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• Update of Known Transitions

• New Issues Above Threshold

• Revisiting the QCDME assumptions

• Summary and Wish List
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The Status of Pion Transitions                    
in Quarkonium

Estia Eichten (Fermilab)

Outline:



• NRQCD 

•  Below threshold
– Narrow states allow precise experimental probes of 

the subtle nature of QCD.

– Consistency between (bb) and (cc) systems 
validates NRQCD approach.  At LHCb the (bc) 
system can also be studied.

– NRQCD approach is a spectacular success
• masses and spin splittings (pot -> LQCD)
• direct decays (pQCD)
• EM transitions (ME)
• hadronic transitions (QCDME) 

– Lattice QCD can provide nonperturbative elements
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for these and other transitions within the context of
the Kuang-Yan model can be found in the review of
Kuang [521].

A summary of all experimentally observed hadronic
transitions and their corresponding theoretical expecta-
tions within the Kuang-Yan (KY) model is presented in
Table 36. The experimental partial widths are deter-
mined from the measured branching fractions and total
width of the initial state. If the total width is not well-
measured, the theoretically-expected width is used, as
indicated. The theory expectations are adjusted using
the current experimental inputs to rescale the model pa-
rameters |C1| and |C2| in Eq. (135) and |C3| in Eq. (136).

The multipole expansion works well for transitions of
heavy QQ̄ states below threshold [81]. Within the spe-
cific KY model a fairly good description of the rates for
the two-pion transitions is observed. The partial width
Γ(Υ(3S) → Υ(1S)π+π−) was predicted to be suppressed
due to cancellations between the various QCS interme-
diate states [517], allowing nonleading terms, O(v2), to
contribute significantly. The non-S-wave behavior of the
mπ+π− dependence in Υ(3S) decays, also observed in the
Υ(4S) → Υ(2S)π+π− transitions, may well reflect this
influence of higher-order terms. Other possibilities are
discussed in Sect. 3.3.11. For single light-hadron transi-
tions some puzzles remain. For example, the ratio

Γ(Υ(2S) → ηΥ(1S))

Γ(ψ(2S) → ηJ/ψ(1S))
(137)

is much smaller than expected from theory (see
Sect. 3.3.6).

The situation is more complicated for above-threshold,
strong open-flavor decays. The issues are manifest for
Υ(5S) two-pion transitions to Υ(nS) (n = 1, 2, 3). First,
states above threshold do not have sizes that are small
compared to the QCD scale (e.g.,

�
�r2�Υ(5S) = 1.2 fm),

making the whole QCDME approach less reliable. Sec-
ond, even within the KY model, the QCS intermediate
states are no longer far away from the initial-state mass.
Thus the energy denominator, Ei − EKL in Eq. (134),
can be small, leading to large enhancements in the tran-
sition rates that are sensitive to the exact position of the
intermediate states [528]. This is the reason for the large
theory widths seen in Table 36. Third, a number of new
states (see Sects. 2.3) that do not fit into the conventional
QQ̄ spectra have been observed, implying additional de-
grees of freedom appearing in the QCD spectrum beyond
naive-quark-model counting. Hence the physical quarko-
nium states have open-flavor meson-pair contributions
and possible hybrid (QQ̄g) or tetraquark contributions.
The effect of such terms on hadronic transitions is not
yet understood [531]. A possibly-related puzzle is the
strikingly-large ratio

Rη[Υ(4S)] ≡ Γ(Υ(4S) → Υ(1S) η)

Γ(Υ(4S) → Υ(1S)π+π−)
≈ 2.5 . (138)

This ratio is over a hundred times larger than one would
expect within the KY model, which is particularly sur-

TABLE 36: Partial widths for observed hadronic transitions.

Experimental results are from PDG08 [18] unless otherwise

noted. Partial widths determined from known branching frac-

tions and total widths. Quoted values assume total widths

of Γtot(χb2(2P )) = 138 ± 19 keV [523], Γtot(χb1(2P )) =

96 ± 16 keV [523], Γtot(Υ(1
3D2)) = 28.5 keV [524, 525] and

Γtot(Υ(5S)) = 43 ± 4 MeV [36]. Only the charged dipion

transitions are shown here, but the corresponding measured

π0π0
rates, where they exist, are consistent with a parent

state of I = 0. Theoretical results are given using the Kuang

and Yan (KY) model [517, 521, 526]. Current experimental

inputs were used to rescale the parameters in the theory par-

tial rates. (|C1| = 10.2 ± 0.2 × 10
−3

, C2/C1 = 1.75 ± 0.14,
C3/C1 = 0.78± 0.02 for the Cornell case)

