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Convivencia con otros logos actuales de las facultades

Cuando la marca principal de la UAM vaya 
acompañada únicamente del logotipo sin  
el símbolo de las facutades, la distancia  
y proporciones entre ambas son las mostradas  
en esta página.

El criterio general a respetar en todos los casos  
es que la marca de la Universidad debe prevalecer 
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Recurso gráfico. «La vela» 

La forma geométrica —polígono— conocida como «la vela» es un recurso de continuidad  
en la imagen de la UAM que se asocia a la «A» del logo como acento sugerido. Hace referencia 
también a la situación geográfica del campus de Cantoblanco en la zona nordeste de Madrid.

Este recurso se puede utilizar también como acompañamiento en otro tipo de soportes  
como portadas de publicaciones, carteles y cabeceras en la web, pero siempre en la misma 
situación: zona superior derecha de la superficie y con una utilización libre del color en función 
del contraste y la entonación cromática de la pieza donde se integre.
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2. Gogny  EDFs

• The intrinsic shape of the nuclear states is not a direct observable, but... 

• Intrinsic nuclear shapes can be inferred from the experimental data (energies and 
electromagnetic moments and transitions) by comparison with the predictions given by 
geometrical (simple) models. 

P. Ring and P. Schuck, The Nuclear Many-Body Problem 

Introduction
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2. Gogny  EDFs

Positive and negative parity interleaved bands 
as rotational states of octupole shapes

• The intrinsic shape of the nuclear states is not a direct observable, but... 

• Intrinsic nuclear shapes can be inferred from the experimental data (energies and 
electromagnetic moments and transitions) by comparison with the predictions given by 
geometrical (simple) models. 

Introduction

P. A. Butler, W. Nazarewicz, Rev. Mod. Phys. 68, 349 (1996)
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2. Gogny  EDFs

axial quadrupole shapes P. A. Butler, W. Nazarewicz, Rev. Mod. Phys. 68, 349 (1996)

• Collective models are based on the parametrization of the nuclear radius with 
a multipole expansion

Introduction
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2. Gogny  EDFs

axial quadrupole shapes P. A. Butler, W. Nazarewicz, Rev. Mod. Phys. 68, 349 (1996)

 Can we provide a microscopic description of these 
collective phenomena?

Introduction



1. Introduction 2.2. Triaxial 3. Summary 2.1. Axial

EMMI RRTF Heidelberg  | May 2022 | Gogny energy density functional | Tomás R. Rodríguez

2.3. Cranking

8 mm

pág. 17

Se muestran en esta página las reducciones 
máximas recomendadas para la marca UAM  
a fin de conservar la legibilidad necesaria.

Reducciones máximas de la marca

Manual Técnico de Identidad Visual Corporativa de la UAM

2. Gogny  EDFs

The nuclear many-body problem is…

Introduction

a huge problem!

- The nuclear interaction is problematic

- The quantum A-body system is problematic

We rely on models!
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2. Gogny  EDFs

Let us assume that we know the nuclear interaction. Exact nuclear wave functions 
and energies cannot be obtained in general because of:

a) the exploding dimensionality of the many-body Hilbert space

b) the huge amount of two-, three- (eventually, N-) body matrix 
elements that are impossible to store

Some of the most widely used solutions to attack these problems:

• Valence-space (Shell Model) calculations with 
phenomenological (or normal-ordered, SRG evolved) two-body 
Hamiltonians 

• Approximate methods (variational) with phenomenological 
interactions (or energy density functionals) 

Introduction

??
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2. Gogny  EDFs

• Valence-space (Shell Model) calculations with phenomenological 
(or normal-ordered, SRG evolved) two-body Hamiltonians 

Full diagonalization of the adapted Hamiltonian within 
a valence space 

Ĥv.s.| n
v.s.i = En | n

v.s.i

| n
v.s.i =

X

k2 v.s.

Cn
k |�ki

Wave functions are linear combinations of Slater 
determinants written in terms of occupations of spherical 
orbits

|�1i = |�2i = |�3i = …

Full diagonalization of an adapted Hamiltonian within a valence space 

Full diagonalization of the adapted Hamiltonian within 
a valence space 

Ĥv.s.| n
v.s.i = En | n
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Wave functions are linear combinations of Slater 
determinants written in terms of occupations of spherical 
orbits
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Full diagonalization of the adapted Hamiltonian within 
a valence space 

Ĥv.s.| n
v.s.i = En | n

v.s.i

| n
v.s.i =

X

k2 v.s.

