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Motivation

o (J/¥ +ne)

® 0 x Boy=33T] £9fb@Belle!

® 0 x By =25.6+28+3.4fb@Belle?
® o xB.o=17.6+28"}7fb@BaBar®

® 0 xBoy=064+1.7+1.0fb@Belle?
® 0 x Boy=10.3+2.5715 fb QBaBar?

o (J/% + xa) + 0 I/ + xa)

! 4
2
besa GeVic ® 0 x By <5.3fbat 90%C.L. @Belle?

The recoil mass distribution
Belle, PRL2002 1 Belle, PRL2002 2 Belle, PRD200/ 3 BaBar, PRD2(103/26
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NRQCD Factorization

@® Quarkonium energy scale Braaten, 1997

ce bb it
M QLD M | 1.5GeV  4.7GeV 180 GeV
Mv | 0.9GeV 1.5GeV 16 GeV
Mve | NRQCD M | 0.5GeV  05GeV  1.5GeV
@ Integrate out the heavy(~ M) degrees of freedom

Mv*% CNRQED
Vairo, :.: - ] | xc(p/M)
Hadron 2011

QCD NRQCD
Qiu, 2011
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NRQCD ] Quarkonium StUdy(see for review)

@® Nowadays, NRQCD becomes standard approach to tackle various quarkonium production and
decay processes including
O Radiative and dileptonic decays of quarkonia, e.g., X0 — light hadrons
O Exclusive charmonium production, e.g., e e~ — J/1 + 1. at B factories
O Inclusive charmonium production, e.g., J/1 production at hadron colliders

@® Most of the NRQCD successes based on the NLO QCD predictions.
@® However, the NLO QCD corrections are often large:

process K-factor
ete” — J/+ne. 1.8 ~2.1 Zhang, Gao, Chao, PRL2006
ete” = Jb+ Jp  —0.31 ~20.25 Gong, Wang, PRL2008
pp — J/p+ X ~ 2 Campbell , Maltoni, Tramontano, PRL2007
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The NNLO Corrections

Perturbative convergence of these processes seems to be rather poor.

8« s\ 2 as\3)?
(0) 258 _ s
T (J/ — IFI7) =T ( S22 (4455 — O4h@)<n> 4 (~2091 + 120.667;, osm%)(n> )
Marquard, Piclum, et al., PRD201}
9 2
I%Bfaw):ﬂm(1—13¢ﬁ—2&7Gﬁ)>
Tt 7T
Chen, Qiao, PLB2015
2
1O (1 _160% _ %) ?
T (5. — v7) =T (1 169 5652(71)
Feng, Jia, Sang, PRL2017

So calculating the higher order QCD corrections is imperative to test the usefulness of NRQCD

factorization.
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ete” = J/Y + X

@ The tree-level results have been known long ago.

Braaten, Lee, PRD2003; Liu, He, Chao, PLB2003;
Hagiwara, Kou, Qiao, PLB2003

@ More than a decade ago, the NLO perturbative corrections to e e~ — J/t + x.s have been

computed by several groups.
Zhang, Ma, Chao, PRD2008; Wang, Ma, Chao, PRD2011;
Dong, Feng, Jia, JHEP2011..

@ Recently, the interference due to QED has also been investigated for these processes.
Jiang, Sun, EPJC2018.

@ There is also a comparative analysis of the J/v angular distributions in a number of double
charmonium production processes has been conducted between the O(a;) NRQCD prediction
and B factory data.

Sun, JHEP2021. 7/26
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Helicity Amplitudes

The process can be decomposed to the decay of a timelike photon and expressed as helicity amplitudes:

1+ cos? 6
dofete” = J/p) +xesG)l _ @PIAL 0 ) 2

dcosf 8s2/2

A=+,

1 —cos?6, A =0,
A1, Ao: helicities of J/1, xcsr A=A — Ao

|P|: magnitude of the 3-momentum of J/v (x.,) in the CM frame

Helicity Selection Rule

_1
Al g o s 2D s
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Angular Distribution Parameter

@® Unpolarized production rates:

do(ete™ — J/¥ + Xxeg)

dcos@

—> Angular distribution parameter «;:
S
|~’48,0|2 + |-A(1),0|2
O e . W
| AL of? + A5 1% + 2 A7 |2
|AB o — |42 oI — |45 117 + 2142, |* — | AT,

oy = —

=A;(1+aycos?), J=0,1,2

Qg = —
|~’4(2),0|2 + |-A%,0|2 + |v43,1|2 + 2‘~Ai1|2 + |~’4%,2|2
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NRQCD Factorization Formula