Transition Γpartial (keV) Γpartial (keV)

(Experiment) (KY Model)

ψ(2S)

→ J/ψ + π+π−
102.3± 3.4 input (|C1|)

→ J/ψ + η 10.0± 0.4 input (C3/C1)

→ J/ψ + π0
0.411± 0.030 [446] 0.64 [522]

→ hc(1P ) + π0
0.26± 0.05 [47] 0.12-0.40 [527]

ψ(3770)

→ J/ψ + π+π−
52.7± 7.9 input (C2/C1)

→ J/ψ + η 24± 11

ψ(3S)
→ J/ψ + π+π− < 320 (90% CL)

Υ(2S)

→ Υ(1S) + π+π−
5.79± 0.49 8.7 [528]

→ Υ(1S) + η (6.7± 2.4)× 10
−3

0.025 [521]

Υ(1
3D2)

→ Υ(1S) + π+π−
0.188± 0.046 [63] 0.07 [529]

χb1(2P )

→ χb1(1P ) + π+π−
0.83± 0.33 [523] 0.54 [530]

→ Υ(1S) + ω 1.56± 0.46

χb2(2P )

→ χb2(1P ) + π+π−
0.83± 0.31 [523] 0.54 [530]

→ Υ(1S) + ω 1.52± 0.49

Υ(3S)

→ Υ(1S) + π+π−
0.894± 0.084 1.85 [528]

→ Υ(1S) + η < 3.7× 10
−3

0.012 [521]

→ Υ(2S) + π+π−
0.498± 0.065 0.86 [528]

Υ(4S)

→ Υ(1S) + π+π−
1.64± 0.25 4.1 [528]

→ Υ(1S) + η 4.02± 0.54
→ Υ(2S) + π+π−

1.76± 0.34 1.4 [528]

Υ(5S)

→ Υ(1S) + π+π−
228± 33

→ Υ(1S) +K+K−
26.2± 8.1

→ Υ(2S) + π+π−
335± 64

→ Υ(3S) + π+π−
206± 80
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☛
☛

☛

Heavy quarkonium: progress, puzzles, 
and opportunities
N. Brambilla et.al. [arXiv:1010.5827]

☛
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Some Puzzles

– η transitions

• Ratio of η to π π transitions:  same initial and final quarkonium states at (Mππ = Mη)

• Comparing theory (KY) and experiment.

• These transitions are very poorly understood. 

5

is independent of the details of the intermediate states.
[kinematic factor]

Table 1: Partial widths for observed hadronic transitions. Simple overlaps
.

Transition G (GeV)7 �f |r2|i� >(GeV)−2 Γ(exp) (keV) Γ(overlap) (keV)
ψ(2S)→ J/ψ + π+π− 3.56× 10−2 3.36 102.3 ± 3.4 input(|C1|)

Υ(2S)→ Υ(1S)+π+π− 2.87× 10−2 1.19 5.79 ± 0.49 5.9
Υ(3S)→ Υ(1S)+π+π− 1.09 2.37× 10−1 0.894 ± 0.084 12.9
Υ(3S)→ Υ(2S)+π+π− 9.09× 10−5 3.70 0.498 ± 0.065 0.26
Υ(4S)→ Υ(1S)+π+π− 5.58 9.74× 10−2 1.64 ± 0.25 19.9
Υ(4S)→ Υ(2S)+π+π− 2.61× 10−2 4.64× 10−1 1.76 ± 0.34 2.1

Γ(n3S1 → m3S1 + η)
dΓ(n3S1 → m3S1 + π+π−)/dM2

ππ
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81π

1
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η − 2m2

π)2]

(8)
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8π2

27
1

m2
Q

(
C3

C1
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Table 2: Ratios for eta/two pion transitions.

Ratio theory experiment
Rcc̄(2 → 1) 3.29× 10−3 9.78× 10−2

Rbb̄(2 → 1) 1.16× 10−3 1.16× 10−3

Rbb̄(3 → 1) 4.57× 10−3 < 4.13× 10−3

Rbb̄(4 → 1) 2.23× 10−3 2.45
Rbb̄(4 → 2) 5.28× 10−4

2

sets C3/C1 = 0.143 ± 0.024
~   30 >  theory

~ 1000 > theory
suppressed?
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–  Υ(3S) ->Υ(1S) ππ andΥ(4S) ->Υ(2S) ππ transitions

• Mππ distributions NOT the expected S-wave behaviour

• Likely explanation - same as overlap dynamically 
suppressed  in  Υ(3S) -> χb(1P ) γ EM transitions 

• CLEO detailed study [arXiv:0706.2317]

– Hindered M1-M1 term => C≈0.     Consistent with 
CLEO results.  

