
λ , (47a)

C (IId)
α,r = 1√

6
P123

∑

µνλ
k4k5

vαλ,µν

(
V̄k4

ν U k5
λ

)∗
t k4k5
k1k2

U k3
µ , (47b)

D̄(IIc)
r,α = 1√

6
P123

∑

µνλ
k4k5

t k1k2
k4k5

U k3
λ

(
U k4

µ U k5
ν

)∗ vµν,αλ

2
, (47c)

D̄(IId)
r,α = 1√

6
P123

∑

µνλ
k4k5

t k1k2
k4k5

V̄k3
µ

(
U k4

ν V̄k5
λ

)∗
vµν,αλ, (47d)

whereas the corresponding first-order corrections to the en-
ergy matrix are

E (Ib)
r,r′ =






1
6P123P456

(
E (hh)

k1k2,k4k5
δk3,k6

)

for forward poles
1
6P123P456

(
E (pp)

k1k2,k4k5
δk3,k6

)

for backward poles.

(48)

The equivalence between the E and ET denominators in
Eqs. (29) is restored only after adding Eqs. (44) and (48)
together. Hence, it is mandatory that diagrams in Figs. 5 and 6
are all computed together on the same footing. The topolog-
ical relation between the two classes of diagrams, i.e., the
inversion of lines in the intermediate interaction, is reflected
into the fact that Eqs. (43) and (47) transform into each other

(a) (b) (c) (d)

FIG. 6. Third-order skeleton diagrams contributing to !̃11(ω) with a hole-hole (hh) type intermediate interaction. Similarly to Fig. 5, the
contributions to the other Nambu components of the self-energy with hh intermediate interactions originate from four analogous diagrams each
obtained by inverting one or both of the incoming and outgoing lines.
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FIG. 5. Third-order skeleton diagrams corresponding to !̃11(ω) with a particle-particle (pp) type intermediate interaction. The contri-
butions to the other Nambu components of the self-energy with pp intermediate interactions originate from four analogous diagrams each
obtained by inverting one or both of the incoming and outgoing lines.

self-energy, i.e., to the first or second term on the right-hand
side of Eqs. (29), respectively,

E (Ia)
r,r′ =






1
6P123P456

(
E (pp)

k1k2,k4k5
δk3,k6

)

for forward poles
1
6P123P456

(
E (hh)

k1k2,k4k5
δk3,k6

)

for backward poles,

(44)

where

E (pp)
k1k2,k4k5

=
∑

αβγ δ

(
U k1

α U k2
β

)∗
vαβ,γ δU k4

γ U k5
δ , (45)

E (hh)
k1k2,k4k5

=
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αβγ δ

V̄k1
α V̄k2

β vαβ,γ δ

(
V̄k4

γ V̄k5
δ

)∗
. (46)

The corresponding hh (pp) interaction contributions to the
forward-going (backward-going) self-energies arise from the
four diagrams in Fig. 6. They are analogous to the diagrams
of Fig. 5 except for inverting the orientation of all lines en-
tering and leaving the intermediate interaction vertex. These
diagrams lead to the following corrections to the coupling
amplitudes:

C (IIc)
α,r = 1√

6
P123

∑

µνλ
k4k5

vαλ,µν

2

(
V̄k4

µ V̄k5
ν

)∗
t k4k5
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λ , (47a)
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U k3
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D̄(IIc)
r,α = 1√

6
P123

∑

µνλ
k4k5
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λ
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µ U k5
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2
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V̄k3
µ

(
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λ

)∗
vµν,αλ, (47d)

whereas the corresponding first-order corrections to the en-
ergy matrix are
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(
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)

for forward poles
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(
E (pp)
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)

for backward poles.