Cn
k |�ki

Wave functions are linear combinations of Slater 
determinants written in terms of occupations of spherical 
orbits

|�1i = |�2i = |�3i = …

Nuclear wave functions are linear combinations of Slater determinants written in terms of 
occupations of spherical orbits

Introduction
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Let us assume that we know the nuclear interaction. Exact nuclear wave functions 
and energies cannot be obtained in general because of:

a) the exploding dimensionality of the many-body Hilbert space

b) the huge amount of two-, three- (eventually, N-) body matrix 
elements that are impossible to store
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2. Gogny  EDFs

  Effective nucleon-nucleon interaction: Gogny force (D1S/D1M)

V (1, 2) =
2�

i=1

e�(⌥r1�⌥r2)
2/µ2

i (Wi + BiP
⇥ �HiP

⇤ �MiP
⇥P ⇤ )

+iW0(⇥1 + ⇥2)⌥k ⇥ �(⌥r1 � ⌥r2)⌥k

+t3(1 + x0P
⇥)�(�r1 � �r2)⇥� ((�r1 + �r2)/2)

+VCoulomb(⌅r1,⌅r2) 2-body potential

Density dependent term

Introduction
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2. Gogny  EDFs

Tomás R. RodríguezConvergence and correlations in nuclear masses calculated with energy density functional methodsBad Honnef 2013

Microscopic mass models

• Self-consistent mean field 
approximations provide a very 
good description of known data.

Comparison with experimental masses

σ(2149M)=577keV
Audi et al. (2003)

σ(HFB20)  σ(HFB21)   σ(FRDM)

434 masses (36≤Z≤85, p-rich) at GSI (2005)  397 keV     388 keV       429 keV

119 masses (28≤Z≤46, n-rich) at JYFLTRAP (2009) 453 keV     625 keV       694 keV

-4

-2

0

2

4

0 20 40 60 80 100 120 140 160
!

M
 [

M
e
V

]

N

M(exp)-M(HFB20)

Z=82

M(exp)-M(HFB21)

Goriely et al., PRL 102, 152503 (2009)

the final charge radius being estimated by r2th ¼
r2MF þ !r2quad. Note that the quadruple corrections are cal-

culated for even-even nuclei only and interpolated from
those for the others. For closed shell nuclei, the Gaussian
overlap approximation used within the 5DCH approach
gives erroneous negative corrections. For those nuclei,
the correction is therefore set to zero.

The total binding energy reads Eth ¼ Eaxial þ!Equad þ
!E1 where in addition to the quadrupole correlations, an
infinite-basis correction !E1 is introduced due to the
limitation of the number of major shells included in the
axially symmetric calculation. The same procedure as
described in Ref. [10] is followed to estimate !E1. If the
energy Eaxial obtained with the axial code using N & 14
major shells can be determined within a reasonable com-
putation time, this is not the case for both!E1 and!Equad.
Therefore, to avoid intractable calculations, the adjustment
of the Gogny force parameters to reproduce at best the
experimental masses is not performed by systematically
calculating these correction terms. Instead, the computa-
tional scheme described below is followed.

Fitting strategy.—A mass fit entails that every nucleus
that is included in the fit has to be calculated many times
over. Making a direct fit with a deformed HF code to all of
the more than 2000 measured masses imposes a very
serious strain on one’s computer facilities, so that in prac-
tice, a specific strategy needs to be followed, especially in
view of the large number of free parameters (typically 14)
and the many observables that need to be fitted. The Gogny
effective nuclear interaction (plus spin-orbit term) is ex-
pressed [11] as

Vð1; 2Þ ¼
X

j¼1;2

e%ð~r1%~r2Þ2=!2
j ðWj þ BjP" %HjP#

%MjP"P#Þ þ t0ð1þ x0P"Þ$ð ~r1 % ~r2Þ

&
!
%
"
~r1 þ ~r2

2

#$
&
þ iWLSr

 
12$ð~r1 % ~r2Þ

& ~r12:ð ~"1 þ ~"2Þ; (3)

where P" (P#) is the two-body spin- (isospin-) exchange
operator. From the 14 interaction parameters, it is possible
to express [12] the parameters of symmetric infinite nu-
clear matter (INM) at the equilibrium density %0 [or equiv-

alently the Fermi momentum kF ¼ ð3=2'2%0Þ1=3], namely,
the energy per nucleon av, the symmetry coefficient J, the
effective mass m', and the incompressibility coefficient
Kv. These five parameters are explicitly introduced in the
fits instead of 5 of the Gogny force parameters. Starting
from a trial force providing a first estimate of !Equad and
!E1, the following 3-step reiterative procedure is adopted:

(i) The 5 INM parameters as well as the spin-orbit
parameter WLS are adjusted through an automatic optimi-
zation procedure to minimize the rms deviation with re-
spect to experimental masses [4]; the 5 INM parameters
are, however, kept within their corresponding experimental
ranges [5,8].
(ii) The remaining parameters (only the & and x0 pa-

rameters are kept fixed) are manually adjusted to optimize
quantitatively the rms deviation with respect to known
charge radii [13] (in practice, this corresponds essentially
to a modification of kF) and qualitatively to the energy
density curves of the infinite neutron matter (to agree with
the realistic calculation of [14]) and symmetric matter in
the four spin-isospin channels to agree with [15]. Any
modification at this stage is fed back into step (i) to ensure
an optimum mass prediction.
(iii) As soon as an acceptable reproduction of all the

above-mentioned observables is achieved, the !Equad and
!E1 correction energies are reestimated and the new force
is fed back into step (i). A new iteration cycle begins until
all the conditions are properly fulfilled with one unique
force.
Results.—The parameters of our final Gogny force,

called D1M, are given in Table I and the corresponding
INM parameters in Table II. The deviations between all the

TABLE I. Values of the D1M interaction parameters.

i Wi Bi Hi Mi !i

[MeV] [MeV] [MeV] [MeV] [fm]

1 %12 797:57 14 048.85 %15 144:43 11 963.89 0.50
2 490.95 %752:27 675.12 %693:57 1.00

t0 x0 & WLS

[MeV fm4] [MeV fm5]
1562.22 1 1=3 115.36

TABLE II. INM parameters for D1M at equilibrium density
%0. G0 and G00 are the corresponding Landau parameters [12].