– Small D-wave contributions

• Further study would be useful. Look at polarization. 
Dubynskik & Voloshin [hep-ph/0707.1272]

6

Some Puzzles

BELLE

FIG. 8: Plots overlaying projections of the data (points with error bars) and the fit result (his-

tograms) onto the Mππ and cos θX variables. The plots are summed over electrons and muons, but
are differentiated by pion charge. The neutral modes (open symbols, dashed lines) show only a
positive distribution in cos θX because the two pions are indistinguishable. For the charged modes

(solid symbols, solid lines) the angle is that of the π+.

and proportional to 1/
√

ai, where ai is the Monte Carlo phase space yield in bin i. Hence,

σi =
√

di + d̃2
i /ai.

The bins for which di = 0 require special treatment, and σi is modified appropriately. To
minimize the effect of such bins with zero yield, we sum over muon and electron final states.
This takes a weighted average over the distributions, rather than taking account of the

14



Why it works so well
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•  Lattice calculation V(r), then SE

– What about the gluon and light quark 
degrees of freedom in QCD?

– Two thresholds

• Usual (Qq) + (qQ) decay thresholds

• Exciting the string - hybrids

– Hybrid states will appear in the spectrum 
associated with the potentials Πu, ...

– In the static limit this occurs at separation 
r ≈ 1.2 fm.  

• Between the 3S and 4S in (cc) system

• Just above the 5S in the (bb) system

7
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Fig. 3.6: The singlet static energy (quenched and unquenched data) from Ref. [51], see also [143]

2.3.3 The QCD static spectrum and mechanism of confinement18

The spectrum of gluons in the presence of a static quark–antiquark pair has been extensively studied with

high precision using lattice simulations. Such studies involve the calculation of large sets of Wilson loops

with a variety of different spatial paths. Projections onto states of definite symmetries are done, and the

resulting energies are related to the static quark–antiquark potential and the static hybrids potentials. With

accurate results, such calculations provide an ideal testing ground for models of the QCD confinement

mechanism.

The singlet static energy

The singlet static energy is the singlet static potential V (0)
s .

In the plot3.6, we report simulation results both with and without light quark–antiquark pair cre-

ation. Such pair creation only slightly modifies the energies for separations below 1 fm, but dramatically

affects the results around 1.2 fm, at a distance which is too large with respect to the typical heavy quarko-

nium radius to be relevant for heavy quarkonium spectroscopy. At finite temperature, the so-called string

breaking occurs at a smaller distance (cf. corresponding Section in Chapter 7,Media).

One can study possible nonperturbative effects in the static potential at short distances. As it has

already been mentioned in the ”static QCD potential” subsection, the proper treatment of the renormalon

effects has made possible the agreement of perturbation theory with lattice simulations (and potential

models) [78,88–92]. Here we would like to quantify this agreement assigning errors to this comparison.

In particular, we would like to discern whether a linear potential with the usual slope could be added to

perturbation theory. In order to do so we follow here the analysis of Ref. [90, 144], where the potential

is computed within perturbation theory in the Renormalon Subtracted scheme defined in Ref. [81]. The

comparison with lattice simulations [145] in Fig. 3.7 shows that nonperturbative effects should be small

and compatible with zero, since perturbation theory is able to explain lattice data within errors. The

systematic and statistical errors of the lattice points are very small (smaller than the size of the points).

Therefore, the main sources of uncertainty of our (perturbative) evaluation come from the uncertainty in

the value of ΛMS (±0.48 r−1
0 ) obtained from the lattice [146] and from the uncertainty in higher orders

in perturbation theory. We show our results in Fig. 3.7. The inner band reflects the uncertainty in ΛMS
whereas the outer band is meant to estimate the uncertainty due to higher orders in perturbation theory.

We estimate the error due to perturbation theory by the difference between the NNLO and NNNLO

evaluation. The usual confining potential, δV = σr, goes with a slope σ = 0.21GeV2. In lattice units

18Authors: N. Brambilla, C. Morningstar, A. Pineda

91

LQCD calculation of static energy

The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian !!!
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

〈LLL2
QQ̄

〉

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

〈LLL2
QQ̄

〉 = 〈LLL2〉−2〈LLL · JJJg〉+ 〈JJJ2g〉. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and L" and L# be components perpendicular to the molecular axis.