(48)

The equivalence between the E and ET denominators in
Eqs. (29) is restored only after adding Eqs. (44) and (48)
together. Hence, it is mandatory that diagrams in Figs. 5 and 6
are all computed together on the same footing. The topolog-
ical relation between the two classes of diagrams, i.e., the
inversion of lines in the intermediate interaction, is reflected
into the fact that Eqs. (43) and (47) transform into each other
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FIG. 6. Third-order skeleton diagrams contributing to !̃11(ω) with a hole-hole (hh) type intermediate interaction. Similarly to Fig. 5, the
contributions to the other Nambu components of the self-energy with hh intermediate interactions originate from four analogous diagrams each
obtained by inverting one or both of the incoming and outgoing lines.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 7. Third-order skeleton diagrams contributing to !̃11(ω) with a particle-hole (ph) type intermediate interaction. Similarly to Figs. 5
and 6, the contributions to the other Nambu components of the self-energy with ph intermediate interactions originate from nine analogous
diagrams each, obtained by inverting one or both of the incoming and outgoing lines.

under the exchange t k1k2
k4k5

↔ t k4k5
k1k2

. Inserting all contributions
into Eqs. (29) implies self-energy terms including mixed prod-
ucts of Eqs. (43) and (47). These are rightful time orderings
arising from fourth- and higher-order diagrams and therefore
not depicted in Figs. 5–7.

The remaining third-order skeleton diagrams involve a
particle-hole type intermediate interaction and are displayed
in Fig. 7. Performing the energy integral and making the an-
tisymmetrization with respect to all ISC quasiparticle indices
explicit through the use of the operator

Ai j# f (ki, k j, k#)

≡ f (ki, k j, k#) + f (k j, k#, ki ) + f (k#, ki, k j )

− f (k j, ki, k#) − f (k#, k j, ki ) − f (ki, k#, k j ), (49)

the nine diagrams of Fig. 7 introduce three additional terms to
each coupling matrix

C (IIe)
α,r = 1√

6
A123

∑

µνλ
k7k8

vαλ,µν

(
V̄k7

ν U k8
λ

)∗U k1
µ t k8k2

k7k3
, (50a)

C (IIf )
α,r = 1√

6
A123

∑

µνλ
k7k8

vαλ,µν

(
U k7

λ V̄k8
µ

)∗U k1
ν t k8k2

k7k3
, (50b)

C (IIg)
α,r = 1√

6
A123

∑

µνλ
k7k8

vαλ,µν

(
V̄k7

µ V̄k8
ν

)∗V̄k1
λ t k8k2

k7k3
, (50c)

D̄(IIe)
r,α = 1√

6
A123

∑

µνλ
k7k8

V̄k1
ν t k2k8

k3k7

(
V̄k7

λ U k8
µ

)∗
vµν,αλ, (50d)
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FIG. 4. The same as Fig. 3 for the diagram G3. For this
diagram, there are eight distinct spanning trees.

numerators and denominators of each contribution read

A1 :
f(�✏n2)f(�✏n3)f(�✏n)

[�i!m + ✏n1 � ✏n2 � ✏n][�i!m + ✏n4 � ✏n3 � ✏n]
,

(80a)

A2 :
f(�✏n1)f(�✏n3)f(�✏n)

[i!m + ✏n2 � ✏n1 + ✏n][�i!m + ✏n4 � ✏n3 � ✏n]
,

(80b)

A3 :
f(�✏n2)f(�✏n4)f(�✏n)

[�i!m + ✏n1 � ✏n2 � ✏n][i!m + ✏n3 � ✏n4 + ✏n]
,

(80c)

A4 :
f(�✏n1)f(�✏n4) (�f(✏n))

[i!m + ✏n2 � ✏n1 + ✏n][i!m + ✏n3 � ✏n4 + ✏n]
,

(80d)

A5 :
f(�✏n4) (�f(✏n3)) f(�✏n2)

[✏n1 � ✏n2 + ✏n3 � ✏n4 ][i!m + ✏n + ✏n3 � ✏n4 ]
,

(80e)

A6 :
f(�✏n1)f(�✏n4)f(�✏n3)

[✏n2 � ✏n1 + ✏n4 � ✏n3 ][i!m + ✏n + ✏n3 � ✏n4 ]
,

(80f)

A7 :
f(�✏n1) (�f(✏n2)) f(�✏n3)

[✏n4 � ✏n3 + ✏n2 � ✏n1 ][i!m + ✏n + ✏n2 � ✏n1 ]
,

(80g)

A8 :
f(�✏n1)f(�✏n2)f(�✏n4)

[✏n3 � ✏n4 + ✏n1 � ✏n2 ][i!m + ✏n + ✏n2 � ✏n1 ]
.

