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Introduction TI.ITI

* Quarkonium: Color singlet bound state of QQ (Q =¢, b).,, !

Scale

A

QD (Hard)

NRQCD

2.‘/1 D*

p~mv (Soft)

< - NROCD
r~1/mv PNHQ K~mv2 (US)

IWD+:‘/1 D*

Mass (GcV/cz)

2 x"l D

* Hierarchy of Energy Scales in QQ:
m > mv > va,AQCD (perturbative dynamics: Weakly Coupled) oy | -

2 (nonperturbative dynamics: Strongly 3.4
m > mv, Aqcp »> mv Coupled)

Front. Phys. 10 101401 (2015) Established cc states

3.2 1 Predicted, undiscovered

Bodwin, Braaten & Lepage (1994), Mehen and Fleming, Phys. Rev. D73, 034502 (2005) 3.0 | 7.(1'Sy) |

* pNROCD: Relevant EFT for Quarkonium.

Brambilla, Vairo, and Rosch, Phys. Rev. D72, 034021 (2005) Luke, Manohar & Rothstein (2000) 0 - I 0 1 2"



Introduction
Quark Model:

Mesons: quark-antiquark states Baryons: 3-quark states

QCD spectrum also allows for more complex
structures called as Exotics.

Exotic states: XYZ mesons

v" Quarkonium-like states that don’t fit traditional QQ spectrum.

v In some cases exotic quantum numbers (charged Z¢ and Zy, states)

For review see Brambilla et al. Phys. Reports. 873 (2020)

X(8872): First exotic state discovered in 2003 by Belle.

Phys. Rev. Lett. 91, 262001 (2003)

Several new heavy quark exotic states have been

discovered since 2003 (masses & decay rates measured in various channels
PDG 2021
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Introduction m
* Exotics broadly classified as

* Structures with active gluons ¢ Multiquark states

* Several interpretations of Exotics:

= 2Mp.e
2

-

o
< Vi

Zz IWD+: 1 D*
b=

21"/ D

Figure from Nat Rev - 3.4 -
e 1 Pmaquark Front. Phys. 10 101401 (2015) Established cc states
* No single model completely describes all the XYZ states =21 Predited, undiscovered

-
* Hybrids (OOg): Focus of this talk. Use EFT + lattice o |

to have model independent description. S




uarkonium hvbrids: EFT
2 Y Tm

* Hybrids (QQg) Color singlet combination of color octet QQ + gluonic excitations.

* Separation of scales in hybrids:

Scale
) QCD
m > mv > Agcp > mu light d.o.f. "
NRQCD
“ light d.o.f: AQCD @ @ -
% Relative separation between heavy quarks: r ~ 1/mv pNRQCD
-
T~ - r .‘5. -
< Heavy Quark K.E scale: muv? r e~ 1/mu e
1 1 BOEFT
* Time-scale for dynamics of QQ:~|—5> % me?
mv QCD -« | =
Braaten, Langmack, Smith ™~ 1 / *\QCD

Born-Oppenheimer Approximation
Phys. Rev. D. 90, 014044 (2014)

* Appropriate EFT framework for Hybrids: Born-Oppenheimer EFT (BOEFT)
Q C D _) N RQ C D _) p N RQ C D _) B O E FT Brambilla, Krein, Castella , Vairo Phys. Rev. D. 97, (2018)

Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015)
R. Oncala, J. Soto, Phys. Rev. D96 (2017) 6



uarkonium hybrids: BOEFT
N Y Tm

* Static limit (m— ): Quantum #’s for hybrid

Irreducible representations of D.p,

@ K: angular momentum of light d.o.f. _ _
A=7-K=0,41,4+2 +3,... K. Juge, J. Kuti, C. Morningstar, Phys. Rev. Lett. 90 (2003)

Gluonic static energies

M. Foster and C. Michael, Phys. Rev. D59 (1999)

A=|\=0,1,2,3,... (X, I, A, @, ...) ' i — -
@ Eigenvalue of CP: n = +1(g), —1 (u) 61 B I -
@ o: eigenvalue of relfection about a plane containing 7 (only for X states) =
v
* Static Energies (2,11, A): Eigenvalue of NROCD 3
o . . o o o +
Hamiltonian in the static limait. Tl
. . e
* For r— O: static energies are degenerate. L.
. 3
Characterized by O(3)xC symmetry group.
Labelled by: (KPC, A%) 2 | | | | | |
0 0.5 1 1.5 2 2.5
r'ro
Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015) Fig from G. S. Bali and A. Pineda,

Phys. Rev. D69 (2004) 7



uarkonium hybrids: BOEFT
N Y Tm

* Static limit (m— ): Quantum #’s for hybrid

Irreducible representations of D,

@ K: angular momentum of light d.o.f.

