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Sta$c QCD poten$al
・Necessary to describe quarkonium

・Good quantity for precise αs determination 2012 Bazavov et al.
2018 Takaura et al.
2020 Ayala et al.

In order to give precise theoretical calculations, 
renormalon uncertainties should be understood. 
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Renormalons
Perturbative calculation:

<latexit sha1_base64="QnI/eoZGSzD1XvwPidkHU3CLskE="></latexit>
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<latexit sha1_base64="T7St/GxqxEhmNlw8t0YInNBxApE="></latexit>

an ⇠ n!(b0/u)
n induces ambiguity to the perturba@ve series 

and “renormalon uncertainties” appear.

Known facts:
・The renormalon uncertainties in the large-β0 approximation are

・The exact form of the u=1/2 renormalon is known to be                              .

・The momentum-space potential exhibits good convergence.

�VS(r)|large-�0 ⇠ ⇤MS, r2⇤3
MS

, ...

<latexit sha1_base64="ZP+yiv0hTBSP5AFFCSlgb7Zmq8k="></latexit>

u=1/2 u=3/2

�VS(r) / ⇤MS

<latexit sha1_base64="32Yy0V+Ffmrbm77P82CrFEU8YtU="></latexit>
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Renormalons
Perturbative calculation:
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<latexit sha1_base64="T7St/GxqxEhmNlw8t0YInNBxApE="></latexit>

an ⇠ n!(b0/u)
n induces ambiguity to the perturbative series 

and “renormalon uncertainties” appear.

Known facts:
・The renormalon uncertainGes in the large-β0 approximaGon are

・The exact form of the u=1/2 renormalon is known to be                              .

・The momentum-space potenGal exhibits good convergence.

�VS(r) / ⇤MS

<latexit sha1_base64="32Yy0V+Ffmrbm77P82CrFEU8YtU="></latexit>

How about the second (u=3/2) renormalon?

How can we explain this?

�VS(r)|large-�0 ⇠ ⇤MS, r2⇤3
MS

, ...

<latexit sha1_base64="ZP+yiv0hTBSP5AFFCSlgb7Zmq8k="></latexit>

u=1/2 u=3/2
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Contents

・The u=3/2 renormalon in Vs(r) beyond large-β0 approx.

・ Renormalons in the q-space potenBal

・Estimate of the size of the u=3/2 renormalon  

Today, I am going to talk about three issues.
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How to determine 
u=3/2 renormalon structure

Question: What is the r dependence of the u=3/2 renormalon? 

In general, renormalon uncertain@es take the form

Basic logic to determine the exact form 

S(Q2) = C1(Q
2) +C2(Q

2;µ)
h0|O(µ)|0i

Q4
+ · · ·

<latexit sha1_base64="muE1sblaYRDSvxk9Scj5G8A/c4A="></latexit>
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↵�0/b0
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2
s(Q

2) + ...]

<latexit sha1_base64="ITAcvMyUWtQeYxIxAFbEocHRHlM="></latexit>

・CancellaGon of renormalon uncertainty of                 against 
the uncertainty of the second term in the OPE   

C1(Q
2)

<latexit sha1_base64="Qhz4smZDdV99SSLJANXqmE+S3Tc="></latexit>

・The above form is determined by understanding 
the Q-dependence of the second term. 

Nonperturbative
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pNRQCD
The static QCD pot. can be studied by multipole expansion:

<latexit sha1_base64="+4lXrqv5ImN0tNfWpPWCtJdRuFI="></latexit>

VQCD(r) = VS(r) + �EUS(r) + · · ·

Brambilla, Pineda, Soto, Vairo

<latexit sha1_base64="1mPmVp9tP5gk9AFVfyyWN/I1/70="></latexit>

VS(r) : 1/r part and genuine perturbative part 
<latexit sha1_base64="QnI/eoZGSzD1XvwPidkHU3CLskE="></latexit>
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�EUS(r) : r2 correc@on to the poten@al 

The  u=3/2 renormalon in Vs(r) should be cancelled against 
<latexit sha1_base64="a6rdWVP7hBfcv66F9YQAA09uFJU="></latexit>

�EUSa UV originated ambiguity of           .

