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✔ the nuclear many-body problem is effectively mapped onto a one-body 
problem without explicitly involving internucleon interactions

✔ the exact density functional is approximated with powers and gradients of 
ground state densities and currents  

✔ universal density functionals can be extended from relatively light systems to 
superheavy nuclei and from the valley of stability to the particle drip line

✔ the coupling parameters of the EDF are fine-tuned to empirical data 

Theory framework: Energy Density Functionals

✔ covariant EDFs – built from densities and currents bilinear in the Dirac spinor 
field of the nucleon  



Theory framework: Energy Density Functionals

Point-coupling models

• Built from the four-fermion (contact) interaction terms in the various isospin-space         
channels

• Couplings are either density-dependent (DD-PC1,…) or contain higher order terms (PC-
PK1, PC-F1,…)

• Initial densities → calculate potentials → solve Dirac equation → calculate densities        
(repeat until convergence is achieved)

• Numerically less demanding in comparison to the meson-exchange models

Meson-exchange models

• Nucleons are coupled by exchanging (phenomenological) mesons
• Models with density dependent meson-nucleon couplings (TW-99, DD-ME2,…)
• Models with nonlinear meson terms (NL3, NL3*, FSUGold,…)
• Initial densities → calculate meson fields → calculate potentials → solve Dirac    

equation → calculate densities (repeat until convergence is achieved)
• Numerically more demanding in comparison to the point-coupling models            

(not equally demanding for all models)
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vanish (j = 0), and because of charge conservation only the
third component of the isospin current (τ3 = −1 for neutrons
and τ3 = +1 for protons) contributes.

For the density dependence of the vertex functions we will
assume the same functional forms as in the meson-exchange
representation, i.e.,

αi(ρ) = αi(ρsat)fi(x) for i = S, V, (21)

where fi(x) is given by Eq. (13), x = ρ/ρsat, and the
exponential form for the isovector channel:

αTV(ρ) = αTV(ρsat) exp[−aTV(x − 1)], (22)

with the parameters αTV (ρsat) and aTV.

III. FROM MESON-EXCHANGE TO ZERO-RANGE
INTERACTIONS

The link between the nucleon self-energies in the meson-
exchange and point-coupling models is obtained by expanding
the propagator in the Klein-Gordon equations (4)–(6) (−" +
m2

φ)φ = ∓gφρφ (−) sign for the scalar field and (+) for the
vector fields, respectively). If the density dependence of the
coupling constant can be neglected, the self-energy originating
from the field φ is approximately given by

%φ = ∓gφφ ≈ ∓
g2
φ

m2
φ

ρφ ∓
g2
φ

m4
φ

"ρφ + · · · . (23)

This is equivalent to the self-energy of the space-isospace
channel φ in the point-coupling model

%φ = αφρφ + δφ"ρφ, (24)

if we use the following mapping

αφ = ∓
g2
φ

m2
φ

and δφ = ∓
g2
φ

m4
φ

. (25)

We note that the mapping is exact for homogeneous nuclear
matter, even for density-dependent couplings, simply because
the derivative terms in Eqs. (23) and (24) vanish.

Starting from the meson-exchange density-dependent in-
teraction DD-ME2, our goal is an equivalent point-coupling
parametrization for the effective Lagrangian Eq. (16), with the
density dependence of the parameters defined by Eqs. (21)
and (22).

In a first step we have adjusted the parameters of the
point-coupling model to reproduce the nuclear matter equation
of state obtained with the DD-ME2 interaction. In Table I
we collect the corresponding parameters (set A) of the point-
coupling Lagrangian Eq. (16). Note that the derivative term
does not contribute in the case of homogeneous nuclear matter,
and therefore the parameter δS could not be determined. The
calculated binding energy of symmetric nuclear matter, the
nucleon Dirac mass, and the symmetry energy coincide with
those obtained with DD-ME2 for all nucleon densities, simply
because the mapping from meson-exchange to point-coupling
is exact on the nuclear matter level.

To determine δS , we have used the parameter set A to
calculate the surface thickness and surface energy of semi-
infinite nuclear matter for several values of the parameter

TABLE I. The parameters of
the point-coupling effective inter-
action (set A) that, on the nu-
clear matter level, is completely
equivalent to the meson-exchange
interaction DD-ME2.

Set A

αS (fm2) −14.3275
bS 0.9119
cS 2.1127
dS 0.3882
δS (fm4)
αV (fm2) 10.7963
bV 0.7648
cV 1.8199
dV 0.4115
αTV (fm2) 0.9076
aTV 1.1294

δS , starting from the microscopic estimate ≈ −0.7 fm4. The
results are summarized in Table II. Compared to the DD-
ME2 values (t = 2.108 fm and as = 17.72 MeV), the PC
model predicts a larger surface thickness and considerably
lower values for the surface energy. By increasing the value
of |δS | the surface energy increases, but also larger values of
the surface thickness are obtained. Note that the increase of
|δS | corresponds to a reduction of the mass of the fictitious
σ meson in the meson exchange picture [cf. Eq. (25)], and
this results in the increase of the range of the interaction.
From the trend shown in Table II, obviously it is not possible
to simultaneously reproduce both the surface thickness and
energy of the DD-ME2 interaction. Higher-order terms in
the expansion Eq. (23) simply cannot be absorbed in the
renormalization of the strength of the second-order term.
When applied to finite nuclei, such a PC interaction does not
reproduce charge radii on the same level of agreement with
data as DD-ME2, which has an rms error of only 0.017 fm
when compared to data on absolute charge radii and charge
isotope shifts [11]. Another possibility to increase the surface

TABLE II. The surface thickness and sur-
face energy of semi-infinite nuclear matter,
calculated with the point-coupling effective
interaction (parameter set A ) for various
values of the strength δs of the derivative term,
in comparison with the values predicted by the
DD-ME2 meson-exchange interaction.

δS (fm4) t (fm) as (MeV)

−0.76 2.125 15.32
−0.78 2.157 15.57
−0.80 2.189 15.82
−0.82 2.221 16.06
−0.84 2.254 16.29
−0.86 2.286 16.52
DD-ME2 2.108 17.72
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We study the relation between the finite-range (meson-exchange) and zero-range (point-coupling) representa-
tions of effective nuclear interactions in the relativistic mean-field framework. Starting from the phenomenological
interaction DD-ME2 with density-dependent meson-nucleon couplings, we construct a family of point-coupling
effective interactions for different values of the strength parameter of the isoscalar-scalar derivative term. In
the meson-exchange picture this corresponds to different values of the σ -meson mass. The parameters of
the isoscalar-scalar and isovector-vector channels of the point-coupling interactions are adjusted to nuclear
matter and ground-state properties of finite nuclei. By comparing results for infinite and semi-infinite nuclear
matter, ground-state masses, charge radii, and collective excitations, we discuss constraints on the parameters of
phenomenological point-coupling relativistic effective interaction.
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I. INTRODUCTION

The theoretical framework of nuclear energy density func-
tionals presents the only microscopic approach to the nuclear
many-body problem that can be applied over the whole nuclide
chart, from light to superheavy nuclei, and from the valley of
β stability to the particle drip lines. The most complete and
accurate description of ground-state properties and collective
excitations of medium-heavy and heavy nuclei is currently
provided by self-consistent mean-field (SCMF) models, based
on the Gogny interaction, the Skyrme energy functional, and
the relativistic meson-exchange effective Lagrangian [1,2].
Nuclear energy density functionals are not necessarily related
to any realistic nucleon-nucleon interaction but rather repre-
sent global functionals of nucleon densities and currents. In the
mean-field approximation the dynamics of the nuclear many-
body system is represented by independent nucleons moving in
self-consistent potentials, which correspond to the actual den-
sity (current) distribution in a given nucleus. With a small set
of universal parameters adjusted to data, SCMF models have
achieved a high level of accuracy in the description of nuclear
structure.

In relativistic mean-field (RMF) theory, in particular, very
successful models have been based on the finite-range meson-
exchange representation, in which the nucleus is described as a
system of Dirac nucleons coupled to exchange mesons through
an effective Lagrangian. The isoscalar scalar σ meson, the
isoscalar vector ω meson, and the isovector vector ρ meson
build the minimal set of meson fields that, together with the
electromagnetic field, is necessary for a description of bulk and
single-particle nuclear properties. In addition, a quantitative
treatment of nuclear matter and finite nuclei necessitates

a medium dependence of effective mean-field interactions,
which takes into account higher-order many-body effects. A
medium dependence can either be introduced by including
nonlinear meson self-interaction terms in the Lagrangian or
by assuming an explicit density dependence for the meson-
nucleon couplings. The former approach has been adopted in
the construction of several successful phenomenological RMF
interactions, for instance, the very popular NL3 [3] or the more
recent PK1, PK1R [4], and FSUGold [5] parametrizations
of the effective Lagrangian. In the latter case, the density
dependence of the meson-nucleon vertex functions can be
parameterized from microscopic Dirac-Brueckner calculations
of symmetric and asymmetric nuclear matter [6–8] or it can
be phenomenological [9–11], with parameters adjusted to data
on finite nuclei and empirical properties of symmetric and
asymmetric nuclear matter.

At the energy scale characteristic for nuclear binding and
low-lying excited states, meson exchange (σ,ω, ρ, . . .) is just
a convenient representation of the effective nuclear interaction.
The exchange of heavy mesons is associated with short-
distance dynamics that cannot be resolved at low energies, and
therefore in each channel (scalar-isoscalar, vector-isoscalar,
scalar-isovector, and vector-isovector) meson exchange can
be replaced by the corresponding local four-point (contact)
interactions between nucleons. The self-consistent relativistic
mean-field framework can be formulated in terms of point-
coupling nucleon interactions. When applied in the description
of finite nuclei, relativistic mean-field point-coupling (RMF-
PC) models [12–16] produce results that are comparable to
those obtained in the meson-exchange picture. Of course, also
in the case of contact interactions, medium effects can be taken
into account by the inclusion of higher-order interaction terms,
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for instance, six-nucleon vertices (ψ̄ψ)3 and eight-nucleon
vertices (ψ̄ψ)4 and [(ψ̄γµψ)(ψ̄γ µψ)]2, or it can be encoded
in the effective couplings, i.e., in the density dependence of
strength parameters of the interaction in the isoscalar and
isovector channels. Although a number of point-coupling
models have been developed over the years, it is only more
recently that phenomenological parametrizations have been
adjusted and applied in the description of finite nuclei on a level
of accuracy comparable to that of standard meson-exchange
effective interactions [16].

In a series of recent articles [17–19], concepts of effective
field theory and density functional theory have been used
to derive a microscopic relativistic point-coupling model
of nuclear many-body dynamics constrained by in-medium
quantum chromodynamics sum rules and chiral symmetry. The
density dependence of the effective nucleon-nucleon couplings
is determined from the long- and intermediate-range interac-
tions generated by one- and two-pion exchange processes.
They are computed using in-medium chiral perturbation
theory, explicitly including #(1232) degrees of freedom [20].
Regularization dependent contributions to the energy density
of nuclear matter, calculated at three-loop level, are absorbed
in contact interactions with constants representing unresolved
short-distance dynamics.