A=7r-K=0,%+1,£2, £3,... : ..
A=A =0,1,2,3,... (10, A, &, ...) Gluonic operators characterizing

@ Eigenvalue of CP: n = +1(g), —1 (u) Hybrids in Wilson loop

@ o: eigenvalue of relfection about a plane containing 7 (only for X states)

* Static Energies (2,1, A): Eigenvalue of NROQCD

Hamiltonian in the static limit. A | KFC o
> 1+— 7-B, 7. (D x E)
: : I1,, 1+~ 7 X B, # x (D X E)
* For r— O: static energies are degenerate. =t 1= 7. E, 7 (D x B)
Characterized by O(3)xC symmetry group, Mg | 177 # x E, # X (D X B)
I pn 27~ (7 - D)(# - B)
Labelled by: (KPC, A®) m, | 27~ | #x((?D)B+D(#-B)
Ai 277 (7 x D)'(# x B)? + (¥ x D)) (# x B)"
Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015) Eu 2+_ (7 - D)(7- FE)
I’ 2t— 7 X (- D)E + D(# - E)) _
Ay 2t — (7 x D) (7 x E) + (# x D)/ (# x E)?

Focus on these two for low lying hybrids 3



Quarkonium hybrids: BOEFT m
* BOEFT d.of involve color singlet fields W,y (r, R,t) P;AOG’T(T’, R, )G (R,t)

o 0% (r, R,t)G*(R,t): Gluelump operator. Eigenvector of Hamiltonian in (m— ):

HO o0 (r, R, )G (R, )[0) = (Vo(r) + Ax) O (r, R, )G'*(R, t)|{])‘ A, : Gluelump energy

o PL,: Projection operators of licht d.o.f along heavy quark-antiquark axis.
KA ) p g g yq q

* BOEFT Lagrangian:

. . V2 .
3 3 )
K )\)\f

* Schrodinger Eq: Dynamics of QO at scale mv? « AQCD b wf
ybria w

Schrodinger equation

pit Vi pi v g
—E N\ T (1) .

* Coupled Eq. due to projection operators. Mixes 2,, and I, states.

Brambilla, Krein, Castella , Vairo Phys. Rev. D. 97, (2018) Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015) 9



* Lattice potentials for solving the Schrodinger Eq:

Gluonic Static energles from lattice:
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Quarkonium hybrids: Spectrum

atEr B=2.5 :
ag,~0.2 fm ,/
Gluon excitations P
L ﬂ | _
; -//x?" -
string ord,éring/,// /
7
— /’ ’ 'fJ _
,r' .
L _
n.‘uz
L [lg ag/a, = 25 |
A§ _
7=0.976(21)
Zu
= - _
short distance
degeneracie
1 1 1 Rlias I
0 2 4 6 8 10 . |

K. Juge, J. Kuti, C. Morningstar, Phys. Rev. Lett. 90 (2003)

Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015)

TUT]

N. Brambilla, W.K. Lai, AM, A. Vairo (in progress)

mBPS = 1.477 (40) GeV

Quarkonium Potential:

- .
——L +our+ E;QQ

Vz::; (7) .

kg = 0.489, o, = 0.187GeV? B = —0.254 GeV, B? =

RS-Scheme Hybrid Potential:

RS RS 2
Vo (Vf) -+ AH (l/f) + b'n,fr‘ )
4+ Vasr? + as + as,
N% = 0.000 GeVim , ay = l.5-13(1(*\'24{”('1112. N?T; =

(Illl = 0.023 GeVim, all = 2.716 GeV? /fm?.

by = [.2-10(}('\-"/‘fﬁnz. bn = ().()()(](i(‘\-'i,-"’ﬁn2

EY () =

0.599 GeV?,

v Perturbative RS-scheme potentials VX upto order a3.

Bali and Pineda Phys. Rev. D. 69, (2004)
Kniehl, Penin, Schroder , Smirnov, Steinhauser Phys. Lett. B 607, (2005)

mfs

ay = 11.091 GeV?, af = —2.5

= 4.863 (55) GeV

—0.195 GeV,

r < 0.25 fm
r > 0.25 fm

rrf = (0.154 GeV ,
36 GeV. .

10



Quarkonium hybrids: Spectrum

TUTI

* Charmonium hybrids: comparison with experimental results:
50r-
: H,
s H; - Other notation of
- I_II1 er notation o
wel —_— = . hybrid states
eI oCC oo — e — »
S b H, 1|JPC{s =0,s =1} E
fh) 4.4-— H *_-_ _____ )
S Lo = — N(s/d),— +H:|1|{17.(0.1.2)"*} |2, . 1L,
D 4zl —— ___ Hs
g | oo o H, Np,— —pHo[1|{177,(0,1.2)7}| 11,
[ —_— BT ++ 1+-— —
a0p ————— D‘L_)‘Ihr.esholdeo PH 5| ) {07+, 177} X,
[ N(p/f), —wH4|2|{277.(1.2.3)7 } [£,. 1L,
38r DD threshold
------------------------------------------------------------------------ Nd, Hs(2|{27—.(1.2.3)"F}| 1L,
3.6+

P(4230) X(47160) Xc1(4140) x4 (4274)P(4360) $(4390) Y(4500) (4660) xc0(4500)x.0(4700)X(4350) X(4630) y.1(4685)
(177] 7] [177] 1] [ [ 11 [177] [0%7] [07F]  [(0/2)**] [7*] [177]

* A- doubling: opposite parity states non-degenerate.

Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015)

Braaten, Langmack, Smith Phys. Rev. D. 90, 014044 (2014)

R. Oncala, J. Soto, Phys. Rev. D96 (2017)

PDG 2022

11




Quarkonium hybrids: Spectrum

TUTI

* Bottomonium hybrids: comparison with experimental results:

1.2

H Other notation of
hybrid states
0 e —_—
H, 1|JPC{s =0,s =1}| EY
-~ N(s/d);— HH.|1|{177.(0.1.2)" "} |2, I,
B WBr e
=Y —— Np,— —pHo| 1| {17F,(0,1,2)7"}| 10,
Npo— —pHs|0| {07F, 177} oy
10.6 —
BB threshold
--------------------------------------------------------------------- N(p/f),— tHa|2| {245, (1.2.3)* } |27, 10,
Nd,— —tHs|2|{27=.(1.2.3) " }| 1L,
104+
Y(10753) Y(10860) Y(11020)
1] 1] 1] B in, Brambilla, Castella , Vairo Phys. Rev. D. 92
erwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015)
PDG 2022 Braaten, Langmack, Smith Phys. Rev. D. 90, 014044 (2014)

R. Oncala, J. Soto, Phys. Rev. D96 (2017)

12



Quakonium Hybrid Decays TUm

Dozens of XYZ states have been discovered (mass and decay rates measured) but physics
still unknown.

Several theoretical models for exotic states but no general consensus.

Most of the exotic states discovered from decays to quarkonium. So, decays might provide
information on the structure of XYZ.

Consider the process: H,,, = Q,, + X; Hy,: low-lying hybrid, @,: low-lying quarkonium.
v AE: Energy difference = AE = Ey —Eg, = 1GeV.

v Assume hierarchy of Scales: mv > AE > AQCD > mv?

Start with pNRQCD eftective theory and obtain BOEFT by matching: Integrate out modes
of scale ~ Aand ~ AQCD'

N. Brambilla, W.K. Lai, AM, A. Vairo (in progress) 13



Quakonium Hybrid Decays TUM
* pNROCD Lagrangian:
L,NRQCD = [d3 { [-:F’ Tr [T (189 — hs) S + O (iDg — ko) O]
+ gTr [STT " EO4+0Tr. . ESt 50% {E, 0}} + Ly [OTLQQ - [B,O]}

4

gcr

L

_|_

’ | .+ of f ! pv
Tr[sa (S1 — Ss)-BOo+0%(s; —8,)-Bs+0fs; - Bo-0 SQQ-B} — 4C’M,(‘*

_

 BOEFT: | Potential term in BOEFT

BOEFT Hamiltonian

* Decays are computed from local imaginary terms in the BOEFT Lagrangian.

* Imaginary term in V sort from 1-loop diagram in pNRQCD and then matching to BOEFT .

N. Brambilla, W.K. Lai, AM, A. Vairo (in progress) 14




Quakonium Hybrid Decays
* pNROCD Lagrangian:

Weakly-coupled pNRQCD Lagrangian

LyNRQCD = /d R{de

sf(g,a.:.—h, )S + of (iDg — ho )o}

+ gTr [s’fr .EO+0O"r.-ES+ Eo’fr : {E,O}] + irﬁ [OTLQ@ : [B,O]}

TrL

F
o

* Spin preserving decays

* 1-loop diagram in pNRQCD contributing to Im VSO st In BOEIT:

Black dot: vertex of pPNRQCD

A A

T

N \/
Spectator g_luon approximation

* Spin flipping decays

example of a, correction

N. Brambilla, W.K. Lai, AM,

A. Vairo (in progress)

4 oan

15



Quakonium Hybrid Decays TUm

lo, (AE) T7
3N,

['(H,, — Q,) = T9 (TY)" AE?

ISy =1>——"> |5 =1> Wi, : Hybrid wf

Sy = 0>——— |Sg = 0> T = (Hulr!|Qu) = / Fruil () 899 (r)

d? : Quarkonium wf

R. Oncala, J. Soto, Phys. Rev. D96, 014004 (2017). J. Castella, E. Passemar, Phys. Rev. D104, 034019 (2021)

ré};;n- h:gfjl-n-g.decay due to §. B term:

__________ |xrr) @ Hybrid spin wf

' Ix@) : Quarkonium spin wf

Sy =1>===15q=0> 1 7% = (F,,| (5] — 53 ) |Qn Ud"”r\wT P2 w S — 83
Sy=0>——1]Sy=1> (H| (81 - 51) 1Q0) @) @2 () | Gurl (51— 54) xo)

* Depends on overlap of quarkonium and hybrid wavetunctions.

* Based on weakly-coupled pNROQCD hierarchy: mv > AE >> AQCD » mv?

N. Brambilla, W.K. Lai, AM,
A. Vairo (in progress) 16



Exotic States

State State ) i} Po
M (MeV) T (MeV) J'% Decay maodes
(PDG) (Former)
et (4140)  ¥V(4140) 41465+ 3.0 19 '7 1+ o T/
. 29 : 113 7 * Ty
X (1160) ns6'30 139’4 7 D*D
P(4230)  Y(4230) 4222.7+26 50+9 1 ata I/, wxeo(1P),
Y (4260) ntn—h.(1P)
Xe1 (4274) Y (4274) 128615 51+7 1H & J /1
X (4350) 43506157 131 (o/2)t & J/
P(4360)  Y(4360)  4372+9  115+13 1 ata T/,
Y (4320) mta P(29)
P (4390)  Y(4390)  4390+6 139718 1 nI/a, wta he(1P)
Xeo (4500) X (4500)  a47a+4  77hE 0 of & J /1
Y (4500) 4484.7+27.5 111 +34 1
X (1630) 1626131, 1Tt BT 9 @ J/
P (4660)  Y(4660) 4630+ 6 72113 1 mhr(25), AYA,,
X (4660) D} Dy (2536)
Xel (-'IHHS)H 684t s 126000 1t & J/
Xeo (AT00) X (4700) 468412 87'E ot &I/
T (10753) w7270 3605 1 an Y (18,285, 35)
T(10860) T(58) 108852138 37+4 1 ¥ (18,25, 35),
mta hy (1P,2P),
nY(18,28), wta T (1D)
(see PDG listings)
T(11020) T (65) 11000 +4  24%3 1 Y (18,28, 35),

mta hy (1P,2P),
(see PDG listings)