%0 [fm%3] av [MeV] J [MeV] m'=m Kv [MeV] G0 G00

0.165 %16:026 28.554 0.746 225.0 %0:013 0.711

FIG. 1. Differences between measured [4] and D1M masses,
as a function of the neutron number N.

PRL 102, 242501 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
19 JUNE 2009

242501-2

Goriely et al., PRL 102, 242501 (2009)
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• There are still some problems 
in transitional regions and local 
uncertainties:

- Numerical noise.
- Some physics missing: 
Restoration of broken 
symmetries and configuration 
mixing.
- Nuclei with odd number of 
protons/neutrons are not 
treated in equal footing as the 
even-even ones

2. Convergence and numerical noise 3. Beyond mean field effects1. Introduction 4. Summary and outlook

Introduction
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2. Gogny  EDFs

• Approximate methods (variational) with phenomenological 
interactions (or energy density functionals) 

| i
E1 = h 1|Ĥ| 1i

E2 = h 2|Ĥ| 2i

Emin = h min|Ĥ| mini

hĤi

Variational approach to the exact solution

Variational space of trial 
wave functions

Hamiltonian machine

Introduction
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2. Gogny  EDFs

• Approximate methods (variational) with phenomenological 
interactions (or energy density functionals) 

Mean field approach Beyond mean field 
approach

X

q

f(q)|HFB(q)i|HFBi
|HFi

| i
Full Variational space of trial wave functions Hartree-Fock HF-Bogoliubov Configuration Mixing

Variational spaces

Introduction
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2. Gogny  EDFs

linear combination coefficients of the 
linear combination

“basis” states

<latexit sha1_base64="KLhSbsoob3cc6DdkEcySuQ6kEw4="></latexit>

| JMNZ⇡
� i =

X

qK

fJMNZ⇡
�;qK P J

MKPNPZP⇡|�(q)i

• Nuclear wave functions wave functions: Generator Coordinate Method (GCM) ansatz

<latexit sha1_base64="Yj+jTIMgmZaXK5lQt26Fbo1NzAQ=">AAAB+nicbVDLSsNAFJ34rPUVdeHCzWAR6qYkRdRl0YUiKBXsA5tQJtPbduhMEmcmhRL7M7oSdedn+AP+jdPahbae1bn3nAv3nCDmTGnH+bLm5hcWl5YzK9nVtfWNTXtru6qiRFKo0IhHsh4QBZyFUNFMc6jHEogIONSC3vlIr/VBKhaFd3oQgy9IJ2RtRok2q6a9610QIQj24CFhfZy/ur6592J22LRzTsEZA88Sd0JyaIJy0/70WhFNBISacqJUw3Vi7adEakY5DLNeoiAmtEc60DA0JAKUn44DDPFBO5JYdwGP59/elAilBiIwHkF0V01ro+V/WiPR7VM/ZWGcaAipsRitnXCsIzzqAbeYBKr5wBBCJTNfYtolklBt2sqa+O502FlSLRbc40Lx9ihXOpsUkUF7aB/lkYtOUAldojKqIIqG6Bm9oXfr0XqyXqzXH+ucNbnZQX9gfXwDx9eS9w==</latexit>
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Theoretical framework
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2. Gogny  EDFs
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| JMNZ⇡
� i =

X

qK

fJMNZ⇡
�;qK P J

MKPNPZP⇡|�(q)i

coefficients of the 
linear combination

• Nuclear wave functions wave functions: Generator Coordinate Method (GCM) ansatz

The coefficients are obtained by minimizing the expectation value of the Hamiltonian 
(energy) with those coefficients as the variational parameters:

Hill-Wheeler-
Griffin (HWG) 