In this work we consider the general problem of relating
the finite-range (meson-exchange) and zero-range (point-
coupling) representations of effective nuclear interactions in
the relativistic mean-field framework with density-dependent
coupling constants. In infinite nuclear matter this is, of course,
a trivial task because of constant nucleon scalar and vector
densities. The Klein-Gordon equations of the meson-exchange
model with meson masses mφ and density-dependent cou-
plings gφ(ρ) are replaced by the corresponding point-coupling
interaction terms with strength parameters g2

φ/m2
φ . In finite

nuclei, however, the problem is not so simple. Because of
the radial dependence of the densities, the expansion of the
meson propagator in terms of 1/m2

φ leads to an infinite series
of gradient terms. In practice this series has to be replaced
by a finite number of terms with additional phenomenological
parameters adjusted to low-energy data. A number of studies
have shown that, both for finite-range and for point-coupling
mean-field models, the empirical data set of ground-state
properties of finite nuclei can determine only a relatively small
set of parameters in the general expansion of the effective
Lagrangian in powers of the fields and their derivatives.
It is therefore not a priori clear how to select the set of
point-coupling interaction terms that will describe structure
properties at the same level of accuracy as the meson-exchange
models. An approach based on concepts of effective field
theory is only of limited use here because already at the
lowest orders one finds more parameters than can be uniquely
determined from data.

The theoretical framework of meson-exchange and point-
coupling relativistic mean-field models is briefly reviewed
in Sec. II. The relation between finite-range and zero-range
effective interactions is investigated in Sec. III, starting
from one of the modern and most accurate meson-exchange
interactions with density-dependent vertices. Section IV

summarizes the results and ends with an outlook for future
studies.

II. THEORETICAL FRAMEWORK

A. Density-dependent meson-exchange models

In the relativistic mean-field approximation the ground-
state of a nucleus is described by the product of self-consistent
solutions of the single-nucleon Dirac equation:

[
γµ

(
i∂µ − 'µ − '

µ
R

)
− (m + 'S)

]
ψ = 0, (1)

which is obtained by the variation of an effective Lagrangian
with respect to the nucleon spinor ψ̄ . In the usual σ,ω, and ρ
meson-exchange representation, the nucleon self-energies are
defined the following relations:

'S = gσ σ, (2)

'µ = gωω
µ + gρ "τ · "ρµ + e

(1 − τ3)
2

Aµ, (3)

and the classical meson fields are solutions of the stationary
Klein-Gordon equations:

(
−# + m2

σ

)
σ (r) = −gσ (ρv)ρs(r), (4)

(
−# + m2

ω

)
ωµ(r) = gω(ρv)jµ(r), (5)

(
−# + m2

ρ

)
"ρµ(r) = gρ(ρv) "jµ(r), (6)

−#Aµ(r) = jµ
p (r), (7)

for the σ meson, the ω meson, the ρ meson (vectors in isospin
space are denoted by arrows), and the Poisson equation for the
vector potential, respectively.

When the meson-nucleon couplings gσ , gω, and gρ explic-
itly depend on the nucleon (vector) density ρv =

√
jµjµ, with

jµ = ψ̄γµψ , there is an additional contribution to the nucleon
self-energy—the rearrangement term:

'
µ
R = jµ

ρv

(
∂gω

∂ρv

ψ̄γ νψων + ∂gρ

∂ρv

ψ̄γ ν "τψ "ρν + ∂gσ

∂ρv

ψ̄ψσ

)
.

(8)

The inclusion of the rearrangement self-energies is essential
for the energy-momentum conservation and the thermodynam-
ical consistency of the model (the equality of the pressure
obtained from the thermodynamical definition and from the
energy-momentum tensor) [6,9].

The sources of the Klein-Gordon equations (4), (5), and (6)
are the local isoscalar and isovector densities and currents

ρS(r) =
∑

k

v2
k ψ̄k(r)ψk(r), (9)

jµ(r) =
∑

k

v2
k ψ̄k(r)γ µψk(r), (10)

j
µ
TV(r) =

∑

k

v2
k ψ̄k(r)γ µτ3ψk(r), (11)

calculated in the no-sea approximation: the summation runs
over all occupied states in the Fermi sea, i.e., only occupied
single-nucleon states with positive energy explicitly contribute
to the nucleon self-energies. v2

k denotes the occupation factors
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ψ̄Oτ#ψ and their derivatives, with higher order terms repre-
senting in-medium many-body correlations [20–24]. We will
adopt the approach of Refs. [10,11] and construct a Lagrangian
with second-order interaction terms only, with many-body
correlations encoded in density-dependent coupling functions.
In complete analogy to the successful meson-exchange RMF
phenomenology, in which the isoscalar-scalar σ meson, the
isoscalar-vector ω meson, and the isovector-vector ρ meson
build the minimal set of meson fields that is necessary for a
description of bulk and single-particle nuclear properties, we
consider an effective Lagrangian that includes the isoscalar-
scalar, isoscalar-vector, and isovector-vector four-fermion
interactions:

L = ψ̄(iγ · ∂ − m)ψ

− 1
2
αS(ρ̂)(ψ̄ψ)(ψ̄ψ) − 1

2
αV (ρ̂)(ψ̄γ µψ)(ψ̄γµψ)

− 1
2
αT V (ρ̂)(ψ̄ "τγ µψ)(ψ̄ "τγµψ)

− 1
2
δS(∂νψ̄ψ)(∂νψ̄ψ) − eψ̄γ · A

(1 − τ3)
2

ψ. (2)

In addition to the free-nucleon Lagrangian and the point-
coupling interaction terms, when applied to nuclei, the model
must include the coupling of the protons to the electro-
magnetic field. The derivative term in Eq. (2) accounts for
leading effects of finite-range interactions that are crucial
for a quantitative description of nuclear density distribution
(e.g., nuclear radii). Similar interactions can be included in
each space-isospace channel, but in practice data on charge
radii constrain only a single derivative term, for instance
δS(∂νψ̄ψ)(∂νψ̄ψ). The coupling parameter δS has been esti-
mated, for instance, from an in-medium chiral perturbation
calculation of inhomogeneous nuclear matter [12]. In the
region of nucleon densities relevant for the description of
finite nuclei (0.1 ! ρ ! 0.15 fm−3), the coupling strength of the
derivative term displays a rather weak density dependence and
can be approximated by a constant value δS between −0.85 and
−0.7 fm4. Note that the inclusion of an adjustable derivative
term only in the isoscalar-scalar channel is consistent with
conventional meson-exchange RMF models, in which the mass
of the fictitious σ meson is adjusted to nuclear matter and
ground-state properties of finite nuclei, whereas free values
are used for the masses of the ω and ρ mesons.

The point-coupling Lagrangian [Eq. (2)] does not include
isovector-scalar terms. In the meson-exchange picture this
channel is represented by the exchange of an effective δ meson,
and its inclusion introduces a proton-neutron effective mass
splitting and enhances the isovector spin-orbit potential. How-
ever, in calculations of ground-state properties of finite nuclei,
using both meson-exchange [25,26] and point-coupling [24]
models, it has not been possible to constrain the parameters
of the effective interaction in the isovector-scalar channel.
Although the isovector strength has a relatively well-defined
value, the distribution between the scalar and vector channels
is not determined by ground-state data. To reduce the number
of adjustable parameters, the isovector-scalar channel may be
omitted from an energy density functional that will primarily
be used for the description of low-energy nuclear structure.

The strength parameters of the interaction terms in Eq. (2)
are functions of the nucleon four-current:

jµ = ψ̄γ µψ = ρ̂uµ, (3)

where uµ is the four-velocity defined as (1 − v2)−1/2(1, v). In
the rest frame of the nuclear system, v = 0. The single-nucleon
Dirac equation, the relativistic analog of the Kohn-Sham
equation, is obtained from the variation of the Lagrangian
with respect to ψ̄ :

[
γµ

(
i∂µ − ,µ − ,

µ
R

)
− (m + ,S)

]
ψ = 0, (4)

with the nucleon self-energies defined by the following
relations:

,µ = αV (ρv)jµ + e
(1 − τ3)

2
Aµ, (5)

,
µ
R = 1

2
jµ

ρv

{
∂αS

∂ρ
ρ2

s + ∂αV

∂ρ
jµjµ + ∂αT V

∂ρ
"jµ

"jµ

}
, (6)

,S = αS(ρv)ρs − δS " ρs , (7)

,
µ
T V = αT V (ρv) "jµ. (8)

In addition to the contributions of the isoscalar-vector four-
fermion interaction and the electromagnetic interaction, the
isoscalar-vector self-energy ,µ includes the “rearrangement”
terms ,

µ
R , arising from the variation of the vertex functionals

αS,αV , and αT V with respect to the nucleon fields in the
density operator ρ̂. The inclusion of the rearrangement self-
energy is essential for energy-momentum conservation and
the thermodynamical consistency of the model [26–28]. ,S

and ,
µ
T V denote the isoscalar-scalar and isovector-vector

self-energies, respectively.
In the relativistic density functional framework the nuclear

ground state |φ0〉 is represented by the mean-field self-
consistent solution of the system of Eqs. (4)–(8), with the
isoscalar and isovector four-currents and scalar density

jµ = 〈φ0|ψ̄γµψ |φ0〉 =
N∑

k=1

v2
k ψ̄kγµψk, (9)

"jµ = 〈φ0|ψ̄γµ"τψ |φ0〉 =
N∑

k=1

v2
k ψ̄kγµ"τψk, (10)

ρS = 〈φ0|ψ̄ψ |φ0〉 =
N∑

k=1

v2
k ψ̄kψk, (11)

where ψk are Dirac spinors, and the sum runs over occupied
positive-energy single-nucleon orbitals, including the corre-
sponding occupation factors v2

k . The single-nucleon Dirac
equations are solved self-consistently in the “no-sea” approx-
imation that omits the explicit contribution of negative-energy
solutions of the relativistic equations to the densities and
currents. Vacuum polarization effects are implicitly included
in the adjustable density-dependent parameters of the theory.

A large part of this work will be devoted to adjusting
the free parameters of the medium-dependent point-coupling
functionals αS,αV , and αT V and the strength δS of the
derivative term. To establish the density dependence of the
couplings one could start from a microscopic (relativistic)
equation of state (EoS) of symmetric and asymmetric nuclear
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matter and map the corresponding nucleon self-energies on
the mean-field self-energies [Eqs. (5)–(8)] that determine
the single-nucleon Dirac equation [Eq. (4)]. This approach
has been adopted, for instance, in RMF models based on
Dirac-Brueckner-Hartree-Fock self-energies in nuclear matter
[25,28,29] or on in-medium chiral perturbation theory (ChPT)
calculations of the nuclear matter EoS [10,11]. In general,
however, energy density functionals determined directly from
a microscopic EoS do not provide a very accurate description
of data in finite nuclei. The reason for this, of course, is that a
calculation of the nuclear matter EoS involves approximation
schemes and includes adjustable parameters that are not
really constrained by nuclear structure data. The resulting
bulk properties of infinite nuclear matter (saturation density,
binding energy, compression modulus, and asymmetry energy)
do not determine uniquely the parameters of nuclear energy
density functionals, which usually must be further fine-tuned
to ground-state data (masses and/or charge radii) of spherical
nuclei.