TUTI

v" Neutral meson states above the open-flavor thresholds
which are potential candidates for hybrids

v" Table adapted from PDG 2022

v Y(4500): New state recently seen by BESIII experiment.

M. Ablikim et al, arXiv:
2204.07800.

v' X(4630): New state recently seen by LHCb experiment.

V' xc1(4685): New state recently seen by LHCb experiment.

R. Aaji et al, Phys. Rev. Lett. 127, 082001
(2021)

N. Brambilla, W.K. Lai, AM A. Vairo
(in progress)

17



PreLimiwarg Results

* Spin-conserving rate: Hy [J7C] (Mass) — QQ [17C] T (MeV) e - T!.I“
Charmonium hybrid !”f' = 1.47 {(_1[]) (1(3\
F+ T (468 . } = 427 420 RS 1009 (EE PR
Hy [114] (4667) —» m. (18) [0 +] || 65 127 120 my " = 4.863(55) GeV
Hy [111] (5035) — n. (18) [0 1] 31 bt
-+ 5351 — (28 } g +20 {16 .
Ha[117] (5035) —»ne 25)[0 1] ]| 45 b Error bars from higher order
I+ 515 . . 5 i e +16 4 . .
Hy [07H] (054) —me 1S) [075] ) 4 > corrections in &g + Error bar from
I RAT: . i g 6 4
Ay [0 ] G09) 09 [0 ]| 1505 | g elimp mass (£0.15 GeV) |
Decays not Hz [0+ 1] (5473) —» ne (25) [0 1] 26 Fi0 VI
allowed in Bottomonium hybrid
R. Oncala, J. Soto, Hy[17] (10976) — by 1P) [T ]1 15 15 1 Only those spin-conserving decays that
Phys. Rev. D9s, M1 1anm) e ep) 1] 22 satisfy weakly-coupled pNRQCD hierarchy:
014004 (2017) P | Ha [1H1] (10846) —> m, (1S) [0 HT | 29 13 1O (M) mnAE ~ AE/mv < 1and ag4(AE) <
Hy [1H1] (11060) —» m, (18) [0+ ] ]| 28 Fg! 13 0.4 for perturbative computation.
Hy [114] (11060) —» my (28) [0 1] |[0.22 FD-02 1004
Hy [114] (11270) — m, (1S) [0 1] 22 18 18
Ho [111] (11270) — 5 (28) [0 613 12 , . .
)y ; Ll' | } 1065, : 15) L} { } " —— Spin-conserving decays for charm hybrid
. 1 tA T L 5
’ " oo states: H,(4155), H,(4507), H,(4286), H5(4590),
Hz [0t {11&52) » o (1) [0 1 ] 34 021 .
1[0 ] (11352 sy [0 +1|| a2 19 e H,(4367) and bottom hybrid state H,(10786)
: » 1 (25 : ' i . .
’ " oo cannot be computed reliably in the pNRQCD
Hs [0t ] {llhlh) »m (1S) [0 F ] 19 1§ 1 £ K
N. Brambilla, W.K. Lai, AM A. Vairo Hs [{}' | ] (11616) —» 1, (25) [“ | ] 20 {ﬁ If': ramework.

(in progress) 18



PreLLmearg Results

o Spil’l—ﬂipping rate: H “r-"-:"] {Mass) —s C.?l? [Jmf'] ” I' (MeV) - m
Charmonium hyheld decay ,ffj'j:;b f— ]_ .4:'?7(_1(}) }H-\"T

c
Hy[177] (4185) — Jre 18y [1--] [ 104 T35 52

Hy [17 ] (4507) — Jfe (18} [1- ] 46 130 115 'T'I'I.-Ei{b = 4%63(55) Gr(‘\
Hy [177] (4507) — Jfer (283 [177 ] ot
Hay [10F] (4286) — xe (0P) [0, 1,270 | | 55 250 135
' ++ | [4BET) — o AR 5 T8 +1 : 3 3
;;s {l++} (4 ':J X :lil *'r' 1 j:++' 1% =1 -8 Error bars from higher order corrections in ag
2 (1 [3085) — xe (1P [ (0,1, 657 5%
Ha [1+] (3035) — xe (1P) [0, 2,257+ || 12 48 48 + Error bar from gluelump mass (£0.15 GeV) .
Ha [0+ +] (4500) — . (1P) | (0,1, 2)* 137 Y13 Mo
Hay [0 ] {5054) — xe (1P | (0,1, 231 1 5 ta 42
Ha [0F+ ] (3054) — o (2P) | (0,1, 25" 11l 13 o +us
Ha [0F+ ] (3473) — 3 (3P) | (0,1, 2" 1 || 140 £72 +43
Ha [20+] (4367) —» xe (1P) | (0,1,2)77 | || 65 *1f * o0 Only those spin-flipping decays that satisty weakly-
. Bottomonium ]i'r'h:l’iuhls-c.-a:-.' — Coupled pNRQCD hierarchy AE Z 0_8 GeV and
Hy (177 [ (10786) — T{15) [177] 9t ) i
Hy (1) ooy —ras) (-] || stEe as(AE) < 0.4 for perturbative computation.
Hy[177] (10976) — T (25) 17 ] T
Hy[177] (11172) — T (18) 17 ] 377
Hy [177] (11172) — T (28) [17 ] o TR T
Hy [17] (11172) — T (35) [177] 0.q T3 +0a