NRQCD factorization is applicable at helicity amplitude level.

g t1Cs
Al =i, (/Y7o - erppx(pa)l0(xesl¥ o p x(1a)0) ().

mg
1 (i 1 (i P o
]CBPO = % <—2%> g O'> B IC3P1 = ﬁ <—2%> X 0'> 0 8Xc17 IC3P2 = —5?( U])E)%]cz

Through O(a?), dimensionless SDC is expected to take the following structure:

2 2 2
J PR A\ 647meq 14 A1+ 2 HJ(tree) as(,uR) 1 MR J(1)
G5, (153, 22 ) = ST RSB GS 50 {1+ 220 (S 4 o),

c

o2(pr) (1 o o pg 1o g 1E
+ pur) (E,Bo In H%-i-E(SC)\h)\Qﬁo-Fﬁl)lnH%

>

1% J2 4m?
+ (Vg +’7Xc.1)lnﬁ + C,\(l,z\2 >}v ri=

(¢}
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Tree-Level SDCs

o (J/’l/) + XCO)

Co%r —1 4 10r— 122, € — 9 14r,

Cll)((‘;ree) :7\/67,, Cé)(ltree) _ 7\/6(2 - 77‘), Cll’(ltree) _ *2\/6(1 - 37"),

G = — V(1 —2r—120%), Ci§°Y = —v2(3 - 11n),

clme) — —2v/B(1—3r), CoU™) = —V(1 - 5n), €24 = —2v3,
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Calculating the SDCs

@ In principle the SDCs can be inferred by the perturbative matching procedure.

@ Since we only concerned with the lowest order in v, we directly extract the SDCs in the context
of method of region. For simplicity, we ultilize the well-known covariant color/spin/orbital
projector technique. Beneke, Smirnov, NPB1997; Petrelli, Cacciari, et al., NPB1998

@® Nearly 2000 two-loop diagrams survive for the v — ce (35‘11)) SHCE (3PE,1)) processes,
generated by Qgraf and FeynArts.

w, d, &, 0b

regular light by light
a) tree b) one loop ¢) two loop

® c,+e5+ e =0~ “Light-by-light” amplitudes stemming from the light quark loops cancelsl4/26
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Strategy of Calculation

@® Trace && Contraction: FenyCalc and FormLink
@ Partial Fraction && IBP Reduction: Apart and FIRE ~»~ 600 master integrals (Mls)
@® Mils by Auxiliary-Mass-Flow method: AMFlow Liu, Ma, 2201.11669

Im(n)
- r=nm=x
x X..
=Nmin
The biggest challenge of this work is to precisely
— *— Re(1) . .
Nas /Mo 2w compute Mls, many of which bears rather complicated
topology and are generally complex-valued.

Liu, Ma, Wang, PLB2018
15,26
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(Un)polarized Cross Sections and NRQCD Factorization

Introduction

IR Divergences

@® Renormalized quark helicity amplitude is left with a single IR pole, whose coefficients are
exactly identical to ('YJ/w + ’7)@J)/2 . Czarnecki, Melnikov, PRL1998; Beneke, Signer, Smirnowv,
PRL1998; Hoang, Ruiz-Femenia, PRD2006; Sang, Feng, et al., PRD2016

O/ =10 - €5/4X, Yo = =T (C’AZLCF i ng)’
Oxo :%M (_; "’) X Voo = —7r2<0f1‘20F + Cj)
Oxu =%¢f (_;ﬁ x o‘) S - _ﬂ2<0,i20F . 5;4%)

@ These IR divergences give a highly nontrivial success of NRQCD factorization for exclusive

S + P -wave charmonium production at two loop order.
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The finite SDCs with /s = 10.58 GeV and m. = 1.5 GeV, m;, = 4.7 GeV are

H |(A1, A2) C(A21),A2

(1,0) | —29.59 + 8.53i + (—0.2621 — 0.1190i)n? + (—1.323 + 0.709i)n; +(—0.1994 + 0.13611)p), . + (—0.0559 + 0.1737i)p1. 5

e (0,0) |—44.93 + 20.09i + (—0.2755 — 0.0694i)n? + (0.1312 + 0.1762i)n;, +(—0.2735 + 0.2099i)p1,c + (—0.0711 + 0.16901)p1,5
(1,1) —67.21 — 43.30i + (—0.2751 — 0.0710i)n2 + (2.709 + 6.129i)n;, +(0.2348 — 0.0348i)jp/,. + (0.4232 + 0.16021)),5