equation

<latexit sha1_base64="fLR0jM/flYG561nANqvGgYYV6EM="></latexit>

H
�
qK,q0K0 = h�(q)|ĤP

J
KK0P

N
P

Z
P

⇡
|�(q0)i,

N
�
qK;q0K0 = h�(q)|P J

KK0P
N
P

Z
P

⇡
|�(q0)i

Hamiltonian and norm kernels

<latexit sha1_base64="Yj+jTIMgmZaXK5lQt26Fbo1NzAQ=">AAAB+nicbVDLSsNAFJ34rPUVdeHCzWAR6qYkRdRl0YUiKBXsA5tQJtPbduhMEmcmhRL7M7oSdedn+AP+jdPahbae1bn3nAv3nCDmTGnH+bLm5hcWl5YzK9nVtfWNTXtru6qiRFKo0IhHsh4QBZyFUNFMc6jHEogIONSC3vlIr/VBKhaFd3oQgy9IJ2RtRok2q6a9610QIQj24CFhfZy/ur6592J22LRzTsEZA88Sd0JyaIJy0/70WhFNBISacqJUw3Vi7adEakY5DLNeoiAmtEc60DA0JAKUn44DDPFBO5JYdwGP59/elAilBiIwHkF0V01ro+V/WiPR7VM/ZWGcaAipsRitnXCsIzzqAbeYBKr5wBBCJTNfYtolklBt2sqa+O502FlSLRbc40Lx9ihXOpsUkUF7aB/lkYtOUAldojKqIIqG6Bm9oXfr0XqyXqzXH+ucNbnZQX9gfXwDx9eS9w==</latexit>
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Theoretical framework



1. Introduction 2.2. Triaxial 3. Summary 2.1. Axial

EMMI RRTF Heidelberg  | May 2022 | Gogny energy density functional | Tomás R. Rodríguez

2.3. Cranking

8 mm

pág. 17

Se muestran en esta página las reducciones 
máximas recomendadas para la marca UAM  
a fin de conservar la legibilidad necesaria.

Reducciones máximas de la marca

Manual Técnico de Identidad Visual Corporativa de la UAM

2. Gogny  EDFs

“basis” states

<latexit sha1_base64="KLhSbsoob3cc6DdkEcySuQ6kEw4="></latexit>

| JMNZ⇡
� i =

X

qK

fJMNZ⇡
�;qK P J

MKPNPZP⇡|�(q)i

• Nuclear wave functions wave functions: Generator Coordinate Method (GCM) ansatz

<latexit sha1_base64="Yj+jTIMgmZaXK5lQt26Fbo1NzAQ=">AAAB+nicbVDLSsNAFJ34rPUVdeHCzWAR6qYkRdRl0YUiKBXsA5tQJtPbduhMEmcmhRL7M7oSdedn+AP+jdPahbae1bn3nAv3nCDmTGnH+bLm5hcWl5YzK9nVtfWNTXtru6qiRFKo0IhHsh4QBZyFUNFMc6jHEogIONSC3vlIr/VBKhaFd3oQgy9IJ2RtRok2q6a9610QIQj24CFhfZy/ur6592J22LRzTsEZA88Sd0JyaIJy0/70WhFNBISacqJUw3Vi7adEakY5DLNeoiAmtEc60DA0JAKUn44DDPFBO5JYdwGP59/elAilBiIwHkF0V01ro+V/WiPR7VM/ZWGcaAipsRitnXCsIzzqAbeYBKr5wBBCJTNfYtolklBt2sqa+O502FlSLRbc40Lx9ihXOpsUkUF7aB/lkYtOUAldojKqIIqG6Bm9oXfr0XqyXqzXH+ucNbnZQX9gfXwDx9eS9w==</latexit>

� ⌘ (JMNZ⇡)

<latexit sha1_base64="1DRJLNhP0xzu4ZlUGCwLhh98R8k=">AAACN3icbVA7T8MwGHR4lvAKMLJEVCCmKqkQMFawIBCoSH2JJkSO6zZWnTiyHVAV5YfBb+APMMGEgI1/gFsy0MdN57uz9N35MSVCWtarNje/sLi0XFjRV9fWNzaNre2GYAlHuI4YZbzlQ4EpiXBdEklxK+YYhj7FTb9/PvSbD5gLwqKaHMTYDWEvIl2CoFSSZ9Sq9+ll5qXXV5nDSS+QkHP2eOA4ujJuZmh3MzQnJmOqZxStkjWCOU3snBRBjqpnvDgdhpIQRxJRKETbtmLpppBLgijOdCcROIaoD3u4rWgEQyzcdNQ+M/e7jJsywObo/T+bwlCIQeirTAhlICa9oTjLayeye+qmJIoTiSOkIsrrJtSUzByOaHYIx0jSgSIQcaKuNFEAOURSTa2r+vZk2WnSKJfs41L59qhYOcuHKIBdsAcOgQ1OQAVcgCqoAwSewTv4At/ak/amfWiff9E5Lf+zA8ag/fwC3zGtrw==</latexit>

P J
MK !
PN !
PZ !
P⇡ !

angular momentum projector

neutron number projector

proton number projector

spatial parity projector

J
M

K

3

z

Theoretical framework
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2. Gogny  EDFs

“basis” states

<latexit sha1_base64="KLhSbsoob3cc6DdkEcySuQ6kEw4="></latexit>

| JMNZ⇡
� i =

X

qK

fJMNZ⇡
�;qK P J

MKPNPZP⇡|�(q)i

• Nuclear wave functions wave functions: Generator Coordinate Method (GCM) ansatz

