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CGC: Energy density of gluons with typical momentum Qs (at time 1/Qs) 

Schmelling, hep-ex/9701002  

i.e. occupation numbers  

Relativistic heavy-ion collisions 

Nonperturbative even for weak coupling Ŭs § 1  



Real-time lattice gauge theory 

Far-from-equilibrium phenomena (plasma instabilities, turbulence,é) 

cannot be described in Euclidean space-time 

Wilson action in Minkowski space-time: 

Plaquette variables  

non-positive definite, i.e. 

no importance sampling! 

Real time: 

, 

quarks 



Classical-statistical lattice gauge theory 

                                                                                                                Romatschke, Venugopalan;  

Berges, Gelfand, Sexty, Scheffler, Schlichting; Kunihiro, Müller, Ohnishi, Schäfer, Takahashi, 

Yamamoto; Fukushima, Gelis; é 

óworking horseó for instability dynamics/turbulence:  

Accurate for sufficiently large fields/high gluon occupation numbers:  

Ă{A, A}Ē  ¨  Ă[A, A]Ē anti-commutators commutators 

n(p) ~ 1/Ŭs 1/Ŭs ¨ n(p) ¨ 1 n(p) d 1 

kinetic theory 

classical-statistical field theory 

(quantum) (classical particle) (óover-populatedó) 

(Ŭs § 1) 

starting with scalars in mid 90s:  Khlebnikov, Tkachev; Prokopec, Roos ; Tkachev, 

Khlebnikov, Kofman, Linde; Son;  é 

tested against quantum (2PI) over last decade:  Aarts, Berges; Arrizabalaga, Smit, 

Tranberg; Tranberg, Rajantie; Berges, Rothkopf, Schmidt; Berges, Gelfand, Pruschke; é 



From instabilities to (wave) turbulence: 

some general remarks 

en.wikipedia.org/wiki/Capillary_wave  



Experimental example: 

Modulation instability and 

capillary wave turbulence 
Instability leads to breaking of waves  

and development of wave turbulence   
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Xia, Shats, Punzmann, EPL91 (2010) 14002  
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Digression: wave turbulence 

momentum conservation  energy conservation 

ñgainñ term ñlossñ term 

Boltzmann equation for number conserving 2Ì2 scattering, n1 Û n(t,p1): 

has different stationary solutions, dn1/dt=0, in the (classical) regime n(p)¨1:  

1. n(p) = 1/(ebw(p) ï 1)  

2. n(p) ~ 1/p4/3  

3. n(p) ~ 1/p5/3  

thermal equilibrium 

turbulent particle cascade 

 energy cascade 

Kolmogorov

-Zakharov 

spectrum 

scattering  
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éassociated to stationary transport of conserved charges 



Range of validity of Kolmogorov-Zakharov 

E.g. self-interacting scalars with quartic coupling: |M|2 ~ l2 § 1 

n(p) ~ 1/l 1 § n(p) § 1/l n(p) d 1 

Very high concentration = ? 

http://upload.wikimedia.org/wikipedia/commons/4/41/Molecular-collisions.jpg 

Kolmogorov-Zakharov solutions are limited to the ñwindowñ  

                                  1 § n(p) § 1/l ,   since for  

n(p) ~1/l the nÌm scatterings for n,m=1,..,Æ are as important as 2Ì2 !   

nonperturbative 



Dual cascade 

Log n(p) 

1 

1/l 

n(p) ~ 1/l 1/l ¨ n(p) ¨ 1 n(p) d 1 

quantum/ 

dissipative  

regime 

direct energy 

cascade to UV 

inverse particle   

cascade to IR   

Log p 

~ 1/p5/3  without condensate   

~ e-gp   ~ 1/p4  

 n(p) ~ 1/pd+z-ɖ  Infrared particle cascade: Berges, Rothkopf, Schmidt  

PRL 101 (2008) 041603 

(d=3 space dimensions, rel. dispersion w(p) ~ pz with z=1, scalar anomalous dimension ɖ å 0)  

~ 1/p3/2  with condensate   

Berges, Hoffmeister, NPB 813 (2009) 383 

Analytical method: Resummed (2PI) 1/N expansion to NLO in scalar QFT     

, see also Carrington, Rebhan, EPJ C 71 (2011) 1787, é 

Berges, NPA 699 (2002) 847; Aarts, Ahrensmeier, Baier, Berges, Serreau  PRD 66 (2002) 045008  



A simple (quantum) example 

N=4 component linear sigma-model with quartic self-interaction        l 

inverse particle 

cascade 

direct energy  

cascade 

in units of s(t=0)  l ~ 10-4,   

k p 

n(p) ~ 1/pk  

instability regime devel. turbulence 

Berges, Rothkopf, Schmidt,  

    PRL 101 (2008)  041603 

E.g. parametric resonance instability followed by dual cacade:     

dual cascade: 

Direct cascade:  Micha, Tkachev, PRL 90 (2003) 121301, é  



p 

Berges, Rothkopf, Schmidt, PRL 101 (2008) 041603 

Classical describes well quantum (NLO 2PI-1/N) at early/intermediate times     

Comparing quantum to classical-statistical 



Bose condensation from óover-populationó   

i.e. initial occupation  

Condensate from inverse 

particle cascade (V = L3):  

Berges, Schlichting, Sexty 

Compare Bose condensation scenario:  

Blaizot, Gelis, Liao, McLerran, Venugopalan, arXiv:1107.5296 [hep-ph] , Epelbaum, Gelis, NPA 872 (2011) 210 