In a phenomenological construction of a relativistic energy
density functional one starts from an assumed ansatz for the
medium dependence of the mean-field nucleon self-energies
and adjusts the parameters directly to data of spherical nuclei.
This procedure was used, for instance, in the construction
of the relativistic density-dependent interactions TW-99 [26],
DD-ME1 [27], DD-ME2 [30], PKDD [31], and PK01 [32].

This work adopts a different strategy and determines
the parameters of the point-coupling Lagrangian [Eq. (2)]
exclusively from a large data set of binding energies EB of
deformed nuclei. First one notes that calculated masses of
finite nuclei are primarily sensitive to the three leading terms
in the empirical mass formula (volume, surface, and symmetry
energies):

EB = avA + asA
2/3 + a4

(N − Z)2

4A
+ · · · . (12)

Therefore one can generate families of effective interactions
that are characterized by different values of av, as and a4
and determine which parametrization minimizes the deviation
from the empirical binding energies of a large set of deformed
nuclei. This approach differs considerably from the standard
procedure of fitting parameters of nonrelativistic Skyrme or
RMF functionals, in which a given set of parameters is
adjusted simultaneously to a favorite nuclear matter EoS and
to ground-state properties of about 10 spherical closed-shell
nuclei. Deformed systems have generally not been included
in fits of parameters of self-consistent RMF models, mainly
because calculation of deformed nuclei is computationally
more demanding and requires advanced computer codes. In
this work parameters of relativistic energy density functionals
are for the first time directly adjusted to binding energies of
axially deformed nuclei in the mass regions A ≈ 150–180 and
A ≈ 230–250.

To determine the functional form of the density depen-
dence of the couplings αS,αV , and αT V , one can start
from microscopic nucleon self-energies in nuclear matter.
In a recent analysis of relativistic nuclear dynamics [33],
modern high-precision NN potentials (Argonne V18, Bonn
A, CD-Bonn, Idaho, Nijmegen, and V low k) were mapped on

a relativistic operator basis, and the corresponding relativistic
nucleon self-energies in nuclear matter were calculated in a
Hartree-Fock approximation at tree level. A very interesting
result is that, at moderate nucleon densities relevant for nuclear
structure calculations, all potentials yield very similar scalar
and vector mean fields of several hundred MeV magnitude,
in remarkable agreement with standard RMF phenomenology,
giving at saturation density a large and attractive scalar field
"s ≈ −400 MeV and a repulsive vector field "v ≈ 350 MeV.
The different treatment of short-distance dynamics in the
various NN potentials leads to slightly more pronounced
differences between the corresponding self-energies at higher
nucleon densities. Generally, however, all potentials predict
a very similar density dependence of the scalar and vector
self-energies. In the chiral effective field theory framework, in
particular, these self-energies are predominantly generated by
contact terms that occur at next-to-leading order in the chiral
expansion.

Of course at the Hartree-Fock tree level these NN potentials
do not yield saturation of nuclear matter. Nevertheless, the
corresponding self-energies can be used as the starting point
in the modeling of medium dependence of a relativistic nuclear
energy density functional. Guided by the microscopic density
dependence of the vector and scalar self-energies, we choose
the following practical ansatz for the functional form of the
couplings:

αi(ρ) = ai + (bi + cix)e−dix(i ≡ S, V, T V ), (13)

with x = ρ/ρsat, where ρsat denotes the nucleon density
at saturation in symmetric nuclear matter. Note that the
corresponding self-energies are defined in Eqs. (5)–(8). In
the next section we will adjust the parameters of this ansatz
simultaneously to infinite and semi-infinite nuclear matter
and to binding energies of deformed nuclei. The resulting
self-energies in nuclear matter will eventually be compared to
our starting approximation: the Hartree-Fock scalar and vec-
tor self-energies of the Idaho next-to-next-to-next-to-leading
order (N3LO) potential [34].

In the isovector channel the corresponding Hartree-Fock
tree-level nucleon self-energies, obtained by directly mapping
microscopic NN potentials on a relativistic operator basis,
are presently not available. Therefore, as was done in the
case of the finite-range meson-exchange interactions TW-99
[26], DD-ME1 [27], DD-ME2 [30], and PK01 [32], the
density dependence of the isovector-vector coupling function
is determined from the results of Dirac-Brueckner calculations
of asymmetric nuclear matter [29]. Accordingly, in Eq. (13) for
the isovector channel we set two parameters to zero—aT V = 0
and cT V = 0—and adjust bT V and dT V to empirical properties
of asymmetric matter and to nuclear masses, together with the
parameters of the isoscalar channel.

III. THE EFFECTIVE DENSITY-DEPENDENT
INTERACTION DD-PC1

A. Infinite and semi-infinite nuclear matter

The usual procedure in the construction of an effective
mean-field interaction is the least-squares adjustment of
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matter and map the corresponding nucleon self-energies on
the mean-field self-energies [Eqs. (5)–(8)] that determine
the single-nucleon Dirac equation [Eq. (4)]. This approach
has been adopted, for instance, in RMF models based on
Dirac-Brueckner-Hartree-Fock self-energies in nuclear matter
[25,28,29] or on in-medium chiral perturbation theory (ChPT)
calculations of the nuclear matter EoS [10,11]. In general,
however, energy density functionals determined directly from
a microscopic EoS do not provide a very accurate description
of data in finite nuclei. The reason for this, of course, is that a
calculation of the nuclear matter EoS involves approximation
schemes and includes adjustable parameters that are not
really constrained by nuclear structure data. The resulting
bulk properties of infinite nuclear matter (saturation density,
binding energy, compression modulus, and asymmetry energy)
do not determine uniquely the parameters of nuclear energy
density functionals, which usually must be further fine-tuned
to ground-state data (masses and/or charge radii) of spherical
nuclei.

In a phenomenological construction of a relativistic energy
density functional one starts from an assumed ansatz for the
medium dependence of the mean-field nucleon self-energies
and adjusts the parameters directly to data of spherical nuclei.
This procedure was used, for instance, in the construction
of the relativistic density-dependent interactions TW-99 [26],
DD-ME1 [27], DD-ME2 [30], PKDD [31], and PK01 [32].

This work adopts a different strategy and determines
the parameters of the point-coupling Lagrangian [Eq. (2)]
exclusively from a large data set of binding energies EB of
deformed nuclei. First one notes that calculated masses of
finite nuclei are primarily sensitive to the three leading terms
in the empirical mass formula (volume, surface, and symmetry
energies):

EB = avA + asA
2/3 + a4

(N − Z)2

4A
+ · · · . (12)

Therefore one can generate families of effective interactions
that are characterized by different values of av, as and a4
and determine which parametrization minimizes the deviation
from the empirical binding energies of a large set of deformed
nuclei. This approach differs considerably from the standard
procedure of fitting parameters of nonrelativistic Skyrme or
RMF functionals, in which a given set of parameters is
adjusted simultaneously to a favorite nuclear matter EoS and
to ground-state properties of about 10 spherical closed-shell
nuclei. Deformed systems have generally not been included
in fits of parameters of self-consistent RMF models, mainly
because calculation of deformed nuclei is computationally
more demanding and requires advanced computer codes. In
this work parameters of relativistic energy density functionals
are for the first time directly adjusted to binding energies of
axially deformed nuclei in the mass regions A ≈ 150–180 and
A ≈ 230–250.

To determine the functional form of the density depen-
dence of the couplings αS,αV , and αT V , one can start
from microscopic nucleon self-energies in nuclear matter.
In a recent analysis of relativistic nuclear dynamics [33],
modern high-precision NN potentials (Argonne V18, Bonn
A, CD-Bonn, Idaho, Nijmegen, and V low k) were mapped on

a relativistic operator basis, and the corresponding relativistic
nucleon self-energies in nuclear matter were calculated in a
Hartree-Fock approximation at tree level. A very interesting
result is that, at moderate nucleon densities relevant for nuclear
structure calculations, all potentials yield very similar scalar
and vector mean fields of several hundred MeV magnitude,
in remarkable agreement with standard RMF phenomenology,
giving at saturation density a large and attractive scalar field
"s ≈ −400 MeV and a repulsive vector field "v ≈ 350 MeV.
The different treatment of short-distance dynamics in the
various NN potentials leads to slightly more pronounced
differences between the corresponding self-energies at higher
nucleon densities. Generally, however, all potentials predict
a very similar density dependence of the scalar and vector
self-energies. In the chiral effective field theory framework, in
particular, these self-energies are predominantly generated by
contact terms that occur at next-to-leading order in the chiral
expansion.

Of course at the Hartree-Fock tree level these NN potentials
do not yield saturation of nuclear matter. Nevertheless, the
corresponding self-energies can be used as the starting point
in the modeling of medium dependence of a relativistic nuclear
energy density functional. Guided by the microscopic density
dependence of the vector and scalar self-energies, we choose
the following practical ansatz for the functional form of the
couplings:

αi(ρ) = ai + (bi + cix)e−dix(i ≡ S, V, T V ), (13)

with x = ρ/ρsat, where ρsat denotes the nucleon density
at saturation in symmetric nuclear matter. Note that the
corresponding self-energies are defined in Eqs. (5)–(8). In
the next section we will adjust the parameters of this ansatz
simultaneously to infinite and semi-infinite nuclear matter
and to binding energies of deformed nuclei. The resulting
self-energies in nuclear matter will eventually be compared to
our starting approximation: the Hartree-Fock scalar and vec-
tor self-energies of the Idaho next-to-next-to-next-to-leading
order (N3LO) potential [34].

In the isovector channel the corresponding Hartree-Fock
tree-level nucleon self-energies, obtained by directly mapping
microscopic NN potentials on a relativistic operator basis,
are presently not available. Therefore, as was done in the
case of the finite-range meson-exchange interactions TW-99
[26], DD-ME1 [27], DD-ME2 [30], and PK01 [32], the
density dependence of the isovector-vector coupling function
is determined from the results of Dirac-Brueckner calculations
of asymmetric nuclear matter [29]. Accordingly, in Eq. (13) for
the isovector channel we set two parameters to zero—aT V = 0
and cT V = 0—and adjust bT V and dT V to empirical properties
of asymmetric matter and to nuclear masses, together with the
parameters of the isoscalar channel.

III. THE EFFECTIVE DENSITY-DEPENDENT
INTERACTION DD-PC1

A. Infinite and semi-infinite nuclear matter

The usual procedure in the construction of an effective
mean-field interaction is the least-squares adjustment of
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parameters to both nuclear matter EoS and to ground-state
data (masses and charge radii) of spherical nuclei. Instead we
generate sets of effective interactions with different values of
the volume energy av , surface energy as , and symmetry energy
a4 in nuclear matter and analyze the corresponding binding
energies of deformed nuclei with A ≈ 150–180 and A ≈
230–250. The nuclear matter saturation density, compression
modulus, and Dirac mass will be kept fixed throughout this
analysis. The calculated binding energies of finite nuclei are
not very sensitive to the nuclear matter saturation density,
and we take ρsat = 0.152 fm−3, in accordance with values
predicted by most modern relativistic mean-field models.
In particular, this value has also been used for the meson-
exchange effective interactions DD-ME1 [27] and DD-ME2
[30]. From these interactions we also take the Dirac effective
nucleon mass m∗

D = m + "S = 0.58m. In RMF theory the
Dirac mass is closely related to the effective spin-orbit single-
nucleon potential, and empirical energy spacings between
spin-orbit partner states in finite nuclei determine a relatively
narrow interval of allowed values: 0.57 ! m∗

D/m ! 0.61. In a
recent study [35] of the relation between finite-range (meson-
exchange) and zero-range (point-coupling) representations of
effective RMF interactions we have shown that, to reproduce
experimental excitation energies of isoscalar giant monopole
resonances, point-coupling interactions require a nuclear mat-
ter compression modulus Knm ≈ 230 MeV, considerably lower
than values typically used for finite-range meson-exchange
relativistic interactions. Thus we take Knm = 230 MeV for all
effective interactions considered in the present analysis.