<latexit sha1_base64="Yj+jTIMgmZaXK5lQt26Fbo1NzAQ=">AAAB+nicbVDLSsNAFJ34rPUVdeHCzWAR6qYkRdRl0YUiKBXsA5tQJtPbduhMEmcmhRL7M7oSdedn+AP+jdPahbae1bn3nAv3nCDmTGnH+bLm5hcWl5YzK9nVtfWNTXtru6qiRFKo0IhHsh4QBZyFUNFMc6jHEogIONSC3vlIr/VBKhaFd3oQgy9IJ2RtRok2q6a9610QIQj24CFhfZy/ur6592J22LRzTsEZA88Sd0JyaIJy0/70WhFNBISacqJUw3Vi7adEakY5DLNeoiAmtEc60DA0JAKUn44DDPFBO5JYdwGP59/elAilBiIwHkF0V01ro+V/WiPR7VM/ZWGcaAipsRitnXCsIzzqAbeYBKr5wBBCJTNfYtolklBt2sqa+O502FlSLRbc40Lx9ihXOpsUkUF7aB/lkYtOUAldojKqIIqG6Bm9oXfr0XqyXqzXH+ucNbnZQX9gfXwDx9eS9w==</latexit>

� ⌘ (JMNZ⇡)

Intrinsic (HFB-like, Bogoliubov quasiparticle vacuum) state:
<latexit sha1_base64="wHIGBHZr86G+XfopN4WRYmptWbw=">AAACKXicbVDJSgNBFOxxjXGLevQyGISIEGaCqBchKIjHCGaBTBzedF6SJj2L3T1CGOaL9FO86Mnt5o/YiUFiYh2aelX1oOt5EWdSWdabMTe/sLi0nFnJrq6tb2zmtrZrMowFxSoNeSgaHkjkLMCqYopjIxIIvsex7vUvhn79HoVkYXCjBhG2fOgGrMMoKC25uUvHQwW3idOGbhdF6iZeWrg7OHNk7LsJpFX9jBQ6mYH0sPZrDEc3l7eK1gjmLLHHJE/GqLi5J6cd0tjHQFEOUjZtK1KtBIRilGOadWKJEdA+dLGpaQA+ylYy6pua+51QmKqH5miezCbgSznwPZ3xQfXktDcU//OaseqcthIWRLHCgOqI9joxN1VoDs9mtplAqvhAE6CC6V+atAcCqNLHzer69nTZWVIrFe3jYun6KF8+Hx8iQ3bJHikQm5yQMrkiFVIllDySF/JBPo0H49l4Nd5/onPGeGeH/IHx9Q3C9KgY</latexit>

�†
b (q) =

X

a

Uab(q)c
†
a + Vab(q)ca

<latexit sha1_base64="XM1nLKpy5SVm40AX952LyxlMUZ4="></latexit>

|�(q)i ! �b(q)|�(q)i = 0 8 b

<latexit sha1_base64="oSkWKxMIRJy6wXkxzt6aTGj/S/U="></latexit>

E
0
HFB

[|�(q)i] = h�(q)|Ĥ � �N N̂ � �ZẐ � �qQ̂|�(q)i

E
0
PNVAP

[|�(q)i] = h�(q)|ĤP
N
P

Z |�(q)i
h�(q)|PNPZ |�(q)i � h�(q)|�qQ̂|�(q)i

We minimize the functionals

or

<latexit sha1_base64="AknlQUBHO0vDzdr3wuWga6Tloqc=">AAAB7nicbZDNTgIxFIXv+Iv4h7p000hMXJEZYtQl0Y1LTOQngQnplA7T0JkO7R0NIbyGroy682F8Ad/GgrNQ8Ky+3nOa3HODVAqDrvvlrKyurW9sFraK2zu7e/ulg8OmUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxjezPzWA9dGqOQexyn3YzpIRCgYRTvyR10tBhFSrdUj6ZXKbsWdiyyDl0MZctV7pc9uX7Es5gkySY3peG6K/oRqFEzyabGbGZ5SNqQD3rGY0JgbfzJfekpOQ6UJRpzM37+zExobM44Dm4kpRmbRmw3/8zoZhlf+RCRphjxhNmK9MJMEFZl1J32hOUM5tkCZFnZLwiKqKUN7oaKt7y2WXYZmteJdVKp35+XadX6IAhzDCZyBB5dQg1uoQwMYjOAZ3uDdSZ0n58V5/YmuOPmfI/gj5+MbzP+Pzg==</latexit>

q !Constraints quadrupole deformations; octupole deformations; pairing fluctuations; intrinsic rotations

Theoretical framework
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2. Gogny  EDFs

 (M. Anguiano et al., Nucl. Phys. A 683, 227 (2001))• Initial intrinsic states: PN-VAP M. Anguiano, J. L. Egido, and L. M. Robledo, Nucl. Phys. A 696, 467 (2001).

E
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h�|Ĥ2bP̂
N
P̂

Z |�i
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DD (�)� �q20h�|Q̂20|�i

• Intermediate Particle Number and Angular Momentum Projected states
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Gogny EDF axial

http://dx.doi.org/10.1016/S0375-9474(01)01219-2
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2. Gogny  EDFs

Gogny EDF axial

First step: Particle Number Projection (before 
the variation) of HFB-type wave functions.