44 « +F =3
2) L]

h| RS

Ha [17+] (108067 — x, (1P} | (D,
Hz [14+] (11060) —s x5 (1F) | (0
Ha [1++] (11060) — ¥y (2F) .[':]_
Hap [14+] (11270) — x3 (1F) | (0,
Ha [1+] (11270) — ¥ (2P} [ f0,1,25 || 2 #1 # = spin-conserving + spin-flipping decay rates.

L.

1.

1. .
. Total decay rate: Sum of all exclusive decays
1,

Hy [0+ ] (11065) — xp (1P) | (0.1, 2)7F R
DR

L.

1.

1.

Hy [0+ (11352) — xy (1P} | (0,
Hy [0+ ] (11362) — x5 (2P) | (D,
Ha [07F+] (116167 — xp (2P} | (0,1,2)7F 2%0a t0
Hy [0+ ] (11616) — x5 (3P) | (0,1, 2)7F L
(in progress) 19
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N. Brambilla, W.K. Lai, AM A. Vairo




I' (MeV)

Preliminary Results
Comparison with PDG states for charm exotic states: TI-ITI

| H,(4155), H,(4507), H,(4286),

320+
-| H3(4590), H4(4367): Spin-conserving
O PDG B H3(4590) | decays cannot be reliably estimated based
280 - B H, (4155 B Hy(4367) I on pNROQCD hleljarchy. Only spin-flipping |
I decays can be estimated.
240 T B H,(4286) - H>(4667) o o o
B H4(4507) T T |
200+
T T ) | Sum of spin-flipping decays :
160 - : gives lower bound on the I
) [ I inclusive rate of hybrids :
T . 1 shich is compared with PDG |
. -
80 B . §|- A-
_ -. . L ] .
ol @ g
oF ! . . . . . ! . ! . ! | N. Brambilla, W.K. Lai, AM, A,

P(4230)  X(4160)  x.1(4140) yx.,(4274) P(4360) P(4390)  Y(4500) P(4660) Xc0(4500) x0(4700) X(4350) X(4630) y.1(4685) i i
[177] [7"*] [177] [1%7] [177] [177] [177] 1] 0[o++] 0[0++] [(0/2)**]  [2%] 1[1++] vairo (in progress) 20



I' (MeV)

PY&LLmiwmg Results

Comparison with PDG states for charm exotic states:

320+
O PDG B H3(4590)
280 - X
B H,(4155) M Hy(4387)
240 T W H,(4286) A H,(4667)
W _H:(4507) = -
200 -
160 -
\ % L
120 -
T T o
]
i L] §
I i 1 |
e @
0r 1 1 1 1 1 1 | : | :

TUTI

Recent BESIII result for
P (4230) decay: 72 + 33 MeV

M. Ablikim et al, arXiv:
2204.07800.

Possibly a hybrid
State

-

\

--———_—«

- I
- -~

-,
\

\

Possibly not a hybrid
state ?

\
Vo
\

I
1p(4g§0) x(47160) Xc1(4140)  x.1(4274) P(4360) P(4390) Y(4500) P(4660) Xxc0(4500) x.0(4700)1 X(4350) !x(4630) x.,(4685)
[177] 2] [1%] (1] [177] [177] [177] 1] [0%*] [0**1 1 [(0/2)**]
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* Comparison with PDG states:
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[177]

[177]

O PDG
B H,(10786)
I A H;(10976)
(o %
P8 P8
Y(10753) Y(10860) Y(11020)

[177]

I H{(10786): Spin-conserving decays

j cannot be reliably estimated based on

I pNRQCD hierarchy. Only spin-flipping
| decays can be estimated.

| Sum of spin-flipping decays

I inclusive rate of hybrids
I ! which is compared with PDG.

|
|
glves lower bound on the :
|
|

N. Brambilla, W.K. Lai, AM A. Vairo

(in progress)



* Comparison with PDG states:
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T

Y(10860): close to B-meson pair threshold.
Could be a molecular state ? Or it could be a Y(5s)

/V
7 | state?
i O PDG
B H(10786)
2> . .
i \ A H,(10976) _ ~|Y(11020): Possibly a hybrid
| v VA _-" state
? I A /7 1\ -
I \ KXY
i I | I 1
i | I 1
I Al I Q4 )
- [ I I I
| 11 | 1
1 I 1 I
i | ] | ]
\ I 1 J
\ | \ [}
\ 7 \ ]
C ] |\ , \I!,
Y(10753) Y(10860) Y(11020)
[177] [177] [177] N. Brambilla, W.K. Lai, AM A. Vairo