Here

<latexit sha1_base64="kIQNM8/R319SjMY93L0Z1H8X94A="></latexit>

�EUS(r) = �i
V 2
A(r)

6

ZZZ 1

0
dt e�it�V (r)hg~r · ~Ea(t,~0)'adj(t,0)

abg~r · ~Eb(0,~0)i

(confirmed in the large-β0 approx.)
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u=3/2 renormalon
<latexit sha1_base64="kIQNM8/R319SjMY93L0Z1H8X94A="></latexit>

�EUS(r) = �i
V 2
A(r)

6

ZZZ 1

0
dt e�it�V (r)hg~r · ~Ea(t,~0)'adj(t,0)

abg~r · ~Eb(0,~0)i

The UV contribution             cancels the u=3/2 renormalon in Vs(r). t ⇠ 0

<latexit sha1_base64="l9erCZ5pYbvyIr8S4ZErQrQamEw="></latexit>

�EUS(r)|UV ' �i
V 2
A(r)

6

ZZZ

t⇠0
dt hg~r · ~Ea(t,~0)'adj(t,0)

abg~r · ~Eb(0,~0)i

<latexit sha1_base64="ImIErqfzhrwNTXRixQoXfKYBoZI="></latexit>

/ r2⇤3
MS

V 2
A(r)

<latexit sha1_base64="7MczW7QxGSUk3luGxrv6EqgAJ1Q="></latexit>

w/ V 2
A(r) = 1+O(↵2

s(1/r))

<latexit sha1_base64="SYEBLgvVnT53YwTAOjdBAEZ8GjA="></latexit>

(Anomalous dim. γ0=γ1=0)

Therefore, the exact form of the u=3/2 renormalon is

2020 Sumino, HT
2020 Ayala, Lobregat, Pineda

�VS(r)|u=3/2 = N3/2r
2⇤3

MS
(1 + O(↵2

s(1/r)))

<latexit sha1_base64="E9/oOMXYLshPJR/zXym0o2jMTTg="></latexit>
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Contents

✔ The u=3/2 renormalon in Vs(r) beyond large-β0 approx.

・ Renormalons in the q-space potential

・EsBmate of the size of the u=3/2 renormalon  

Today, I am going to talk about three issues.
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Suppression of 
q-space renormalons
�4⇡CF

↵V (q2)

q2
=

ZZZ
d3r e�iq·rVS(r)

<latexit sha1_base64="9I33wgXotw2Abf4hi4HQM7w+pXA="></latexit>

A renormalon uncertainty of
gives the q-space potential renormalon as

u=1/2 renormalon

�vs(r) = �(rVS(r)) = (r2⇤2
MS

)u

<latexit sha1_base64="7aa//Wd8mb6jayfhC7Cd7+G4cAI="></latexit>

�↵V (q2)|u=1/2 = 0

<latexit sha1_base64="ARtnKfsrihQq0mRqItRttKwH1ec="></latexit>

because of cos(π/2)=0

u=1/2 renormalon is absent in q-space.

2020 Sumino, HT
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)1/2

<latexit sha1_base64="wuW95SkayvOWE/4EmbaLEKQw2d4="></latexit>
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1998 Beneke Diagrammatic analysis
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Suppression of 
q-space renormalons
�4⇡CF
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A renormalon uncertainty of
gives the q-space poten@al renormalon as

u=3/2 renormalon
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[Polynomial of log(rμ)]
↵s(1/r) = ↵s(µ) + b0↵

2
s(µ) log (r2µ2) + · · ·

<latexit sha1_base64="ulhseanrqWmVjWRzY8eU1rw2LzU="></latexit>

Very much suppressed
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Contents

✔ The u=3/2 renormalon in Vs(r) beyond large-β0 approx.

✔ Renormalons in the q-space potenBal

・ Estimate of the size of the u=3/2 renormalon  

Today, I am going to talk about three issues.
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Normalization of renormalon
u=1/2 renormalon is clearly visible in the current perturbative series.

What is the size of the u=3/2 renormalon N3/2?

Borel transform

For rVS(r) =
XXX

n�0

dv
n(µr)↵

n+1
s (µ)

<latexit sha1_base64="eHsdJii/x+IspgngouE/wh18R0w="></latexit>
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N3/2 = Tt=0[(1� 2b0t/3)
1+⌫Bv(t)/(µ

2r2)3/2]|t=3/(2b0)

<latexit sha1_base64="nfPSv6hWYopio1tN70nucpuxRcg="></latexit>

Lee
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Normalization of renormalon
u=1/2 renormalon is clearly visible in the current perturbative series.

What is the size of the u=3/2 renormalon N3/2?

For rVS(r) =
XXX

n�0

dv
n(µr)↵

n+1
s (µ)
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Method B

N3/2 = lim
n!1
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dv
n
(asym)/N3/2

<latexit sha1_base64="YelClBphNiGoPC/KJxKJ7TO3cJg="></latexit>

Ayala, CveGc, Pineda
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Test of the methods
I use model series

VS(r) = �4⇡CF

ZZZ
d3q

(2⇡)3
eiq·r

↵V (q2)

q2

<latexit sha1_base64="geD6NGzOjQqvzBf4DVH3zy39ERM="></latexit>

NkLL

NkLL

e.g. ↵V (q2)|LL = ↵s(q
2) = ↵s(µ

2)
XXX

n�0

[b0↵s(µ
2) log (µ2/q2)]n

<latexit sha1_base64="sGFNSJa/3fd55UJfH54JYEYapiw="></latexit>

We can calculate N3/2 exactly for these model series w/o 
using the above methods. 