Total Energy Surface

Axial calculations 24Mg
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PN-VAP

|�N,Z(�)i = PNPZ |�(�)i ) EN,Z(�)
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2. Gogny  EDFs

 Second step: Simultaneous Particle Number 
and Angular Momentum Projection
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β

0
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E 
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PN-VAP

I=0
I=2
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Total Energy Surface

Axial calculations 24Mg

|�IM ;NZ(�)i = P I
00P

NPZ |�(�)i ) EI,N,Z(�)

Gogny EDF axial
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2. Gogny  EDFs
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(b)

 Third step: Configuration mixing within the GCM 
framework

Configuration mixing

Hill-Wheeler-Griffin equations

- Energy spectrum 
- Observables (mass, radius, B(E2), etc.)  
- Distribution of probability for each state 
(collective w.f.)

Axial calculations 24Mg
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Gogny EDF axial
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2. Gogny  EDFs

 (M. Anguiano et al., Nucl. Phys. A 683, 227 (2001))• Initial intrinsic states: PN-VAP
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• Intermediate Particle Number and Angular Momentum Projected states
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M. Anguiano, J. L. Egido, and L. M. Robledo, Nucl. Phys. A 696, 467 (2001).

Gogny EDF triaxial (TRSC)

http://dx.doi.org/10.1016/S0375-9474(01)01219-2
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2. Gogny  EDFs

E
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Triaxial calculations 24Mg

T. R. R., J. L. Egido, PRC 81, 064323 (2010)0
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• Symmetry corresponding to the 
different orientation of the axes 

• All configurations are included 
between γ∈[0º,60º]

Gogny EDF triaxial (TRSC)
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2. Gogny  EDFs

- Minimum displaced to triaxial shapes. 

- Projection onto odd I angular momentum 

- Softening of PES with increasing I. 

- Difference between triaxial minimum and axial saddle point of 
~ 0.7 MeV (0+) 
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2. Gogny  EDFs

- Axial ground state rotational 
band 
- Second band associated to a 
gamma band 
-Third band with shape mixing 

Configuration mixing within the framework of 
the Generator Coordinate Method (GCM). 
K and deformation mixing
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h�|Ĥ2bP̂
N
P̂

Z |�i
h�|P̂N P̂Z |�i

� "
N,Z
DD (�)� �q20h�|Q̂20|�i � �q22h�|Q̂22|�i � !h�|Ĵx|�i
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2. Gogny  EDFs

Example: 32Mg; Effect on the excitation energies
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M. Borrajo, T.R.R, J.L. Egido, PLB 746, 341 (2015) 
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2. Gogny  EDFs

M. Borrajo, T.R.R, J.L. Egido, PLB 746, 341 (2015) 
T. R. R. Eur. Phys. J. A 52, 190 (2016). 
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well described in all 
approaches. 
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2. Gogny  EDFs

• Initial intrinsic states: PN-VAP

E [�] = h�|Ĥ2b|�i+ "
N,Z
DD (�)� �N h�|N̂ |�i � �Zh�|Ẑ|�i � �q20h�|Q̂20|�i � �q30h�|Q̂30|�i

• Intermediate Parity, Particle Number and Angular Momentum Projected states
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2. Gogny  EDFs

Example: 144Ba axial calculations
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2. Gogny  EDFs

Example: 144Ba axial calculations
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Example: 144Ba axial calculations

R. Bernard, L. M. Robledo, T. R. R., PRC  (2016) 
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2. Gogny  EDFs

correlations between matrix elements. In most cases, the
uncertainty was primarily limited by the lack of statistics
in the measured yields due to the low radioactive beam
intensity.
As anticipated, the extracted E1 matrix elements did not

display much sensitivity to the data; as mentioned above,
the dipole strength was known to be small from earlier
work [7–9] and, in fact, the only observed γ rays from E1
decays in the present measurement came from the 3− and
5− states. Moreover, the relative sign between the intrinsic
E1 and E3 moments was found to also be insensitive to the
data. On the other hand, a number of new E2 and E3matrix
elements were well determined from the data (Table I).
The most significant result obtained here is the ground-

state E3matrix element jh3−1 ∥M̂E3∥0þ1 ij; it is determined to

be 0.65ðþ14
−20 Þ eb

3=2 and reflects the amplitude of octupole

deformation present in the ground state [1]. This value
corresponds to a BðE3; 3− → 0þÞ reduced transition prob-

ability of 48ðþ21
−29 Þ W:u:, which is essentially the same

as the value of 48ðþ25
−34 Þ W:u: reported recently for 144Ba

[15]. This new result supports the long-standing prediction
that 146Ba is indeed one of the isotopes with strong octupole
collectivity [24].
The persistence of this strong collectivity between