(in progress)



* Comparison with PDG states:

I' (MeV)
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PreLimea@ Results

Lower-bound estimate on the total decay rate of

H;(10786) << PDG result for Y(10753). So

TUTI

I, __\\ ~ 7 inconclusive result on whether Y(10753) could be a
i ) hybrid state!!!
I \ O_PDG
] ‘/ W H;(10786)
i I ‘l A H,(10976) _ ~|Y(11020): Possibly a hybrid
l' o | % / SN -7 |state
| 1 I T f/
i | : ] \
I ! I 1
] I A I 94 1
I I I i I
I I 1 I 1
| I i |
I i I 1 I
| I 1 I
i I \ [
1 I \\ ,I
C ‘ 1 ’ 1 Y
W10753) Y(10860) Y(11020)
\[\1"] / [177] [177]
~l

N. Brambilla, W.K. Lai, AM, A. Vairo (in progress)



Summary/Outlook

TUTI

o BOEFT provides a model-independent & systematic way to study heavy quark hybrids (exotic) and decays.

o Spin-conserving decays for charm hybrid states: H1(4155), H{(4507), H,(4286), H3(4590), H,(4367)
and bottom hybrid state H{(10786) cannot be computed reliably in the weakly-coupled pNRQCD
framework. Sum of spin-flipping decays gives lower-bound on the inclusive rate of these hybrid states.

o Our analysis suggests:

> x¢1(4685) : could be the charm hybrid state H,[177](4667).
» Y(11020) : could be the bottom hybrid state H{[177](10986).
» X(4350) : possibly not a hybrid state.

> 1P(4230) : possibly not a hybrid state. However, decay rate from recent BESIII measurement consistent with
our estimate of lower-bound on inclusive rate.

> Nothing conclusive can be said about other exotic states.
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Quarkonium hybrids: Spectrum

Results for Hybrids from Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92, (2015)

RS

L1 1 A=l Ar
m,."” = 1.477(40
i lli{:.(_j or =

my "~ = 4.863(0

Other notation of hybrid states

l

JFPC s =0,5 =1}

v

i

]

{177,(0,1,2) T} |

{1t+,(0,1,2)*"}
(0t+,1+-}

—_—

{2++‘ {1‘ 2‘3:|+— lr k)

{277,(1,2,3)" "}

10,

11

[ J
o be bb
multiplet
mHy Eigin P ||mu ":15}""}' Eigin FPn ‘:]-I"Ir}' Eigin Pn
H, 4.15 0.16 [0.82[7.48] 0.46 |0.13]0.83 0.53 10.09 [0.86
{177,(0,1,2)77}
H} 4.51 0.340.8747.76| 0.38 |0.27|0.87 0.47 10.19|0.87
Hs 4.28 0.24 [1.0047.58] 0.31 |0.19]1.00 0.37 10.13{1.00
{1t+,(0,1,2)7}
H; 4.67 0.421.00[47.89| 0.28 |0.341.00 0.34 10.23(1.00
H, 17—} 4.59 0.3210.00[7.85| 0.37 |0.2710.00 0.46 10.19(0.00
H, .2,3)7 H[4.37 0.2710.83]7.65] 0.31 [0.220.84 0.37 10.15|0.87
Hs .2,3)7 T H[14.48 0.33[1.0047.73| 0.25 |0.27|1.00 0.30 10.18{1.00
Hg .(2,3,4)" T H4.57 0.3710.85[7.82| 0.25 |0.300.87 0.30 10.20[0.89
H- .3, 4)T 7 HI4.67 0.43(1.00[47.89| 0.22 |0.35]1.00 0.26 10.24(1.00

R. Oncala, J. Soto, Phys. Rev. D96 (2017)

Braaten, Langmack, Smith Phys. Rev. D. 90, 014044 (2014)
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BOEFT Hamiltonian

HBOEFT = /dgm/d3RTr [H” (h 64 + Voft) H:f]

met = A+ b9r? 4.

A = gluelump mass (= 0.87(15) GeV for lowest lying kK = 17~ gluelump)

For two insertions of the r - E vertex, the contribution to the two-point function is

I;:?) (r,R, v , R

T/2 . . .
— him 2 TF /‘ / g [* gt o—iho(T/2—t) k_—ihg(t—t') 1_—iho(t'+T/2)
T— o0 Ne J—Ty2 T/2

x (0|G*(T/2)6"" (T /2, ) EFP (1) E' (¢") o (¢, =T /2) G4 (=T /2)(0)18% (r — #)6° (R — R')

To seperate the scales A and Aqcp, write E = Ey, + Es, Ej, ~ A, Es ~ Aqgcep.
Replace E by E} to get the leading contribution.

(01G*(T/2)¢*" (T /2, ) EFP (1) B} (t) oY (t, —T/2)G7*(~T/2)|0)

= (0|G**(T/2)6"" (T /2, )¢ (t', =T /2)G7 (=T /2)|0) (0ER® (t) E}S (')]0)
=(0|G*°(T/2) (T /2, )" (', —T/2)G7 (=T /2)|0 il d’k klo—ilkl(t—t")
=(01G™(T/2)¢""(T/2,)6"" (¢, ~=T/2)G7* (= T/2)|0) — /(%)Bl le

§FY i Ai—th ib ab b d’k |k (t—t")
~ et (0|GH (T /2)6%0 (T /2, —T/2)G (—T/2)|O}f Gy le '
w

L /
_s5id 2 Jin(t—t —1)/ ke —ilk|(t—t’
3 (271')3

Decay Rate: Calculation

Details.