(80h)

The resulting total Matsubara sum reads,

I (G3) =
X

n1 n2 n3
n4 n

X
(n1)�

0
1X̄

(n1)�
00
1 X

(n2)�
00
2 X̄

(n2)�
0
2

⇥X
(n3)�

0
3X̄

(n3)�3 X
(n4)�4X̄

(n4)�
0
4 X

(n)�00
3 X̄

(n)�2

⇥
⇢

1

[i!m + ✏n2 � ✏n1 + ✏n][i!m + ✏n3 � ✏n4 + ✏n]

⇥ [f(�✏n)f(�✏n2)f(�✏n3)� f(✏n)f(�✏n1)f(�✏n4)

�f(�✏n)f(�✏n1)f(�✏n3)� f(�✏n)f(�✏n2)f(�✏n4)]

+
1

✏n2 � ✏n1 + ✏n4 � ✏n3

⇥

f(�✏n4)f(✏3)f(�✏n2) + f(�✏n4)f(�✏3)f(�✏n1)

i!m + ✏n + ✏n3 � ✏n4

�f(�✏n1)f(✏2)f(�✏n3) + f(�✏n1)f(�✏2)f(�✏n4)

i!m + ✏n + ✏n2 � ✏n1

��

(81)

where denominators have been factorised as done in the
second-order case.
The second diagram contributing at third order is a

self-energy insertion (that is, of non-skeleton type) and it
to be considered two-particle reducible for the application
of Gaudin’s summation rules of Sec. III D. It is indicated
by G

0
3
in Fig. 2. The associated Feynman amplitude

Order 2

Order 3
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Basic example

−f (ϵ3) f (−ϵ2) f (−ϵ1)
ϵ4 + ϵ3 − ϵ2 − ϵ1

f (−ϵ4) f (−ϵ2) f (−ϵ1)
ϵ4 + ϵ3 − ϵ2 − ϵ1

f (−ϵ4) f (−ϵ3) f (−ϵ1)
−ϵ4 − ϵ3 + ϵ2 + ϵ1

f (−ϵ4) f (−ϵ3)(−f (ϵ2))
−ϵ4 − ϵ3 + ϵ2 + ϵ1

Spectral function 



๏Lehmann representation


𝒢μν(ωp) = ∫
+∞

−∞

dω′￼
2π

Sμν(ω′￼)
iωp − ω′￼

Sμν(ω) ≡
1
Z ∑

m,n
⟨Ψm |Aμ |Ψn⟩ ⟨Ψn |Aν |Ψm⟩

× e−βΩm (1 + e−βω) (2π) δ (Ωn − Ωm − ω)

Properties

๏Symmetries

‣Hermiticity:      

‣Antisymmetry:   


๏Positive bounds

‣ each principal minor is strictly positive

(Sμ
ν(ω))* = Sν

μ(ω)
Sμ

ν(ω) = Sν
μ(−ω)( ≠ Sν

μ(−ω) )
S(ω) ≻ 0 ⟺

<latexit sha1_base64="otnFTXB7iQoJhadLiJ8vFTPEkNk="></latexit>
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X

�1�2�3�4

�0
1�

0
2�

0
3�

0
4

v(2)[�1�2�3�4]
v(2)[�0

4�
0
3�

0
2�

0
1]

Z +1

�1

d✏1
2⇡

d✏2
2⇡

d✏3
2⇡

d✏4
2⇡

S�0
1�1(✏1) S

�0
2�2(✏2) S

�3�
0
3(✏3) S

�4�
0
4(✏4)

⇥ f(✏1) f(✏2) f(�✏3) f(�✏4) � f(�✏1) f(�✏2) f(✏3) f(✏4)

✏1 + ✏2 � ✏3 � ✏4
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Self-consistent Green’s function resummation
Dyson equation


๏Partitioning considered 




๏Dyson equation 

Ω =
1
2! ∑

μν

Uμν AμAν

Ω0

+
1
4! ∑

αβγδ

v(2)
αβγδ AαAβAγAδ

Ω1

𝒢μν(ωn) = 𝒢(0)μν(ωn) + ∑
λ1λ2

𝒢(0)μλ1(ωn) Σλ1λ2
(ωn) 𝒢λ2ν(ωn)