Of course if only nuclear matter properties at the point
of saturation density were specified, one could parametrize a
number of realistic effective interactions that would be difficult
to compare at the level of finite nuclei. In particular, nuclear
structure data do not constrain the nuclear matter EoS at high
nucleon densities. Therefore, in addition to ρsat,m

∗
D , and Knm,

we fix two additional points on the E(ρ) curve in symmetric
matter to the microscopic EoS of Akmal, Pandharipande, and
Ravenhall [36], based on the Argonne V18NN potential and
the UIX three-nucleon interaction. This EoS has extensively
been used in studies of high-density nucleon matter and
neutron stars. At almost four times nuclear matter saturation
density, we choose the point ρ = 0.56 fm−3 with E/A =
34.39 MeV and, to have an overall consistency, one point at low
density: ρ = 0.04 fm−3 with E/A = −6.48 MeV (cf. Table VI
of Ref. [36]). As we have already emphasized in the previous
section, by adjusting mean-field interactions exclusively to a
microscopic EoS such as, for instance, the one calculated in
Ref. [36], it is not possible to obtain a very accurate description
of nuclear structure. Ground-state nuclear data must be used
to fine-tune the parameters of effective interactions.

In contrast to the Dirac mass and saturation density, the
nuclear matter volume energy coefficient av has a decisive
influence on the calculated binding energies of finite nuclei.
By using the framework of nonrelativistic Skyrme functionals,
it was recently shown that even a relatively small change
in the volume energy (≈0.5%) can have a pronounced
effect on the calculated masses of heavy and superheavy
nuclei, as compared with experimental values [15,37]. In the
framework of RMF models no attempt has been made so far to
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FIG. 1. (Color online) The equations of state of symmetric
nuclear matter (binding energy as a function of nucleon density)
for the eight point-coupling effective interactions of Table I, in
comparison with the EoS of the meson-exchange effective interaction
DD-ME2 [30] and the microscopic EoS of Ref. [36]. The two points
from the microscopic EoS on which the point-coupling effective
interactions (sets A–H) were adjusted are denoted by larger filled
circle symbols.

constrain the value of volume energy better than the interval
−16.2 ! av ! − 16 MeV. To study in more detail the effect of
volume energy on masses, we have generated point-coupling
effective interactions characterized by the following values
of the coefficient: av = −16.02 MeV (set A), av = −16.04
MeV (set B), av = −16.06 MeV (set C), av = −16.08 MeV
(set D), av = −16.10 MeV (set E), av = −16.12 MeV (set
F), av = −16.14 MeV (set G), and av = −16.16 MeV (set
H). The corresponding parameters of the ansatz [Eq. (13)] for
the functional form of the isoscalar couplings are collected in
Table I. Note that to reduce the number of free parameters, we
have set the value cV = 0. The resulting binding energy curves
for symmetric nuclear matter are plotted in Fig. 1, together with
the EoS of the meson-exchange effective interaction DD-ME2
and the microscopic EoS of Ref. [36]. The two points on the
microscopic EoS that have been used to adjust the parameters
are represented by large filled circle symbols. Because of the
anchor at ρ = 0.56 fm−3, the new binding energy curves are,
of course, different from DD-ME2 and much closer to the
microscopic EoS. However, the high-density behavior has little
influence on the description of low-energy nuclear structure
data.

The isovector channel of the energy density functional
determines the density dependence of the nuclear matter
symmetry energy

S2(ρ) = a4 + p0

ρ2
sat

(ρ − ρsat) + #K0

18ρ2
sat

(ρ − ρsat)2 + · · · . (14)

The parameter p0 characterizes the linear density dependence
of the symmetry energy, and #K0 is the isovector correction
to the compression modulus. Experimental masses, unfortu-
nately, do not place very strict constraints on the parameters
of the expansion of S2(ρ) [38], but self-consistent mean-
field calculations show that binding energies can restrict the
values of S2 at nucleon densities somewhat below saturation
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FIG. 2. (Color online) Surface energy of semi-infinite nuclear
matter as a function of the surface thickness, for the eight point-
coupling effective interactions of Table I. The corresponding values
of the strength δS of the derivative coupling term in the point-coupling
Lagrangian [Eq. (2)] are displayed on the upper horizontal axis. The
filled square symbol denotes the surface energy and surface thickness
predicted by the meson-exchange effective interaction DD-ME2 [30].

convergence has been tested in several calculations with 18
oscillator shells. After the self-consistent equations are solved,
the microscopic estimate for the center-of-mass correction is
subtracted from the total binding energy

Ec.m. = −
〈
P 2

c.m.

〉

2Am
, (16)

where Pc.m. is the total momentum of a nucleus with A
nucleons.

For each effective interaction with given volume energy
av (sets A–H), and for six values of the symmetry energy
〈S2〉 = 27.6, 27.8, 28.0, 28.2, 28.4, and 28.6 MeV, we have
adjusted the surface energy [i.e., the coupling strength δS of
the derivative term in the Lagrangian Eq. (2)] to a value that

minimizes the deviation of the calculated binding energies
from data for the set of nuclei listed in Table II. The required
accuracy is 0.05%, which approximately corresponds to an
absolute error of ±1 MeV for the total binding energy. The
resulting surface energies are plotted in Fig. 3 as functions
of the volume energy, for each value of the symmetry energy
〈S2〉. At this point we have a set of 48 parametrizations of the
energy density functional. Figure 4 displays the corresponding
χ2 values

χ2 =
∑

i

(
Eth

B (i) − E
exp
B (i)

#E
exp
B (i)

)2

, (17)

where E
exp
B (i) denote experimental binding energies [42],

Eth
B (i) are the corresponding theoretical values, #E

exp
B (i) =

0.0005E
exp
B (i), and the sum runs over the set of 64 deformed

nuclei. Although the span of χ2 values is very large, the
functional dependence of χ2 on av is smooth and, for
each value 〈S2〉 of the symmetry energy, there is a unique
combination of volume and surface energies that minimizes
χ2. The minima of each curve are collected in Fig. 5.
Also in this plot, χ2 versus av displays a smooth parabola,
with the absolute minimum at the point av = −16.06 MeV,
〈S2〉 = 27.8 MeV, and as = 17.498 MeV. The χ2 values of
the neighboring points are not much larger, but obviously the
systematics of binding energies excludes effective interactions
with av ! − 16.10 MeV.

This result is illustrated in much more detail in Figs. 6–11,
where we display the absolute deviations of the calculated
binding energies from the experimental values for the effective
interactions that correspond to each of the points included in
Fig. 5. Because these interactions have already been optimized
with respect to as (cf. Fig. 3) and 〈S2〉 (cf. Fig. 4), Figs. 6–11
show the isospin asymmetry (α2) and mass dependencies of the
absolute errors of calculated binding energies as functions of
volume energy at saturation, av . Positive deviations correspond
to underbound nuclei. We notice that not only does the
interaction with av = −16.06 MeV (cf. Fig. 7) correspond
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FIG. 3. (Color online) Surface energies of
semi-infinite nuclear matter that minimize the
deviation of the calculated binding energies from
data, for the set of nuclei listed in Table II, plotted
as functions of the volume energy at saturation,
for six values of the symmetry energy 〈S2〉.
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In finite nuclei, among other quantities, the symmetry en-
ergy directly determines the differences between the neutron
and the proton radii. In a recent study of the neutron radii in
nonrelativistic and covariant mean-field models !26", the lin-
ear correlation between the neutron skin and the symmetry
energy has been analyzed. In particular, the analysis has
shown that there is a very strong linear correlation between
the neutron skin thickness in 208Pb and the individual param-
eters that determine the symmetry energy S2(#): a4 , p0, and
$K0. The empirical value of rn!rp in 208Pb (0.20
"0.04 fm from proton scattering data !27", and 0.19
"0.09 fm from the % scattering excitation of the isovector
giant dipole resonance !28"& places the following constraints
on the values of the parameters of the symmetry energy:
a4'30–34 MeV, 2 Mev/fm3(p0(4 Mev/fm

3, and
!200 MeV ($K0(!50 MeV.
For the three sets of interactions with Knm#230, 250, and

270 MeV, in the two lower panels of Fig. 4 we plot the
coefficients p0 and $K0 as functions of the volume asym-
metry a4. As we have shown in Ref. !12", in order to repro-
duce the bulk properties of spherical nuclei, larger values of
a4 necessitate an increase of p0. It is important to note that
only in the interval 32 MeV(a4(36 MeV, both p0 and
$K0 are found within the bounds determined by the value of
rn!rp in

208Pb. The increase of p0 with a4 implies a tran-
sition from a parabolic to an almost linear density depen-
dence of S2 in the density region #(0.2 fm!3 )see Fig. 3&.

This means, in particular, that the increase of the asymmetry
energy at saturation point will produce an effective decrease
of S2 below #'0.1 fm!3. In Refs. !29,12" it has been shown
that, as a result of the increase of p0 with a4, the excitation
energy of the isovector GDR decreases with increasing
S2(#sat)*a4, because this increase implies a decrease of S2
at low densities characteristic for surface modes. This effect
is illustrated in the upper panel of Fig. 4, where we plot the
calculated excitation energies of the isovector GDR in 208Pb
as functions of a4, for each set of interactions with Knm
#230, 250, and 270 MeV. The calculated centroids of the
Lorentzian folded strength distributions are shown in com-
parison with the experimental value of 13.3"0.1 !30". The
RRPA excitation energies of the isovector GDR decrease lin-
early with a4, and the experimental value favors, for all three
families of interactions, the interval 34 MeV(a4(36 MeV
for the volume asymmetry.
The results of fully consistent RRPA calculations of the

isoscalar monopole response in 208Pb are shown in the upper
panel of Fig. 5, where we plot the excitation energies of the
GMR for the three families of interactions with Knm#230,
250, and 270 MeV, respectively, as functions of the volume
asymmetry a4. The shaded area denotes the experimental
value: E#14.17"0.28 MeV !4". For each interaction, in the
lower panel we plot the corresponding result for the differ-
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parameters to both nuclear matter EoS and to ground-state
data (masses and charge radii) of spherical nuclei. Instead we
generate sets of effective interactions with different values of
the volume energy av , surface energy as , and symmetry energy
a4 in nuclear matter and analyze the corresponding binding
energies of deformed nuclei with A ≈ 150–180 and A ≈
230–250. The nuclear matter saturation density, compression
modulus, and Dirac mass will be kept fixed throughout this
analysis. The calculated binding energies of finite nuclei are
not very sensitive to the nuclear matter saturation density,
and we take ρsat = 0.152 fm−3, in accordance with values
predicted by most modern relativistic mean-field models.
In particular, this value has also been used for the meson-
exchange effective interactions DD-ME1 [27] and DD-ME2
[30]. From these interactions we also take the Dirac effective
nucleon mass m∗

D = m + "S = 0.58m. In RMF theory the
Dirac mass is closely related to the effective spin-orbit single-
nucleon potential, and empirical energy spacings between
spin-orbit partner states in finite nuclei determine a relatively
narrow interval of allowed values: 0.57 ! m∗

D/m ! 0.61. In a
recent study [35] of the relation between finite-range (meson-
exchange) and zero-range (point-coupling) representations of
effective RMF interactions we have shown that, to reproduce
experimental excitation energies of isoscalar giant monopole
resonances, point-coupling interactions require a nuclear mat-
ter compression modulus Knm ≈ 230 MeV, considerably lower
than values typically used for finite-range meson-exchange
relativistic interactions. Thus we take Knm = 230 MeV for all
effective interactions considered in the present analysis.