N. Brambilla, W.K. Lai, AM, A. Vairo (in progress)
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* Spin-conserving:

'1

2g° T
I‘Incl - Rei_F
. 4045TF
m,q 3Nc

d3r f dt \IJ“T

d°1
(2m)°

Inclusive Decays

[zAtezhOt/Z,r,k6—zhst,r,kezhot/2/(

Using complete set of
octet and singlet states

1_‘Incl = Zrm,n’ + /

d?’ps

@m)°

I

m,ps

/

&
(2m)°

i k kY
m 1 glq g]’

ml’

N. Brambilla, W.K. Lai, AM, A. Vairo :in iroiressi

d’k
27)3

|k|e @|k|t}

il (A+ Bf /2 + EQ /2 — E2)®

W) (T

(r).

q=

(n, pS)l

29



N. Brambilla, W.K. Lai, AM, A. Vairo

Inclusive Decays in progress) T}

Spin-preserving inclusive decay rate for H,, — Qn + X

_ 4 ;r _,
I'(Hm — Qn + X) et Z\ . Z f dE f dE' fi (E)gl . (E

X ¢ J;;:” (E’)f.;;f(mm + E/2+ E'/2 - E})°

y

Assumption:

fnilq (E) # 0only for E,, =~ E + A hym = 1 and ET% ~ E,, (replace singlet with quarkonium)

Spin-preserving inclusive decay rate for H,,, — Qn + X

4&3 TF

D(Hp — Qn + X) = (Em — EQ)3 T4 (T%)*

3Ne

TY = /dafr U (p)rd ®9 (1)

o Above result looks similar to the one in R. Oncala, J. Soto, Phys. Rev. D96, 014004 (2017). In general has
tensor structure TY that agrees with J. Castella, E. Passemar, arXiv:2104.03975. 30



IHClu Sive D eC ays N. Brambilla, W.K. Lai, AM, A. Vairo Sin imiress‘

l T,
|SH =1>-— |SQ =1> e (27'!')
1Sy =0>——>1[5=0> \ ' )\ J
bound singlet continuum singlet
states states

'1

Ao Tr d°1 7 0 ; 513
ma = 3N | @n)3 ) (2n) /ml o Irg frny (A BP/2+ B0 /2= E)" g = (0, p, )

-
|

S = (Hal07) = [ @], @) 00),

g = (@9]r|B) = / Pra?t(r) r* &2 (r),

U, : Hybrid wf
®7 : Octet wf
®, : Singlet wf

Depends on several —=
Overlap functions:

-———J -

v Cubic factor (A + EY/2+ E} /2 — E;)g ~ AE?
v" Including continuum states can account for decay to meson-meson thresholds.

* For singlet wt : V; = — * aS(mv)/3, where v ~ 1/4/3 for charm and ~ 1/4/10 for bottom 31



Semi_in Clu Sive D e C ays N. Brambilla, W.K. Lai, AM, A. Vairo :in iroiressi

* Spin-conserving decay due to 1 - E term :

d°p,

F(Hm — Qn) = Z |wnn"2Fm,n’ + / — 3 | Wnp, 2 m,ps
- (27)

\ J
i \ ' l
bound singlet continuum singlet
states states
40{8TF dgl dgl, ; T kT -+ 3
— i 1 (0] (@) . S /
Fmg 3N, (2m)3 J (2m)3 " Ng Jvq Fmy A+ EV/2+ By /2 — By) a=(n,ps)

(Hal97) = [ @ vl @) 97 (r), A
w = [ Er e ©0g, )]

| |

I f(zm) 1
Depends on several _<:
Overlap functions:

I k k 3 0 k
k= @Ry = [ drafie) )
: Quarkonium wt
v Significant overlap between quarkonium and continuum singlet states except for 1s quarkonium.

Decay rate different from R. Oncala, J. Soto, Phys. Rev. D96, 014004 (2017) and J. Castella, E. Passemar,

Phys. Rev. D104, 034019 (2021).
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Inclu SiVe D ec ay S N. Brambilla, W.K. Lai, AM, A. Vairo (in progress
rSpln ﬂlpplng.decay due to S. B term: I u I I

ps
l FIncl - Z m,n’ ‘|‘/ P Fm,ps

ISy=1>——> S, =0> (2)
Sy =0>——> 1[5 =1> ( ' 1 ' I
bound singlet continuum singlet
states states
4OéSTF d3l dgll ; 7 k+t it 3 /
Fqu: 3]\7077122 /(27r)3 / (27T) ?rfnlglq 91’ fml’ (A—l_ElO/Q—l_ElO’/Q_E;) |q — (n 7ps)|
flmy1 = (Hm|®7) = fd3r \I!Ejn)(r) ®{(r), |X0,s): Spin wf of octet

and singlet

of, = (@] (SF - S5) |@2,) = [ [ raiie) e, (r)} (ol (S = S5) Ixa)