Xe1| (1,0) —769.4 — 585.4i + (—0.2539 — 0.1491i)n? + (72.27 + 39.43i)ns, +(—0.129 + 1.4251)1,c + (2.890 + 3.3651)b1,5
(0,1) | —37.97 — 16.38i + (—0.2763 — 0.0667i)n7 + (—0.217 + 3.4061)n; +(0.12717 — 0.028991) b1, + (0.1941 + 0.02081) b,
(1,2) | —36.04 — 27.64i + (—0.2539 — 0.1491i)n? + (4.426 + 3.230i)n, +(—0.7413 + 0.15671)jp), . + (—0.6149 + 0.28571) 1,5
(1,1) | —69.87 — 5.01i + (—0.2751 — 0.0710i)n? + (2.967 + 3.058i)nz +(—0.2400 + 0.07251)1p1,c + (—0.1554 + 0.15151) 1,5

Xe2| (1,0) | —55.16 — 11.06i + (—0.2843 — 0.0371i)n7 + (1.716 + 2.894i)n; +(—0.2349 + 0.1069i)1,c + (—0.1166 + 0.1127i)p,5
(0,1) —15.87 — 18.98i + (—0.3077 + 0.0489i)n? + (0.813 + 1.989i)n; +(0.1442 + 0.07181)p1,c + (0.2558 — 0.04291)jp1,5
(0,0) |—67.22 — 28.33i + (—0.3030 + 0.0314i)n? + (4.399 + 2.106i)n; +(—0.1578 + 0.1796i) b1, + (0.012572 + 0.0056151) 1,5
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pa Evolution

® Both SDCs and long-distance matrix elements(LDME) are dependent on factorization scale p.

dIn(O(ua)) — (as(pa)\’ (O(un)) 49 Tag(ua)  as(pao)
o = - (2l 10 1 0 ) = Ol _ oy [ faulin) _ enal]

@ The scale dependence is expected to be cancelled in the product.

@® However, at a fixed order of a, the combined result may still suffer from severe 114 dependence.

\ (017 (1)) (Oxo (1))
Eg. Afoly" = J/(0) + Xeo(0)] = € (ua) — g XORE g = 1GeV ~ mew
@
14 Cllalua) 14 Alo(pa)
Cilo (o) Af o lino)
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Long-Distance Matrix Elements(LDMEs)

@® The NRQCD LDMEs should be calculated in lattice QCD in principle since they are

non-perturbative.

@ In phenomenological analysis, the long-distance NRQCD matrix elements are often approximated
by the radial Schrodinger wave functions at the origin (J/¢) and the first derivative of

the P-wave radial wave functions at the origin (x./):

c 2
(J/Y1to - e gpx(pa)l0) 2/ =Ry (pa),  |Ryjw|” = 0.81GeV3(B-T)
21

(Xes 1T s p,x(11n)|0) \/ o B, (), |, ' |7 =0.075GeV®(B-T)

@® \We tacitly assumeR!, ~ R/~ R/ _by appealing to approximate heavy quark spin symmetry.
X c0 Xel Xc2
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Calculating the NNLO SDCs

Polarized Cross Sections o(*1"*?) [fb]

Phenomenology Summary

Central values are obtained by setting a((y/s) = 1/130.9, m. = 1.5 GeV, pr = /s/2. First error is
estimated by setting m, = 1.3 and 1.7 GeV, while second error is given by varying g = 2m. ~ +/s.

o(0:0) o(1.0) 0D (x10~1) oID(x1072) o2 (x1073)
L0 110555755 18550576054 - - -
Motxa NLO 08RG asefi . - -
NNLO 2128576518 4098 - - -
— - 0.00116 500023 000031 369715 100s 33155761057 -
J+xa  NLO - 0.037405160 oot0 48613505 2945051005 -
ML - 011225051 £6.017 41255000 1367555105 -
[0 WIS 02TIIE  0ewRInm sannng  2aIEi
I/ +xe NLO 045255557000 0328T0753 005 0.808TGERIGNT  4.04ligpThas 2710505
NNLO 0.264*0751 %0000  0-236%G737*00%5  0-806%036 Tooe 2797066 058 23976455047
Recall Ci%mc) = —/6r
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Unpolarized Cross Sections

@® Comparison between our finest predictions to the unpolarized cross sections and the
measurements in two B factories (in units of fb).
® |Ry2s(0)|° = 0.529GeV?