Of course if only nuclear matter properties at the point
of saturation density were specified, one could parametrize a
number of realistic effective interactions that would be difficult
to compare at the level of finite nuclei. In particular, nuclear
structure data do not constrain the nuclear matter EoS at high
nucleon densities. Therefore, in addition to ρsat,m

∗
D , and Knm,

we fix two additional points on the E(ρ) curve in symmetric
matter to the microscopic EoS of Akmal, Pandharipande, and
Ravenhall [36], based on the Argonne V18NN potential and
the UIX three-nucleon interaction. This EoS has extensively
been used in studies of high-density nucleon matter and
neutron stars. At almost four times nuclear matter saturation
density, we choose the point ρ = 0.56 fm−3 with E/A =
34.39 MeV and, to have an overall consistency, one point at low
density: ρ = 0.04 fm−3 with E/A = −6.48 MeV (cf. Table VI
of Ref. [36]). As we have already emphasized in the previous
section, by adjusting mean-field interactions exclusively to a
microscopic EoS such as, for instance, the one calculated in
Ref. [36], it is not possible to obtain a very accurate description
of nuclear structure. Ground-state nuclear data must be used
to fine-tune the parameters of effective interactions.

In contrast to the Dirac mass and saturation density, the
nuclear matter volume energy coefficient av has a decisive
influence on the calculated binding energies of finite nuclei.
By using the framework of nonrelativistic Skyrme functionals,
it was recently shown that even a relatively small change
in the volume energy (≈0.5%) can have a pronounced
effect on the calculated masses of heavy and superheavy
nuclei, as compared with experimental values [15,37]. In the
framework of RMF models no attempt has been made so far to
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FIG. 1. (Color online) The equations of state of symmetric
nuclear matter (binding energy as a function of nucleon density)
for the eight point-coupling effective interactions of Table I, in
comparison with the EoS of the meson-exchange effective interaction
DD-ME2 [30] and the microscopic EoS of Ref. [36]. The two points
from the microscopic EoS on which the point-coupling effective
interactions (sets A–H) were adjusted are denoted by larger filled
circle symbols.

constrain the value of volume energy better than the interval
−16.2 ! av ! − 16 MeV. To study in more detail the effect of
volume energy on masses, we have generated point-coupling
effective interactions characterized by the following values
of the coefficient: av = −16.02 MeV (set A), av = −16.04
MeV (set B), av = −16.06 MeV (set C), av = −16.08 MeV
(set D), av = −16.10 MeV (set E), av = −16.12 MeV (set
F), av = −16.14 MeV (set G), and av = −16.16 MeV (set
H). The corresponding parameters of the ansatz [Eq. (13)] for
the functional form of the isoscalar couplings are collected in
Table I. Note that to reduce the number of free parameters, we
have set the value cV = 0. The resulting binding energy curves
for symmetric nuclear matter are plotted in Fig. 1, together with
the EoS of the meson-exchange effective interaction DD-ME2
and the microscopic EoS of Ref. [36]. The two points on the
microscopic EoS that have been used to adjust the parameters
are represented by large filled circle symbols. Because of the
anchor at ρ = 0.56 fm−3, the new binding energy curves are,
of course, different from DD-ME2 and much closer to the
microscopic EoS. However, the high-density behavior has little
influence on the description of low-energy nuclear structure
data.

The isovector channel of the energy density functional
determines the density dependence of the nuclear matter
symmetry energy

S2(ρ) = a4 + p0

ρ2
sat

(ρ − ρsat) + #K0

18ρ2
sat

(ρ − ρsat)2 + · · · . (14)

The parameter p0 characterizes the linear density dependence
of the symmetry energy, and #K0 is the isovector correction
to the compression modulus. Experimental masses, unfortu-
nately, do not place very strict constraints on the parameters
of the expansion of S2(ρ) [38], but self-consistent mean-
field calculations show that binding energies can restrict the
values of S2 at nucleon densities somewhat below saturation
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TABLE I. Isoscalar parameters [Eq. (13)] of the point-coupling effective interactions with volume energy coefficients av =
−16.02 MeV (set A), av = −16.04 MeV (set B), av = −16.06 MeV (set C), av = −16.08 MeV (set D), av = −16.10 MeV
(set E), av = −16.12 MeV (set F), av = −16.14 MeV (set G), and av = −16.16 MeV (set H).

Parameter Set A Set B Set C Set D Set E Set F Set G Set H

aS (fm2) −10.0220 −10.0332 −10.0462 −10.0855 −10.0951 −10.1051 −10.1137 −10.1220
bS (fm2) −9.1781 −9.1666 −9.1504 −9.0623 −9.0539 −9.0436 −9.0384 −9.0307
cS (fm2) −6.2799 −6.3541 −6.4273 −6.4878 −6.5611 −6.6336 −6.7065 −6.7786
dS 1.3585 1.3654 1.3724 1.3806 1.3872 1.3938 1.4001 1.4065

aV (fm2) 5.9020 5.9108 5.9195 5.9262 5.9348 5.9431 5.9513 5.9594
bV (fm2) 8.8711 8.8687 8.8637 8.8156 8.8150 8.8134 8.8148 8.8147
cV (fm2) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
dV 0.6548 0.65676 0.6584 0.6547 0.6568 0.6587 0.6610 0.6630

density (i.e., at ρ ≈ 0.1 fm−3). Additional information on the
symmetry energy can be obtained from data on neutron skin
thickness and excitation energies of giant dipole resonances.
Although values of neutron radii are available only for a small
number of nuclei and the corresponding uncertainties are large,
recent studies have shown that relativistic effective interactions
with volume asymmetry a4 in the range 31 ! a4 ! 35 MeV
predict values for neutron skin thickness that are consistent
with data and reproduce experimental excitation energies of
isovector giant dipole resonances (cf. Ref. [39] and references
therein cited). Therefore we keep the volume asymmetry fixed
at a4 = 33 MeV and vary the symmetry energy at a density
that corresponds to an average nucleon density in finite nuclei:
〈ρ〉 = 0.12 fm−3. The quantity S2(ρ = 0.12 fm−3) will be
denoted 〈S2〉.

Calculated binding energies and charge radii are strongly
influenced by the choice of the surface energy coefficient
as . In the present model the value of this quantity is
determined by the strength δS of the derivative coupling term
in the point-coupling Lagrangian [Eq. (2)]. For each effective
interaction (sets A–H), we have calculated the surface energy
and surface thickness of semi-infinite nuclear matter [40], for
several values of the parameter δs in the range −0.76 ! δS !
− 0.86 fm4. In Fig. 2 we plot the corresponding surface ener-
gies as functions of the surface thickness, in comparison to the
point obtained with the finite-range interaction DD-ME2 (t =
2.108 fm, as = 17.72 MeV). Considering that DD-ME2 has
an rms error of only 0.017 fm when compared to data on
absolute charge radii and charge isotope shifts [30], and
also taking into account the comparison between DD-ME2
and point-coupling RMF interactions of Ref. [35], we can
deduce the following range for the parameter of the derivative
coupling term: −0.80 " δS " − 0.84 fm4, which is in very

good agreement with the microscopic estimate of Ref. [12] for
the region of nucleon densities ρ ≈ 0.1 fm3.

B. Deformed nuclei

If an effective interaction is adjusted to masses of finite
nuclei by varying the volume, symmetry, and surface energies,
the parameters of the energy density functional that determine
these quantities will generally be correlated because of
Eq. (14). When only a small number of nuclei is considered,
satisfactory results can be obtained with various, in general
linearly dependent, combinations of parameters. The new
effective point-coupling interactions will therefore be analyzed
on a set of 64 deformed nuclei, listed in Table II. To resolve the
surface and volume contributions to binding energy, nuclides
with mass number ranging from 154 to 250 are considered.
The variation of the asymmetry coefficient

α2 = (N − Z)2

A2
(15)

in the range from 0.018 to 0.054 should suffice to deduce
the isovector parameters that govern the symmetry energy
contribution. The effect of shell closure is minimized by taking
into account only well-deformed nuclei. Pairing correlations
are treated in the BCS approximation with empirical pairing
gaps (five-point formula). The pairing model space includes
two major oscillator shells (2h̄ω0) above the Fermi surface.
The self-consistent single-nucleon RMF equations are solved
by expanding nucleon spinors in terms of eigenfunctions of
a deformed, axially symmetric harmonic oscillator potential
[41]. In this work calculations of nuclear ground states are
performed in a large basis of 16 major oscillator shells, and

TABLE II. The binding energies of the isotopic chains 62 ! Z ! 72 and 90 ! Z ! 98 have been used to adjust
the parameters of relativistic point-coupling effective interactions. Nmin and Nmax denote the corresponding ranges
of neutron number in even-even nuclides.

Z 62 64 66 68 70 72 90 92 94 96 98

Nmin 92 92 92 92 92 72 140 138 138 142 144
Nmax 96 98 102 104 108 110 144 148 150 152 152

034318-6

The binding energies constrain
the value of S2 only at the sub-saturation
density r=0.12 fm-3
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Some other applications...
…adjusting the EDF parameters
✔ level of accuracy (rms deviation of experimental masses) of covariant EDFs 
is still below the state-of-the-art non-relativistic HFB mass models: 
Should additional terms be included in the EDF? (price to pay: increased 
model complexity) 

✔ quantification of theoretical uncertainties within the EDF framework  

J. Phys. G. 42, 034008 (2015)

✔ is it possible to systematically reduce the number of 
parameters defining the EDF? manifold boundary approximation 
method   

Phys. Rev. C 95, 054304 (2017)
Phys. Rev. C 94, 024333 (2016)

✔ some combinations of parameters are very poorly constrained – very
difficult to decouple scalar and vector channel (sum is well constrained, but 
not the difference)



Pairing interaction 

• Relativistic Hartree-Bogoliubov model
• Pairing interaction: finite range separable pairing

V (r1, r2; r
0
1, r

0
2) = G� (R�R0)P (r)P (r0)

1

2
(1� P�)

R =
1

2
(r1 + r2) , r = r1 � r2, P (r) =

1

4⇡a2
e�

r2

4a2

Parameters a and G are adjusted to reproduce the pairing gap in  the 
symmetric nuclear matter calculated using the Gogny force

Tian et al, Phys. Lett. B 676, 44 (2009)



Basic implementation: self-consistent mean-field method 
• produces energy surfaces as functions of intrinsic deformation 

parameters

• includes static correlations: deformations and pairing
• does not include collective correlations originating from symmetry 

restoration and quantum fluctuations around mean-field minima

The constrained self-consistent mean field method produces semi-classical  
energy surfaces as functions of intrinsic deformation parameters.