144Ba88 and 146Ba90 confirms that the drastic reduction
in electric dipole moment between the two isotopes is not
the result of quenched octupole strength, as suggested by

the high-spin behavior of 146Ba. The sudden band align-
ments in 146Ba pointed out in Ref. [9] are then most likely
the result of a crossing between yrast and yrare bands
predicted in this mass region sometime ago [28,29]. It
should be noted that alternative explanations have also been
proposed. These include a transition to a more reflection-
symmetric shape at moderate spin [30], and a description
in terms of a condensate of rotationally aligned octupole
phonons [31,32]. Concerning the latter, however, it should
be mentioned that while the interleaved sequences of
opposite parity are consistent with the proposed picture,
the absence of strong E1 linking transitions associated with
multioctupole phonon excitations at higher spins is not.
Over the past three decades, extensive theoretical efforts

have been devoted to understanding the variation of the E1
transition strengths observed in nuclei near 146Ba and 224Ra
[33–41]. It is generally believed that the observations are
the result of the relation between octupole collectivity and
the nonuniform distribution of protons and neutrons. This
was first shown within the framework of a macroscopic-
microscopic approach where the experimental E1 transition
strengths could be described [33,37]. Early self-consistent
Hartree-Fock-Bogoliubov (HFB) calculations with the
Gogny interaction were also able to reproduce the very
low values of the dipole moment D0 in 224Ra and 146Ba
[36,38]. However, all of these models predicted that the
nuclei under study are reflection asymmetric, and argued
that this is at the core of the observed variations. Thus, the
recently measured strong octupole collectivity in 144Ba [15]
and 146Ba (Table I) provides an important validation of this
interpretation.
More recently, microscopic self-consistent methods have

been improved by including beyond-mean-field correla-
tions. These developments provide an explanation of the
microscopic origin of octupole collectivity and study the
impact of octupole correlations on both ground-state
properties and electromagnetic transitions. To explore in
146Ba this phenomenon of a strong octupole collectivity
accompanied by a much reduced electric dipole moment,
a theoretical model based on mean field HFB intrinsic
wave functions has been used with a symmetry-conserving
configuration-mixing method (SCCM). The model
assumes that only the axially symmetric quadrupole
(Q20) and octupole (Q30) degrees of freedom are relevant
(collectively referred to as Q). A set of constrained HFB
states jQi, subsequently projected onto good angular
momentum, parity, and particle number (the corresponding
states are denoted as jΦJ;πðQÞi) is used as a variational
subspace. Linear combinations of the above states jΨJ;π

σ i ¼P
Qf

J;π
σ ðQÞjΦJ;πðQÞi are used in the spirit of the generator

coordinate method (GCM) to obtain the low-lying collec-
tive spectrum (see Ref. [23] for a recent account and an
application to 144Ba). The interaction generating the intrin-
sic states is the well-known Gogny D1S force [42]. The

TABLE I. The experimental jhIπf∥M̂λ∥Iπi ij matrix elements
(e · bλ=2) based on the GOSIA fit along with new symmetry-
conserving configuration-mixing calculations (see text and
Ref. [23] for details).

Iπi → Iπf Eλ Experimental SCCM

0þ → 1− E1
0.000223

!
10
−8

"
a 0.00474

1− → 3− E2 1.2(5) 1.6
0þ → 2þ E2 1.17(2) a 1.14
2þ → 4þ E2 1.97(14) 1.90
4þ → 6þ E2

2.35
!þ20
−24

" 2.43

6þ → 8þ E2
2.17

!þ65
−33

" 2.90

0þ → 3− E3
0.65

!þ14
−20

" 0.54

2þ → 5− E3
1.01

!þ61
−20

" 0.87

4þ → 7− E3
1.25

!þ85
−34

" 1.11

6þ → 9− E3
1.5

! þ8
−12

"

aPrimarily determined by previous lifetime and/or branching ratio
data [10].

PRL 118, 152504 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

14 APRIL 2017

152504-3

Results: Transition probabilities.

B. Bucher et al., PRL 118, 152504 (2017). 
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most the same spacing between the levels. Including on
the same footing axial quadrupole and octupole degrees
of freedom (Fig. 3(c)) we observe a stretching of the pos-
itive parity band and a negative parity band similar to
the one obtained with �3 as the collective coordinate.
Nevertheless, the absolute energies of the yrast states
obtained in the 2D-GCM calculations are significantly
the lowest among the three SCCM calculations, showing
that the 2D-GCM calculation is better from the varia-
tional point of view. In particular, ground state energies
calculated with 1D-GCM-�2, 1D-GCM-�3 and 2D-GCM-
(�2,�3) are �1185.931, �1186.709 and �1187.547 MeV,
respectively.

Comparing the theoretical results with the experimen-
tal data we observe first that only the 2D-GCM calcu-
lations can reproduce the relative position of the exper-
imental levels (Fig. 3(d)). For instance, in the 1D-GCM
results, the 1� state is below the 4+ state in Fig.3(a)
and the 7� is above the 8+ in Fig. 3(b). Additionally,
although the 2+ and 4+ energies are reasonably well
reproduced by these two 1D-calculations, these bands
have a stronger rotational character than the experimen-
tal one and the agreement with the experiment is lost
for larger values of J+. Finally, the experimental neg-
ative parity band is more compressed than those ob-
tained with the present calculations and the energy of
the band head state is well reproduced both by the 1D-
GCM-�3 and 2D-GCM-(�2,�3) calculations. It is impor-
tant to point out that a fully quantitative agreement with
the experimental data cannot be expected within the
present framework because neither triaxial (K-mixing)
nor time-reversal symmetry breaking (cranking) intrin-
sic wave functions are considered. As a consequence, the
ground state is better explored variationally than the ex-
cited states and gains more correlation energy producing
the stretching of the spectrum. Including triaxial crank-
ing intrinsic states would thus produce a compression of
the calculated spectrum, and a better quantitative agree-
ment with the experiments [28, 29, 32]. However, these
major improvements of the SCCM method are out of the
scope of the present work.