Lo G L BELLE BABAR
o X Bsa(0) 0 X B
o (J/ + xe0) 480355 9203 103456405 64E1L7£10 1032543

o (/9 + Xe1) 08075035 s LAIITGRITOe  LOTERi 006 = -
o (/¥ + Xe2) 11655567051 136705 05 0.9587087 0020 = =
a(J/Y + xe1) + (/Y + Xe2) LG DAL 2.0371994096 | <53 at 90% C.L. =
a((29) + xe0) g e GOITFBERHE Bl A v e 125+£38+3.1 =
o ($(25) + xe1) 052740516 05 072230558 010 0.70240:555 0050 = -
o($(28) + Xe2) 0.759%0 565 0523 088610035 0007 06251051570 e = =
o($(29) + xe1) + o (B(29) + xe2)  1.291193+0.59 @I 1.337130+004 | < 8.6 at 90% C.L. =
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Phenomenology Summary

Calculating the NNLO SDCs

Introduction (Un)polarized Cross Sections and NRQCD Factorization

pur Dependence

2 25F 1
=) =) f ]
= = 200 1
= i 1
o S [ 1
= 3
= =
N ~

+
b |
=
0 1 00" 1
4 6 8 10 A G g o
it (GeV) 1ir (GeV)
6F : -
35 — [ 1
& BELLE upper limit -
. f = 5- ELLE upper limit -
g 30 3|
T e T e 1
= > G
1 =
Y >
= +
T )
1 =
n
£
R
~
S
00f o . 0 :
4 6 8 10 4 6 8 10

pir (GeV) 1 (GeV) 23/26
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Angular Distribution Parameter o ;

NRQCD predictions for the angular distribution parameter a; (defined before) at various perturbative

accuracy.

LO NLO NNLO BELLE
Totxe 022EUT  0mmIRAME osstgmess | EGHGE
Tbxe OGOTHUE 07TRIEUENNEE 0001780100 —~
T+ X ~019THIN —0128KIRAE  —ooouoriTANTe | —
Recall

Aol = 1497
A3 o2 + A7 o2

Qg =

24 /26
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Summary

® We compute the NNLO perturbative corrections to e¢te™ — J/1 + x. at B factories within
NRQCD. With the aid of AMF method, the SDCs are presented with high numerical accuracy.

® At O(a?), the up dependence for o(J/1 + Xc0,1) are significantly reduced, while get slightly
worsen for o (J/9) + Xc2).

@® NNLO predictions of o(J/1 + x.) are consistent with experimental measurements.

@ There are also severe discrepancy between the most refined NRQCD predictions and the
measurements.

@® \We hope that future Belle 2 experiment will shed crucial light on the mechanism of exclusive

double charmonium production and the applicability of NRQCD factorization.

(liank- vy
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NRQCD Lagrangian

LnrQed =Liight + Lheavy + 0L

1 .
Liight 25‘51“0,2,,, +Y dibg

2 2
Eheavy :wT (lDt + D_> ¢ + X <1Dt - %)
5£bi|inear :Ldﬂ (D2) '9/} + _Q/}T (D ’ gE - gE : D) 1/1
+8M2¢ (iD x gE — 1gE><D)¢+—wT(gB o)1)

+ charge conjugation terms

1 and x: Pauli spinor fields; E,B: QCD field strengths

26/26
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Helicity Amplitudes

Phenomenology Summary

The pro-

cess can be decomposed to the decay of a timelike photon and then expressed as the helicity amplitudes:

do[ete™ = J/P(M) + xes(X2)]  27a Z ) = J/P(M1) + Xea(A2)]
dcos 0 82 dcos 0
§,==+1
_27ra

A7 D
T 3/2 S2 A )} | ,\1,,\2|
s = 167ws ' =

2
14os’d 4
::ﬂ<ﬂ>|A/\/\|2 { 2
852 \/:9 1,72
1 —cos?4, A=0,

S,:magnetic number of the photon, A1, Ao: helicities of J/¥, x .

|P|: magnitude of the 3-momentum of J/1 (x.,) in the CM frame 26,26
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Properties of Helicity Amplitudes

@ Parity invariance:
J (NI gJ
A)\17>\2 - (_) A*>\1,*>\2'
@ Helicity selection rule:

J — 1@+ +22))
A/\W\2 x s 2

= o(J/P(A1) + Xes(A2)) oc s737 Rt
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Expression of Aj; and oy