→ include static correlations: deformations & pairing 
→ do not include dynamic (collective) correlations that arise from symmetry 
restoration and quantum fluctuations around mean-field minima

DIRHB solver (allows for description of spherical, axial and triaxial shapes –
Comp. Phys. Comm. 185, 1808 (2014) – major upgrade in preparation (parity 
breaking, improved computational efficiency...) 



Beyond mean-field correlations: GCM

Restoration of broken symmetries 
(rotational, parity, particle number) and 
fluctuations of collective variables 
(quadrupole, octupole deformation)

1. Constraint mean-field calculation

2. Angular momentum and particle 
number projection

3. Configuration mixing (generator 
coordinate method)

-2 0 2 4 6 8
q (b)

-2

0

2

4

6

8

10

12

14

16

18

E
 (

M
e

V
)

J
!
=0

+

J
!
=2

+

J
!
=4

+

J
!
=6

+

J
!
=8

+

MF+LNBCS0
+

1

0
+

2

0
+

3

0
+

4

2
+

1

2
+

2

2
+

3

4
+

1

4
+

2

4
+

3

6
+

1
6

+

2

8
+

1

32
S

Prog. Part. Nucl. Phys. 66, 519 (2011).
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B(E2) values in Weisskopf units

Phys. Rev. C 99, 034317 (2019)
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FIG. 2. Energy curves of 12C as functions of the axial quadrupole
deformation β2 for parity-conserving (β3 = 0) configurations. In
addition to the self-consistent mean-field RHB binding energies
(squares), we display the angular momentum- and particle number-
projected curves for spin-parity values Jπ = 0+, 2+, 4+.

with the fact that the collective 0+
1 state is expected to corre-

spond to the band head of an oblate-deformed rotational band.
Furthermore, the shoulder at large quadrupole deformations
is preserved for the Jπ = 0+ projected energy curve and it is
additionally lowered by about 5 MeV. The Jπ = 2+ projected
curve preserves both the oblate minimum and the shoulder
at large quadrupole deformations, while the former Jπ = 0+

local minimum at intermediate quadrupole deformation trans-
forms into a shoulder. Finally, a barrier occurs at intermediate
prolate deformations for the Jπ = 4+ state.

The analysis of Figs. 1 and 2 illustrates how the symmetry-
restored potential energy maps already encapsulate the variety
of shapes of 12C. Nevertheless, it is only by performing
configuration mixing, that is, including collective correlations
related to both quadrupole and octupole shape fluctuations,
that one obtains a quantitative description of 12C spectro-
scopic properties.

B. Spectroscopy of collective states

In the next step, 72 symmetry-restored configurations were
mixed for each angular momentum using the GCM as de-
scribed in the previous section. RHB configurations with
binding energies much higher than energy of the equilibrium
configuration (30 MeV and higher) have been excluded from
the basis. Of course, we have verified that this choice of the
basis does not affect the calculated low-energy spectroscopic
properties. Figure 3 displays the calculated low-lying positive-
parity spectrum in comparison to the available data. The intra-
band B(E2) transition strengths and spectroscopic quadrupole
moments of collective states are also shown. The theoretical
excitation energies of the 2+

1 (4.3 MeV) and 4+
1 (13.9 MeV)

states are only slightly lower than the corresponding experi-
mental values, 4.44 MeV and 14.08 MeV, respectively [42].
In addition, their ratio E (4+

1 )/E (2+
1 ) = 3.23 is in very good

agreement with the experimental value of 3.17, pointing to
the rotational character of the ground-state band. Furthermore,
the calculated E2 transition strength from the 2+

1 state to the
ground state, B(E2; 2+

1 → 0+
1 ) = 8.0 e2fm4, reproduces the

experimental value. We also note that the theoretical spec-
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FIG. 3. The calculated low-energy positive-parity excitation
spectrum of 12C compared to the available data [43]. Intraband
B(E2) transition strengths (red color, in e2fm4) and spectroscopic
quadrupole moments (green color, in e fm2) are also shown. See text
for more details.

troscopic quadrupole moment of the 2+
1 state, Qspec(2+

1 ) =
5.0 efm2, is predicted within the error bar of the very recent
experiment: Qexp

spec(2+
1 ) = (7.1 ± 2.5) efm2 [14]. It is there-

fore interesting to point out that, in this specific instance,
our global EDF-based approach provides a level of agree-
ment with data that is comparable to state-of-the-art ab ini-
tio models [14]. Finally, the calculated B(E2; 4+

1 → 2+
1 ) =

15.5 e2fm4 agrees with the AMD prediction B(E2; 4+
1 →

2+
1 ) = 16 e2fm4 [6]. This transition has yet to be measured,

and its strength would definitely confirm the rotational char-
acter of the ground-state band.

The 4+ state calculated at ≈19 MeV is characterized by a
pronounced prolate deformation, a feature shared by the 0+

3
and 2+

3 collective states. In addition, it exhibits a very strong
E2 transition strength to the 2+

3 state. Therefore, it is assigned
to the Kπ = 0+

3 band and denoted as 4+
3 further on. Both the

very large E2 intraband transitions and the value of the ratio
[E (4+

3 ) − E (0+
3 )]/[E (2+

3 ) − E (0+
3 )] = 3.45 characterize the

rotational nature of this band. In particular, the calculated
value of B(E2; 2+

3 → 0+
3 ) = 130.6 e2fm4 is somewhat larger

than the one reported in Ref. [6], but still of the same order of
magnitude. Additionally, the huge spectroscopic quadrupole
moments of 4+

3 and 2+
3 states support the interpretation of this

band as a 3α linear chain.
In the present study the 0+

2 (Hoyle) state is calculated at
an excitation energy that is only about 800 keV above the
experimental value. However, the E2 transition strength from
the corresponding 2+

2 state is about an order of magnitude
smaller than the one obtained in the AMD [6] and THSR
[10] calculations. Even though there are currently no available
data, it is likely that our calculation actually underestimates
the true value for this transition strength. The reason is at
least twofold. First, the AMD and THSR models consistently
predict triaxial configurations as the dominant contribution
to the Hoyle state intrinsic density. These configurations are
not included in the model space of the present study, and an
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FIG. 6. Form factors for electron scattering on 12C for the 0+
1 → 0+

1 [left panel (a)] and 0+
1 → 0+

2 [right panel (b)] transitions. The results
obtained in the present study (red triangles) are compared to available data for the elastic [47] and inelastic [48] form factors, as well as with
predictions of the AMD [6] and THSR [49] models. In addition, the insets show the corresponding charge density [left panel (a)] and the
transition charge density [right panel (b)].

formation of bent arm structures [6,7,12]. However, besides
breaking reflection symmetry, such structures also break axial
symmetry and they are therefore out of the scope of the
present study.

D. Electron-nucleus scattering form factors

Additional insight into the structure of collective states is
provided by the form factors for electron-nucleus scattering.
The formalism for computing these quantities within the
MR-EDF framework was derived only recently [40] and,
in this section, we will calculate form factors for electron
scattering on 12C for 0+

1 → 0+
1 (elastic) and 0+

1 → 0+
2 (inelas-

tic) transitions. The basic ingredients of the calculation are
the collective wave functions, whose amplitudes are shown
in Fig. 4. As noted earlier, the wave functions of 0+

1 and
0+

2 are concentrated in the segment: −1.2 ! β2 ! 1.2 and
0 ! |β3| ! 1.4. Therefore, to reduce the computational task
but without neglecting any physical content, only configu-
rations contained within that interval of the β2-β3 plane are
included in the calculation of form factors. In the left panel
of Fig. 6 we display the calculated form factors |F0(q)|2 [cf.
Eq. (8)] for elastic 0+

1 → 0+
1 scattering in comparison to the

available experimental values. In addition, the inset shows
the corresponding charge density, calculated as ρch(r) =
ρ01

01,0(r)/
√

4π , where ρ01
01,0(r) is the diagonal element of the

reduced transition density that enters into the calculation of
the form factor [cf. Eqs. (8) and (9)]. The present results
are also compared with the predictions of the AMD model,
and the THSR wave function model. AMD calculations [6]
consider single nucleons as relevant degrees of freedom, and
describe them in terms of Gaussian wave packets. On the other
hand, the THSR framework is explicitly built as an α-cluster
model, that is, the relevant degrees of freedom are α parti-
cles in a Bose-condensed state [49]. In the low momentum
transfer region (q2 < 2 fm2) all three models predict similar
results for the elastic form factor. However, with increasing
values of the momentum transfer differences between the
three curves becomes more pronounced. In particular, the

first zero of |F0(q)|2 is found at approximately q2 ≈ 3 fm2

both in the present and THSR calculations, while the AMD
model predicts this zero at a somewhat smaller value of the
momentum transfer. Details of elastic form factors can be
traced back to the properties of the corresponding charge
distribution [50,51]. The shift of the position of the first zero
towards smaller values of q2, in particular, can be attributed to
the larger spatial extension of the charge density. Furthermore,
the amplitude of the first maximum of |F0(q)|2 is related to the
surface thickness of the charge distribution. Larger values of
the surface thickness correspond to smaller amplitudes at the
first maximum, and vice versa. We note that the experimental
position and amplitude of the first maximum of |F0(q)|2
are reproduced by all three models. At very large values of
q2 the form factor calculated with the THSR model is in
best agreement with experiment, whereas results obtained in
the present study underestimate the experimental values. A
similar trend was noted in Ref. [40] for the case of 24Mg, and
in Ref. [11] for 12C, where it was argued that the spreading of
collective wave functions over many deformations generates
a large smoothing of the one-body density and thus decreases
the weights of large-momentum components of the charge
density.

Because of its short lifetime, the structure of the Hoyle
state can be probed by inelastic scattering from the ground
state. In the right panel of Fig. 6 we display the calculated
form factor for the 0+

1 → 0+
2 transition in comparison with

the available data, and predictions of the AMD and THSR
models. The present calculation reproduces the position of
the first maximum, even though the corresponding ampli-
tude is underestimated in comparison to both experiment
and theoretical results obtained with the other two models.
The position of the first zero is accurately reproduced by all
three models. In addition, our model displays good agreement
with experiment up to rather large q2 values. The inset in
the right panel of Fig. 6 shows the corresponding transition
charge density, ρtr(r) = ρ02

01,0(r)/
√

4π , where ρ02
01,0(r) is the

nondiagonal element of the reduced transition density that
enters the calculation of form factor [see Eqs. (8) and (9)].
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Beyond mean-field correlations: Collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational 
degrees of freedom

The entire dynamics of the collective Hamiltonian is governed by the seven 
functions of the intrinsic deformations β and γ: the collective potential, the three 
mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik.