-

I
I
I
Depends on several ==,
Overlap functions: |

|

o0 Qn = Qn + X spin-flipping decays: Decay rate suppressed by additional (7 E)? ~
vertex factor.
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Difficulties with continuum singlet states TI.ITI

W. Gordon, Ann. Phys. (Leipzig) 2, 1031 (1929)

° . . .
Dlp Ole matrix element' A. Maquet, Phys. Rev. A 15, 1088 (1977)

O

ooy, = (0 e105,) = 35 | [ 74 G B o) | [a00 21 (ko ) -1 (o)

[=01'"=0

After integrating over dQ: ' =1+ 1orl'=1-1

Continuum radial wf for Coulomb octet and singlet

v" Radial matrix element:

(+—2ips,—2ik,,1 )
Rl,l—|—1 (k07p8) — C,l,l—|—1 (kopps) ‘7l‘|‘2‘|‘75773,l‘|—1-|—7;770,2l-|—4,27 No = MQas/ 12k,
B 2k, ,—2ip.,1 ns = —4mgas/6ps
Rl,l—l (k’oaps) — Ol,l—l_(k’oaps) gl+1-|—’i’l70,l—|—’i773,21+2,2 )

! l

Smooth function of octet and Singular function:

singlet momentum k, and pq

“Diagonal Singularity” for k, — ps

Madajczyk, Trippenbach, J . Phys. A: Math. Gen. 22 2369 (1989)

Veniard, Piraux, Phys. Rev. A 41, 4019 (1989)
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Difficulties with continuum singlet states TI.ITI

m — g 4 . aassssssss=aw
_IMQ( ey des) TMQ( asydas)in(p k) () : :
—2ip,,—2ik,,1 (2‘! + 3)'8 4 \Gko T 3ps/e 4 Eko © 3ps Ps — ko ol . . . psko ( 37”’@0‘5)
; . = — + 24+ ins, l + 1 +iny, 20 + 2,:— 2ips +
Tzt et 4 (ps — ko)™ 17 Ko + s o ! T kel ?
POTTTRRR . PRI PR )
Ps — ko . . . 4psko : . . . 4p9ko ( . 3mQas Ps ko
+ 3m aes( ) Fi |14+ 14+ins, 1+ 1+, 2l + 2, —————1 +2F1 | +ins, 1 + 14+ 11,,20 + 2, = —2ips +
MRS ! ] L (pe ko) } ! L (e ko) 2 Ko+ Ps
LM g dog
—Tm o ag Mg ag g t—= ==+ - evEEEEEEEEEEEW .
j*%ko.—%ps 1 (20 + 1)!€TQ(W+?‘” )eiT(imJﬁ‘}"P_&)sgn(%ikO) ps — ko Sl Fy [+ 14 9n,,1 +ins, 21 L _2peko ( 2ik, + 3mQQS)
27 27 = 241 Mo, (R T R ——Y —<t
e A 4(pa— ko) 2 ko + s T ik T 2
eUEEEEEEEREEEEE . euEEEEEEEEEEEE . 2
Ps — ko . . : 4psko . . . H 4psk'o SmQOés Ps — k'o
—3m a,,,( )gFl [+ ino, I +ins, 21, = 2| o Fy [ — 14 in,, I +ins, 20, + 2iko +
“ ko +ps (05 ko)  (ps. ko) 2 Ko +ps

“Diagonal Singularity” for k, = ps: Singular Gauss hypergeometric 2F; function
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Inclusive Decays TUm

It is interesting to see how f} (E)= [f d3r ‘Iffvjt('r)@% q(fr)] looks like as a function
of E:

] N. Brambilla, W.K. Lai, AM, A. Vairo (in progress)
Ho-multiplet, [ = 1, JP¢ = [17F,(0,1,2)7 ]

H>(4145):
1py overlap integral 1py hybnd, Mass: 4.14542
Gluelump-subtracted Eigenenergy. 0335416
Integral =t — Hybnd
) - Expected peak: 0.325416 , i Octet, Expectad
0 o : 20 = A0 1t extrema = 0.190666 . Octet, 15t extrema
' 10 15 20
01
C oy i ) . ) —1
Radial integral of f, (E) vs E (GeV) Radial hybrid wave function vs r (GeV ™ )

@ The actual peak is slightly off (at a lower F) from the expected peak at
E=F,, —A.

@ The peak is broad, with width ~ 1 GeV. The assumption that fﬁnq(E) is
nonzero only when E,, =~ E 4+ A is not true.
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Singlet-Quarkonium overlap

2) Owr[alo DE Co o Sv'v-d(di loud shotec 4 Busrk snjuum

on = BN B>
\I/ \} Gudounb S""‘(j (et

Quovko nivm waa

) DVev{af f pr\-r.nuum 5\.-»8]21-‘{ am Ol dsam

Wy =| I’
@3
CJr\a,vm

" nz; | wnw | W0,
1s O.F2 0. R
25 0-2¢ O-F2
(P 0-18 |0-76
QP ©.20 O-"T':}

L%J sl—-:ré- LwJ[E
Cav-.:l"{,nuvm
ﬂ& | @ >l Swaidﬂﬁrﬁ
Bottom .
M %—lwnhr]i L;-'J,\
1S 0-90 O |0
as 0-472 0 55
1P 0-4Lg 0 51
9.]:) O 3% 0- 59
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