We can explicitly write A; and a; as:

|P|) s s A9 o2 — .49 2
A AD 12 + A9 012D =200~ Mo
3= 8s2<f {idool® + 1A%} a0 == o0 P

P
s = 2 (B gt o+ 140, 210,13,

AL 0|2 + |A0 ? - 2|-A1 2

o
N AL T AL 1 2lAL P

P|
Ay = 32 < {|A 0|2 + |-/4§,0|2 + |A(2),1|2 + 2|~Ai1|2 + |~Ai2|2}

|AZo* = AT o|* — |AG 1|7 + 2147 1| — A7 57
|~’4%,0|2 =+ |~A%,0|2 + |-’4(2),1|2 + 2|~A%,1|2 + |-’4%,2|2

09 = —
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Total Cross Section

Integrating the differential decay rate over the polar angle, the total unpolarized cross sections read:

a [P
(31 + xeo) =g (M43 + 2140,
a [P
(30 + ) =g L (2AL P+ 2148, + 2141, )
a [P
o311+ xe2) =g Mol + 2ALoP + 237+ 24 + 2142,
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Calculating SDCs

@ We use the standard covariant projection methods.
vu — 11

@ The relativistically normalized color-singlet and spin-triplet projectors for J/v(c (%L) (%L)) and
Xes(c(p)e(p)) read:

1

I, = Hl—l—m ® —,

10 \/5 ( C) m

. ]-C

I, = —— (9 — m )Y (ot 2m + m.) ® .

11 8\/5’”7% (?5 0)7 (EQ 0)(? C) \/Fc

_ P _ P
b= 9 +q¢ D= 9 q,
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Calculating SDCs

@ The x.; states can be read off by projecting out the diagonal, antisymmetric and symmetric

traceless components w.r.t. the vector indeces for spin and orbital momentum:

d PrpY
* J v v — v
EM,J/WZ/a@tr[HuAHIfO]‘qzov n'(P) = —¢g" + PP
1 i
T = 5Py T€) = = oo P,

‘731/(6) =" {% Mo (P)wo (P) + Do (P p(P)] = %nHV(P)nPO'(P)}

where A represents the quark-level amplitude with the external quark spinors truncated.

@ We use the method of region to extract the hard contributions directly.

26/26
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Charm Mass

Various values of the heavy quark pole mass are adopted for charmonium production in literature.

me(GeV)
Bodwin, et al., Fragmentation contributions to hadroproduction of prompt J/, x.;, and 1(25) states
He, et al., Inclusive J/v and 7. production in Y decay at O(a?2) in non-relativistic QCD factorization
5 Butenschoen, et al., Next-to-leading-order tests of NRQCD factorization with J/v yield and polarization
Butenschoen, et al., 1. production at the LHC challenges nonrelativistic-QCD factorization
Kniehl, et al., Complete Nonrelativistic-QCD Prediction for Prompt Double J/v) Hadroproduction
Wang, et al., Polarization for Prompt J/v and 1)(2S) Production at the Tevatron and LHC
1.5+0.1 Ma, et al., J/4(3") production at the Tevatron and LHC at O(atv*) in nonrelativistic QCD
14—-1.5 Chen, et al., NNLO QCD corrections to Y + n.(n,) exclusive production in electron-positron collision
1.44+0.2 Bodwin, et al., Resummation of Relativistic Corrections to e e~ — J/1 + 1.
1.483 £ 0.029 | Bodwin, et al., Relativistic corrections to Higgs boson decays to quarkonia
1.67 +£0.07 Bodwin, et al., Higgs boson decays to quarkonia and the Hce coupling
1.3 Kniehl, et al., Inclusive J/1 and 1 (2S) production from b-hadron decay in p anti-p and pp collisions
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@ The values of R;/,(0) in literature.

Cornell | Power Law | Log | Coul. + power pNRQCD

|R/4(0)]? (GeV?) 1.454 0.999 0.815 | 0.610 ~ 1.850 1.271
Screened Lattice BT Modified NR | Semi-relativistic

|R/(0)]? (GeV?) 1.19 1.1184 0.810 1.9767 0.478

@ The values of R (0) in literature.

Cornell | Power Law | Log | Coul. + power | pNRQCD BT | Modified NR
R (O 0.1124(x o) 0.4074(x0)
(G;V5) 0.131 0.125 0.078 | 0.047 ~ 0.839 | 0.1174(xc1) | 0.075 | 0.3334(xc1)
0.1189(x2) 0.3021 (xc2)
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