… collective eigenfunction:

Collective Hamiltonian

... nuclear excitations determined by quadrupole 
vibrational and rotational degrees of freedom:

Hcoll = Tvib(�, ⇥) + Trot(�, ⇥,�) + Vcoll(�, ⇥)

Tvib =
1
2
B�� �̇2 + �B�⇥ �̇⇥̇ +

1
2
�2B⇥⇥ ⇥̇2

Trot =
1
2

3�

k=1

Ik�2
k

The dynamics of the collective Hamiltonian is determined by: the self-consistent collective potential, 
the three mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik, functions of the intrinsic 
deformations β and γ.

Phys. Rev. C 79, 034303 (2009). 

Prog. Part. Nucl. Phys. 66, 519 (2011). 
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MK(⌦)… collective eigenfunction:

Prog. Part. Nucl. Phys. 66, 519 (2011).
Phys. Rev. C 79, 034303 (2009).



✔ an intuitive interpretation of mean-field results 
in terms of intrinsic shapes and single-particle states

✔ the full model space of occupied 
states can be used; no distinction 
between core and valence nucleons, 
no need for effective charges!

Collective Hamiltonian

... nuclear excitations determined by quadrupole 
vibrational and rotational degrees of freedom:
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The dynamics of the collective Hamiltonian is determined by: the self-consistent collective potential, 
the three mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik, functions of the intrinsic 
deformations β and γ.

Phys. Rev. C 79, 034303 (2009). 

Prog. Part. Nucl. Phys. 66, 519 (2011). 
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✔ an intuitive interpretation of mean-field results in 
terms of intrinsic shapes and single-particle states

✔ the full model space of occupied 
states can be used; no distinction 
between core and valence nucleons, 
no need for effective charges!
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Linear response in deformed nuclei
QRPA (Finite amplitude method)

QRPA (Matrix implementation)

• QRPA amplitudes X and Y are calculated     
iteratively

• Only restriction: number of oscillator       
shells

• Easy to implement various NEDFs
• Trivial parallelization – enables large scale 

calculations

• QRPA amplitudes are calculated by        
diagonalizing QRPA matrix

• Dimension of the QRPA matrix         
increases rapidly  with the size of the         
configuration space

• Additional cut-offs to reduce the size 
of  the configuration space

• Not easy to change the code for       
different NEDFs

• Not trivial to parallelize

Nakatsukasa, Yabana, Phys. Rev. C 71, 024302 (2005)

Nakatsukasa, Inakura, Yabana, Phys. Rev. C 76, 024318 (2007)
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051302(2015)

…and many more…
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Linear response in deformed nuclei
QRPA (Finite amplitude method)

QRPA (Matrix implementation)

• QRPA amplitudes X and Y are calculated     
iteratively

• Only restriction: number of oscillator       
shells

• Easy to implement various NEDFs
• Trivial parallelization – enables large scale 

calculations

Xµ⌫(!) = �
�H

20
µ⌫(!) + F

20
µ⌫(!)

Eµ + E⌫ � !

Yµ⌫(!) = �
�H

02
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02
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Eµ + E⌫ + !

✓
A B

�B⇤ �A⇤

◆✓
X
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◆
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Y

◆

! ! ! + i�smearing width:

R(E) =
X

⌫

B(E⌫)
�
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�

(E � E⌫)2 + (�/2)2

� $ �/2

particle-hole and particle-particle matrix elements• QRPA amplitudes are calculated by        
diagonalizing QRPA matrix

• Dimension of the QRPA matrix         
increases rapidly  with the size of the         
configuration space

• Additional cut-offs to reduce the size 
of  the configuration space

• Not easy to change the code for       
different NEDFs

• Not trivial to parallelize



Linear response in deformed nuclei

Induced density and pairing tensor

Xµ⌫(!) = �
�H

20
µ⌫(!) + F

20
µ⌫(!)

Eµ + E⌫ � !

Yµ⌫(!) = �
�H

02
µ⌫(!) + F

02
µ⌫(!)

Eµ + E⌫ + !

�⇢ = UX(!)V T + V ⇤Y (!)U †

�(+)(!) = UX(!)UT + V ⇤Y T (!)V †

�(�)(!) = V ⇤X†(!)V † + UY ⇤(!)UT

QFAM amplitudes

Induced s.p. Hamiltonian and pairing field

�H
20(!) and �H

02(!) �h(!), ��(+)(!) and ��(�)(!)

Induced Hamiltonian

DIRQFAM solver – Comp. Phys. Comm. 253, 107184 (2020) – major 
upgrade in preparation



Linear response in deformed nuclei
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FIG. 3: (Color online) Self-consistent RHB binding energy curves of the even-even 132−160Sm

isotopes as functions of the axial deformation parameter β. Energies are normalized with respect

to the binding energy of the absolute minimum for each isotope.

minimum is predicted on the oblate side and the two minima are separated by a potential

barrier. In neutron-deficient isotopes both the oblate minimum and the potential barrier

are considerably lower compared to the neutron-rich nuclei. Both 136Sm and 152Sm, that is,

nuclides at the borders of the region of weakly deformed and/or spherical systems around the

neutron shell-closure atN = 82, exhibit soft potentials with wide minima on the prolate side.

138−150Sm display two weakly deformed and almost degenerated minima, and the isotopes

142,144Sm are spherical.

For each isotope in the chain 132−160Sm the calculated Kπ = 0+ response is shown in

Fig. 4. The principal result is the splitting of the Kπ = 0+ strength into two peaks for the

deformed isotopes. The arrows indicate the positions of the mean energies m1/m0, that is,

the ratio of the energy-weighted sum (EWS) and the non-energy-weighted sum, calculated

12

Sm isotopes Phys. Rev. C 88, 044327 (2013)



Linear response in deformed nuclei
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FIG. 4: (Color online) Evolution of the Kπ = 0+ strength functions in 132−160Sm. The arrows

indicate the positions of the mean energies m1/m0 calculated in the energy intervals 10 < E < 14.5

MeV and 14.5 < E < 20 MeV.

in the energy intervals 10 < E < 14.5 MeV for the low-energy (LE) peak, and 14.5 < E < 20

MeV for the high-energy (HE) peak. The HE peak of the monopole strength distribution

is located slightly above the energy of the ISGMR in the spherical isotope 144Sm, whereas

the LE peak appears in the energy region where the giant quadrupole resonance in 144Sm is

located (EISGQR = 14 MeV). With increasing deformation (cf. Fig. 3) the HE peak is shifted

to higher energy because of the coupling with the Kπ = 0+ component of the ISGQR, and

the LE peak is simultaneously lowered in energy. It should be noted that the Kπ = 0+

components of other resonances also contribute to the LE and HE peaks, but to a much

lesser extent.

In the panel (b) of Fig. 5 we display the mean energies of the HE (squares) and LE

(circles) peaks as functions of the equilibrium deformation parameter β. The calculated

13

K⇡ = 0+

Arrows denote LE and HE centroids

Sm isotopes
(monopole)



Linear response in deformed nuclei
152Sm isotope

Scaled by 1/3

Spurious state at ~0.3 MeV

GMR
LE : 11.27+0.32

�0.54 MeV

HE : 15.44+0.12
�0.23 MeV

GQR

LE : 11.53± 0.14MeV
HE : 14.86± 0.39MeV

Itoh et al, PRC 68, 064602 (2003)



Description of 96Zr within the framework of the REDFs 
Yu-Ting Rong, Bing-Nan Lu, 
arXiv :2201.02114v1

Figure 1: (Color online) Mean-field (MF) potential energy
surfaces (PES’s) of 96Zr obtained from MDCRHB calculations
with three combinations of symmetries imposed: (a) triaxial and
reflection symmetric (TA-RS) deformations, (b) axially symmetric
and reflection asymmetric (AS-RA) deformations, and (c,d) triaxial
and reflection asymmetric (TA-RA) deformations. The contours
join points with the same energy, and the separation between
adjacent contours is 1.0 MeV. On each PES the red star marks the
corresponding global energy minima. The energies are rescaled to
E(MF)g.s. = 0.0 MeV.

PES’s with di↵erent symmetry constraints are shown
in Fig. 2. The ground state is the global minimum
marked by red stars, whose deformations and energies
are listed in Table 1. In Fig. 2(a), the TA-RS 0+ PES has
one energy minimum at (�20, �22) = (0.23, 0.07), i.e.,
(�2, �) = (0.25, 23�). This means that the ground state
of 96Zr is triaxial in TA-RS calculations, consistent with
the PES from Monte Carlo shell-model (MCSM) [88].
The rotational energy correction, defined as

Erot = E(MF)min � E(0+)min, (9)

is 4.89 MeV obtained by comparing the global energy
minima of the PES’s in Fig. 1(a) and Fig. 2(a).

The AS-RA 0+ PES is shown in Fig. 2(b). Compar-
ing with the corresponding mean-field PES Fig. 1(b),
we find that symmetry restoration leads to a ground
state with a much di↵erent shape. The 0+ state is
found at (�20, �30) = (0.01, 0.23) and Erot = 8.53
MeV. This projected 0+ state assumes a pure reflection-
asymmetric shape. This is similar to the conclusion
from the symmetry-conserving configuration mixing
calculations [46, 50], which found an enhanced oc-
tupole deformation accompanied by an almost zero �20.
Further, the 0+ PES is soft along the lines connecting
the ground state to the two saddle points on the �30 = 0
axis.

The third and/or fourth deformation degrees of free-
dom may also appear in the projected ground state of
96Zr. For simplicity, we next investigate the e↵ect of
other deformation degrees of freedom based on the TA-

RS and AS-RA PES’s, respectively. In Fig. 2(c), we
fix the values of �20 and �22 to the deformations of the
ground state in projected TA-RS calculations and calcu-
late the PES E(�30, �32). A single energy minimum is
found at (�20, �22, �30, �32) = (0.23, 0.07,�0.05, 0.10).
The rotational energy correction Erot = 7.56 MeV is
larger than that in TA-RS calculations, which means that
describing the ground state of 96Zr requires as many as
four deformation degrees of freedom. We interchange
the order of considering the deformations by perform-
ing the angular momentum and parity projections for
E(�20, �30) with AS-RA first and then for E(�22, �32).
The resulting PES is shown in Fig. 2(d). In this case,
the energy minimum is found at (�20, �22, �30, �32) =
(0.01, 0.06, 0.23, 0.00) and the rotational energy correc-
tion Erot is 9.46 MeV larger than that in the AS-RA
calculations. In comparison with the case in Fig. 2(c),
the true ground state of 96Zr can be found in Fig. 2(d)
because the latter case corresponds to a larger Erot.
Nevertheless, regardless of the order of considering the
quadrupole and octupole deformations in the variational
calculation to find the ground state, all deformations in
question should appear in the projected ground state of
96Zr. In comparison with the RHIC experiment [1], our
results suggest that the non-axial deformations should
also be taken into account in simulating the heavy-
ion collision data. On the theoretical side, for further
determination of the deformations of the ground state
of 96Zr, one needs to perform four-dimensional angular
momentum and parity projection calculations.