Diagrammatic expansion of 



๏with unperturbed propagators 




๏with self-consistent propagators 

Σμν(ωn)

Σμν(ωn) =
ℐμν(ωn) − ℐνμ(−ωn)

2
ℐμν(ωn) = ∑ 1PI diagrams with 𝒢(0)

Σμν(ωn) =
𝒥μν(ωn) − 𝒥νμ(−ωn)

2

𝒥μν(ωn) = ∑ 2PI diagrams with 𝒢 ( = ℐμν(ωn))

Drissi, Rios & Barbieri, Paper II, arxiv:2107.09763

𝒢[Σ] Σ[𝒢]

SCGF cycleDiagrammatic 

representation

Self-energy expression

= + Σ
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T-matrix: ladders

Ladder approximation

๏Analytic/Retarded/Advanced/Sp function  
as usual

๏T-matrix equation


 
where


⇒

<latexit sha1_base64="PeNwy0o/fKF/MWa1liq8edfwVVA="></latexit>

TMN (Z) = V (2)
MN +

1

2

X

LL0

V (2)
ML ⇧LL0

(Z) TL0N (Z)
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V (2)
MN ⌘ v(2)[µ1µ2⌫1⌫2]

,M ⌘ (µ1, µ2) & N ⌘ (⌫1, ⌫2)

Approximations on 

๏ Sum of all possible rungs

Γ(2)
2PFI

Solving the ladder

๏Spectral representation 

 

๏Solution 

<latexit sha1_base64="mkOsVeZpkoO4EJ54BDyBc4Bgjpo="></latexit>

TMN (Z) ⌘ V (2)
MN +

Z +1

�1

d⌦

2⇡

TMN (⌦)

Z � ⌦
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T (⌦) = iV (2)

(✓
gg � 1

2
⇧R(⌦)V (2)

◆�1

�
✓
gg � 1

2
⇧A(⌦)V (2)

◆�1
)

Γ(2)
2PFI + + …=

T-matrix   in 
ladder approximation

≡ Γ(2)

T += T
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Nambu-Covariant Ladders

Initial 
guess


Bubble 

 


 

Π T-matrix


 

Self-energy Σ
Propagator 𝒢

(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107.09763

or

T += T

= + Σ Σ = + T
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Nambu-Covariant Ladders

Initial 
guess


Unperturbed 



/

Refined 

initial  

S(0)(ω)

S(ω)

Bubble 

  

Π
PMN(Ω) =

1
b (Ω) ∫

+∞

−∞

dω
2π

Sμ1ν1(ω) f (ω)

× Sμ2ν2 (Ω − ω) f (Ω − ω)

T-matrix


      

𝒯(Ω) = iV (2){(gg −
1
2

ΠR(Ω)V (2))
−1

−(gg −
1
2

ΠA(Ω)V (2))
−1

}

Self-energy 





Σ
Γμν(ω) = −

1
3 ∑

λ1λ2
∫

+∞

−∞

dω′￼
2π [f (ω′￼) + b(ω′￼− ω)]

× 𝒯μλ1λ2ν(ω − ω′￼) Sλ1λ2(ω′￼)

Σ∞
μν =

1
2 ∑

μ2μ3

v(2)
[μ ·μ2

·μ3ν] ∫
+∞

−∞

dϵ
2π

f (−ϵ) Sμ2μ3(ϵ)

Propagator 
𝒢

S(ω) = i (ω g − (U + ΣR(ω)))−1

−i (ω g − (U + ΣA(ω)))−1

(ρ,T)
Drissi, Rios & Barbieri, Paper II, arxiv:2107.09763
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Thouless’ criterion

Drissi, Rios & Barbieri, Paper II, arxiv:2107.09763
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First results

•From BCS to HFB

•3SD1 channel

•N3LO EM

•T=0.2 MeV


M Drissi
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1) Thermal & microscopic properties


Conclusions

2) Nuclear uncertainty quantification


3) New superfluid extensions

Next: 

Numerical implementation

Uncertainties in predictions?
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