The main advantage of the wave functions projected
to good angular momentum is that they allow a pre-
cise calculation of electromagnetic transition strengths
without assuming the validity of the rotational approxi-
mation often used to relate intrinsic multipole moments
with those transition strengths. The rotational approx-
imation is valid in the strong deformation limit, which
is not reached for many of the relevant configurations
in the present calculation. This might lead to substan-
tial qualitative deviations in the evaluation of transition
strengths [37]. In table I we compare our SCCM re-
sults (1D and 2D) for the absolute value of the transition
strengths |hJ⇡

i ||E�||J⇡
f i| for selected transitions with the

available experimental data. We observe first that the
results with 1D and 2D calculations are rather similar
for this nucleus. In addition, for the positive parity ro-
tational band, the in-band E2 transitions follow rather

J⇡
i ! J⇡

f E� GCM �2 GCM �3 GCM �2 � �3 Exp

0+ ! 2+ E2 1.148 1.121 1.023 1.042+17
�22

2+ ! 4+ E2 1.865 1.803 1.845 1.860+86
�81

4+ ! 6+ E2 2.371 2.287 2.360 1.78+12
�10

6+ ! 8+ E2 2.800 2.696 2.793 2.04+35
�23

0+ ! 1� E1 0.007 0.006 0.008

1� ! 2+ E1 0.005 0.009 0.006

0+ ! 3� E3 0.450 0.477 0.460 0.65+17
�23

1� ! 4+ E3 0.599 0.635 0.695

2+ ! 5� E3 0.708 0.745 0.810 < 1.2

3� ! 6+ E3 0.804 0.865 0.810

4+ ! 7� E3 0.887 0.945 1.031 < 1.6

TABLE I. Absolute values of the transition matrix elements
|hJ⇡

i ||E�||J⇡
f i| (in eb�/2) for several transitions of interest.

The experimental values are taken from [29].

well the rotational behavior and agree very well with ex-
perimental data for the two lowest transitions. At higher
spins, the experimental data deviate from the rotational
behavior probably due to the quenching of pairing cor-
relations that our calculations cannot reproduce. For a
proper theoretical description we would need to carry out
proper variation after projection (VAP) calculations that
would lead to cranking type intrinsic states, a feat that is
out of reach with the present computational capabilities.
Nevertheless, for transitions to the ground state, the ef-
fect of including cranking terms is expected to be small
as they are related to changes in the intrinsic deforma-
tions. For the 0+ ! 3� transition, the theoretical pre-
diction is smaller than the experimental value but within
the error bars. Our result, expressed in Weisskopf units
is B(E3, 3� ! 0+) = 25 W.u. which is a bit too low
as compared to the experimental value of 48+25

�34W.u. [3].
However, our result agrees well with systematic in the
region [38]. On the other hand, the E1 transitions are
rather small, as a consequence of the small dipole mo-
ment of the intrinsic states in this nucleus [35].
In Fig. 4 the square of the collective amplitudes in

Eq. 5 are plotted for the lowest lying states of each an-
gular momentum and parity. The amplitudes must be
even (odd) functions under the �3 ! ��3 reflection for
even (odd) J values. In the latter case, this implies that
the amplitudes must vanish along the �3 = 0 line. As a
consequence of this restriction the negative parity ampli-
tudes are shifted towards larger octupole moments. In
Fig. 4 we also observe that the members of the same
band, which are strongly connected by electromagnetic
transitions, share a similar structure of their collective
wave functions, which is evident in the negative parity
band. In the positive parity band we see an evolution of
the intrinsic state with increasing spin that is associated
to the stabilization of the octupole deformation in this
case [13]. As a consequence, the collective amplitudes for
J � 4+ peak at values of �3 6= 0.
To summarize, we have carried out state-of-the-art cal-

144Ba
146Ba

R. Bernard, L. M. Robledo, T. R. R., PRC 93, 054316  (2016) 
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2. Gogny  EDFs

Summary and outlook

• PGCM methods provide a reliable description of nuclear structure 
observables and they provide the perfect tools to study shape transitions/
mixing/coexistence in nuclei. 

• However, it could fail in specific nuclei: 
• Not enough degrees of freedom are explored 
• Some EDF could not be adequate. 

• Breaking of: 

• parity allows for a good description of negative parity states. 

• axial symmetry is needed to study properly shape evolution/shape 
coexistence in many isotopic chains. 

• time-reversal symmetry (cranking states) allows for a quantitative 
agreement with the experimental energy spectra. 