Figure 2: (Color online) The same as Fig. 1 but for the 0+ PES’s
obtained from the p-MDCRHB model. The �20 and �22 for the PES
in (c) is constrained as those values of the global energy minimum on
the PES in (a). The �20 and �30 for the PES in (d) is constrained as
those values of the global energy minimum on the PES in (b). The
insets in (c) and (d) show the shapes of the global energy minimum.

The 2+ and 3� states are typical excited states associ-
ated with quadrupole and octupole deformations. The
lower the excitation energies or the larger the B(E�),

4
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pairing force (strength 
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empirical pairing gaps in 
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Figure 1: (Color online) Mean-field (MF) potential energy
surfaces (PES’s) of 96Zr obtained from MDCRHB calculations
with three combinations of symmetries imposed: (a) triaxial and
reflection symmetric (TA-RS) deformations, (b) axially symmetric
and reflection asymmetric (AS-RA) deformations, and (c,d) triaxial
and reflection asymmetric (TA-RA) deformations. The contours
join points with the same energy, and the separation between
adjacent contours is 1.0 MeV. On each PES the red star marks the
corresponding global energy minima. The energies are rescaled to
E(MF)g.s. = 0.0 MeV.

PES’s with di↵erent symmetry constraints are shown
in Fig. 2. The ground state is the global minimum
marked by red stars, whose deformations and energies
are listed in Table 1. In Fig. 2(a), the TA-RS 0+ PES has
one energy minimum at (�20, �22) = (0.23, 0.07), i.e.,
(�2, �) = (0.25, 23�). This means that the ground state
of 96Zr is triaxial in TA-RS calculations, consistent with
the PES from Monte Carlo shell-model (MCSM) [88].
The rotational energy correction, defined as

Erot = E(MF)min � E(0+)min, (9)

is 4.89 MeV obtained by comparing the global energy
minima of the PES’s in Fig. 1(a) and Fig. 2(a).

The AS-RA 0+ PES is shown in Fig. 2(b). Compar-
ing with the corresponding mean-field PES Fig. 1(b),
we find that symmetry restoration leads to a ground
state with a much di↵erent shape. The 0+ state is
found at (�20, �30) = (0.01, 0.23) and Erot = 8.53
MeV. This projected 0+ state assumes a pure reflection-
asymmetric shape. This is similar to the conclusion
from the symmetry-conserving configuration mixing
calculations [46, 50], which found an enhanced oc-
tupole deformation accompanied by an almost zero �20.
Further, the 0+ PES is soft along the lines connecting
the ground state to the two saddle points on the �30 = 0
axis.

The third and/or fourth deformation degrees of free-
dom may also appear in the projected ground state of
96Zr. For simplicity, we next investigate the e↵ect of
other deformation degrees of freedom based on the TA-

RS and AS-RA PES’s, respectively. In Fig. 2(c), we
fix the values of �20 and �22 to the deformations of the
ground state in projected TA-RS calculations and calcu-
late the PES E(�30, �32). A single energy minimum is
found at (�20, �22, �30, �32) = (0.23, 0.07,�0.05, 0.10).
The rotational energy correction Erot = 7.56 MeV is
larger than that in TA-RS calculations, which means that
describing the ground state of 96Zr requires as many as
four deformation degrees of freedom. We interchange
the order of considering the deformations by perform-
ing the angular momentum and parity projections for
E(�20, �30) with AS-RA first and then for E(�22, �32).
The resulting PES is shown in Fig. 2(d). In this case,
the energy minimum is found at (�20, �22, �30, �32) =
(0.01, 0.06, 0.23, 0.00) and the rotational energy correc-
tion Erot is 9.46 MeV larger than that in the AS-RA
calculations. In comparison with the case in Fig. 2(c),
the true ground state of 96Zr can be found in Fig. 2(d)
because the latter case corresponds to a larger Erot.
Nevertheless, regardless of the order of considering the
quadrupole and octupole deformations in the variational
calculation to find the ground state, all deformations in
question should appear in the projected ground state of
96Zr. In comparison with the RHIC experiment [1], our
results suggest that the non-axial deformations should
also be taken into account in simulating the heavy-
ion collision data. On the theoretical side, for further
determination of the deformations of the ground state
of 96Zr, one needs to perform four-dimensional angular
momentum and parity projection calculations.

Figure 2: (Color online) The same as Fig. 1 but for the 0+ PES’s
obtained from the p-MDCRHB model. The �20 and �22 for the PES
in (c) is constrained as those values of the global energy minimum on
the PES in (a). The �20 and �30 for the PES in (d) is constrained as
those values of the global energy minimum on the PES in (b). The
insets in (c) and (d) show the shapes of the global energy minimum.

The 2+ and 3� states are typical excited states associ-
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Octupole correlations in collective excitations of neutron rich 
N=56 nuclei 

Interacting boson model based on the nuclear density functional theory 

K. Nomura, Phys. Rev. C 105, 054318 (2022)

Quadrupole octupole SCMF energy surface is mapped onto the equivalent surface 
in the system of interacting monopole s, quadrupole d and octupole f bosons  5

FIG. 2. Same as Fig. 1, but for the 92�100Zr, and 94�102Mo isotopes.

FIG. 3. Same as Fig. 1, but for the mapped sdf -IBM-2 potential energy surfaces for the 86�94Se, 88�96Kr, and 90�98Sr isotopes.

and �3 deformations but that are qualitatively similar to
the ones shown in Figs. 1 and 2, obtained with the in-
creased pairing strength V0 = 837 MeV fm3. In addition,
the same constrained RHB calculations but employing
the density-dependent meson-exchange (DD-ME2) func-
tional [81], another representative e↵ective interaction in
the relativistic EDF framework, give strikingly similar

mean-field results to those in the case of the DD-PC1
EDF.

Figures 3 and 4 show the mapped sdf -IBM-2 poten-
tial energy surfaces. As compared to the SCMF en-
ergy surfaces in Figs. 1 and 2, one notices that the basic
topology of the SCMF energy surface, up to typically 2
MeV excitation from the minimum, is reproduced by the

6

FIG. 4. Same as Fig. 4, but for the 92�100Zr, and 94�102Mo isotopes.

bosonic ones. One also finds that the sdf -IBM-2 energy
surfaces are flat for higher excitation energies associated
with large �2 and �3 deformations, in comparison to the
SCMF counterparts. This di↵erence illustrates that the
sdf -IBM-2 space consists of only limited number of va-
lence nucleons, while the SCMF model includes all nu-
cleon degrees of freedom.

B. Derived strength parameters

The derived sdf -IBM-2 strength parameters used for
the spectroscopic calculations on the considered Se, Kr,
Sr, Zr, and Mo nuclei are shown as functions of N in
Fig. 5. In Fig. 5(a) one sees that the single-d boson en-
ergy ✏d is mostly stable for 52 . N . 58, but gradu-
ally decreases along the Mo chain. A sudden drop from
N = 58 to 60 in the derived ✏d for the Sr and Zr iso-
topes is partly to account for the rapid structural change,
i.e., onset of strong deformation, suggested empirically in
these isotopic chains. The quadrupole-quadrupole inter-
action strength 2 generally decreases in magnitude as
the number of valence neutrons increases [cf. Fig. 5(b)].
The parameters �⌫ [Fig. 5(c)] and �⇡ [Fig. 5(d)] do not
show any strong dependence on N , except for the �⌫

value for the Mo isotopes. The positive (negative) sign of
the sum �⌫ + �⇡ determines whether a nucleus is oblate
(prolate) deformed. In many of the considered nuclei,
a weakly-deformed mean-field minimum occurs on the
oblate side, hence the value of the sum �⌫ + �⇡ here
has positive sign and small magnitude. The single f -
boson energy ✏f is here basically kept constant or made

only gradually change within the range 2.7 . ✏f . 3.0,
while it significantly decreases with N for the Mo isotopic
chain [Fig. 5(e)]. The value of the common parameter
�(= �0

⌫ = �0
⇡ = �00

⌫ = �00
⇡) in Fig. 5(f) is determined

according to the degree of �3 softness of the potential.
One sees that the derived � value is indeed large in mag-
nitude for 52 . N . 56 as compared to those nuclei
with N > 56 for most of the studied isotopic chains. For
the sake of simplicity, the octupole-octupole interaction
strength 3 = 0.12 MeV is here kept constant for all the
nuclei.

C. Systematics of low-energy spectra

Figure 6 compares the calculated low-energy spectra
for the positive-parity even-spin states 2+1 , 4

+
1 , and 6+1

of the considered nuclei with the experimental data [82].
One observes an overall reasonable agreement with the
data, except perhaps for the Zr isotopes. For the Se, Kr,
and Mo isotopes, both the theoretical and experimental
energy levels are gradually lowered with the increasingN .
The modest decrease of the calculated yrast spectra, from
94Kr to 96Kr in particular, suggests a smooth onset of de-
formation in agreement with the experiment [87]. For the
Sr and Zr isotopic chains the present calculation gives
a more rapid decrease of these states. One notices, in
the corresponding experimental spectra in Figs. 6(c) and
6(d), a pronounced peak at the neutron number N = 56.
This indicates the e↵ect of the neutron N = 56 sub-shell
gap due to the filling in the ⌫d5/2 orbital, which is even
more enhanced for the Zr nuclei corresponding to the
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FIG. 13. Same as Fig. 10, but for the N = 56 isotones (a) 90Se, (b) 94Sr, (c) 96Zr, and (d) 98Mo. The experimental data are
taken from Refs. [84] (90Se), [83] (94Sr), [82] (96Zr), and [10, 93] (98Mo).

sonable description of the experimental data.

The electromagnetic transition properties of the low-
lying states in 96Zr computed by the mapped sdf -IBM-2
Hamiltonian are shown in Table III, together with the
experimental data [82, 91]. Some disagreements between
the calculated and experimental E2 transition properties
for 96Zr, especially those related to the positive-parity
states, are mainly due to the lack of the intruder config-
uration in the model. The predicted B(E3) values for
the transitions from the odd-spin negative-parity states
are noticeably large, particularly, for the �I = 1 E3

transitions.

The predicted low-energy spectrum for 98Mo, shown
in Fig. 13(d), is basically similar to the one for 96Zr.
Comparing with the experimental data [10, 82, 93], the
predicted K = 0+1 band suggests a slightly stronger
quadrupole collectivity with the ratio R4/2 = 2.58.
The calculated 0+2 excitation energy Ex(0

+
2 ) = 2178

keV is much higher than the experimental counterpart
Ex(0

+
2 ) = 735 keV. Experimentally, the 0+2 state is also

the first excited state of 98Mo. As already remarked, the
0+2 level could be lowered by the inclusion of the config-

The model needs to be extended so 
that is simultaneously handles the 
octupole boson degrees of freedom, 
the triaxial deformation, the intruder 
states and configuration mixing. 



Summary

✔ NEDFs provide an economic, global and accurate microscopic approach to 
nuclear structure that can be extended from relatively light systems to superheavy 
nuclei, and from the valley of β-stability to the particle drip-lines.

✔ NEDF-based structure models that take into account collective correlations → 
microscopic description of low-energy observables: excitation spectra, transition 
rates, changes in masses, isotope and isomer shifts, related to shell evolution with 
nuclear deformation, angular momentum, and number of nucleons. 

✔ NEDF-based models are applicable to large-scale calculations 