In the following we consider QCD force                      to eliminate the u=1/2 dVS(r)/dr

<latexit sha1_base64="QfMmavNKEL9//UxJBWxn1F2zx+g="></latexit>

renormalon and to make the u=3/2 renormalon the leading renormalon.
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When does the u=3/2 renormalon 
dominate?
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If the u=3/2 renormalon dominates perturbative coefficients        ,

d log (df
n)/dL ' 3/2

<latexit sha1_base64="P8F0PZXeayORJIBccB8r5hlOeOg="></latexit>

because of

df
n
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(L ⌘ log (µ2r2))

<latexit sha1_base64="r02YueIY0rrjFhx4stl38F8xIKc="></latexit>

pert. coeff. for force
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When the u=3/2 renormalon 
dominates?
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Result for N3LL model series
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Efficiency test of Method A and B
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Method B is superior
This agrees with a conclusion of 2020 Ayala, Lobregat, Pineda 

But the error doesn’t show simple convergent behavior at 

Minimal sensi@vity scale used

n ... 13

<latexit sha1_base64="wZFTAeiB3sAwi+f7fqJ9asioVBw="></latexit>

2021 HT

Minimal sensitivity scale used
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Improvement for Method B
2021 HT

Instead of minimal sensi@vity scale, let’s use the scale d log (df
n)/dL ' 3/2
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Becomes much beKer
In Method B’ larger renormalization scale is chosen, where renormalon
behavior seems to strongly appear. df
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Estimate of N3/2 from current
perturbative series
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Using Method B’, we obtain

Nf
3/2 = 0.35(11)

<latexit sha1_base64="g4XUysR3Hk3Rs006i3dY/sQ5Dds="></latexit>

2020 Ayala, Lobregat, Pineda Nf
3/2 = 0.37(17)

<latexit sha1_base64="jru57wRc3tkWI1bIOqpbDg+dCZY="></latexit>

using Method B

Current perturbative series up to NNNLO
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Summary

・The u=3/2 renormalon uncertainty is

�VS(r)|u=3/2 = N3/2r
2⇤3

MS
(1 +O(↵2

s(1/r)))

<latexit sha1_base64="4pCxBuqQ/SrtJH3mDaVgqaMRUSw="></latexit>

and it turned out to be close to ⇠ r2⇤3
MS

<latexit sha1_base64="UklYSjIx3iHR1PJFz6nhy67hZh0="></latexit>

・ A simple formula concludes that, in momentum space
the u=1/2 renormalon is absent and the u=3/2 renormalon is suppressed
by αs^3.

・I suggested an improved method to es@mate renormalon normaliza@on
and gave an es@mate                             .Nf

3/2 = 0.35(11)

<latexit sha1_base64="g4XUysR3Hk3Rs006i3dY/sQ5Dds="></latexit>
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Can the u=3/2 renormalon be seen 
more clearly in the next order?

20/20



Back up



Renormalons originally encoded 
in αV(q2)
Suppose that momentum-space potential  
has renormalon divergence 

↵V (q2) =
XXX

n�0

an↵
n+1
s

<latexit sha1_base64="megIivhfVppK6wn188NGcLJQULk="></latexit>

To the coordinate-space potential                                    , this behavior givesVS(r) =
XXX

n�0

dn↵
n+1
s

<latexit sha1_base64="utidqvLYbHdfVknGi280ldazy1k="></latexit>
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<latexit sha1_base64="fH7HRpNZ2EpXozevjZ2633xZh0g="></latexit>

non-zero for u0>0

If the u=u0 renormalon exists in momentum space, 
the u=u0 renormalon exists in coordinate space.

namely

If the u=u0 renormalon does not exist in coordinate space, 
the u=u0 renormalon does not exist in momentum space.

This argument suggests
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Error estimate of 
normalization constant 

Systematic errors

(i) Scale variation around minimal sensitivity scale by factor              and 1/
p
2

<latexit sha1_base64="DCgGG0iRyaUK2yj18gVHFjkRMI8="></latexit>

p
2

<latexit sha1_base64="lyP+dcjA41e2wpuUJ3XjWIUcGPw="></latexit>

(ii) Difference from previous order result

(iii)  Impact of 1/n correction  