Writing L± = L" ± iL# and similarly for JJJg, one obtains

〈LLL · JJJg〉 = 〈LrJgr〉+
1
2
〈L+Jg− +L−Jg+〉. (5)

Since Jg± raises or lowers the value of $, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, 〈LrJgr〉 = 〈J2gr〉 = $2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

〈LLL2
QQ̄

〉 = L(L+1)−2$2+ 〈JJJ2g〉. (6)

We assume 〈JJJ2g〉 is saturated by the minimum number of allowed gluons. Hence, 〈JJJ
2
g〉= 0

for the %+
g level and 〈JJJ

2
g〉= 2 for the&u and %

−
u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)
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Crossing the Threshold

• Many new degrees of freedom influence transitions

– Normal strong decay channels - strong coupled channel effects

– New four quark states possible:

• molecules 

• diquark-antidiquark

• hadrocharmonium

– Hybrid states:

• exciting the gluon degrees of freedom

• valence gluons picture

• string picture

• Not hopeless.  Two handles to understand systematics:

– lattice QCD 

– known scaling from (cc) to (bb) systems

8
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Transitions - States Above Threshold

State EXP M + i Γ (MeV) JPC Decay Modes Production Modes
X(3872) Belle, CDF,      

D0, BaBar
3871.67±0.17 + i(<3) 1++ or 

2-+
π+π-J/ψ,  ωJ/ψ, 
ΥJ/ψ, Υψ’, D0D*0

B decays,  ppbar 

χc(23P2) Belle, BaBar 3927.2±2.6 + i(24±6) 2++ D0D0, D+D-, ωJ/ψ ϒϒ, B decays

X(3940) Belle 3942+7-6±6 + i(37+26-15±8) JP+ DD* e+e- (recoil against J/ψ)

Y(4008) Belle 

BaBar
4008±40+72-28 + i(226±44+87-79)

(not seen)

1-- π+π-J/ψ e+e- (ISR)

Y(4140) CDF

LHCb
4143.0±2.9±1.2 + i(11.7+8.3-5.0±3.7)      
(not seen)

JP+ ϕ J/ψ ppbar 

pp
ψ(4160) CLEO 4153±3 + i(103±8) 1-- π+π-hc(1P) e+e-

X(4160) Belle 4156+25-20±15+ i(139+111-61±21) JP+ D*D* e+e- (recoil against J/ψ)

Y(4260) BaBar, CLEO, 
Belle

4263 +8-9 + i(95±14) 1-- π+π-J/ψ, π0π0J/ψ,
K+K-J/ψ

e+e- (ISR), e+e- 

Y(4360) BaBar, Belle 4361±9±9 + i(74±18±10) 1-- π+π-ψ(2S) e+e- (ISR)

Y(4660) Belle 4664±11±8 + i(48±15±3) 1-- π+π-ψ(2S), ΛcΛcbar e+e- (ISR)

ϒ(5S) Belle,     
BaBar

10,876±11 + i(55±28) 1-- π+π-ψ(nS) n=1,2,3

π+π-hb(nP) n=1,2

e+e-

Charged states:  
X±(4250) -> π±χc1(1P), X±(4430) -> π±ψ(2S), Zb±(10,610)-> π±hb(nP) and Zb± (10650)-> π±hb

(nP) 

★

★



• The ψ(4160) -> hc(1P) + π+π- transition observed by CLEO (Ryan’s talk)

• Find unexpectedly large transition rate.

• Spin flip transition: E1 M1
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ψ(4160) Transitions

10



• The Y(4260) -> J/ψ + π+π- transition observed by Belle, BaBar and CLEO 

• The Y(4260) not seen in D(*)D(*) final states. At dip in R.  Large rate.
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Y(4260) Transitions
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• Belle and CLEO observe Y(4260) -> J/ψ + π0π0 consistent with I=0
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Y(4260) Transitions

12



• Additional 1-- states: Y(4360), Y(4660) with transitions ψ(2S) + π+π-

• Clear evidence for large  transitions rates.  But these Y states are not conventional 
charmonium states.  No available 1-- states.
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Y(4260) Transitions
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Υ(5S) Transitions

• Large rates   

– Υ(5S):  m=10,876 ± 11 MeV  and Γ= 55 ± 23 MeV

– BR(Υ 5S) -> Υ(2S) + π+π-) = (0.78 ± 0.13) % 

– π+π-  system   I= 0 

– total branching ratio for known hadronic transitions  (3.9 ± 0.7)% => Γ = 2.1 ± 0.9 MeV

• Clear violation of QCDME expectations:

– the transitions Υ(5S) -> hb(1P,2P) +  π+π-  requires a heavy quark spin flip  (M1)(E1)

• The usual formulation of QCDME needs modification, Structure in the transition amplitudes 
not found in the usual (KY) model.  

14
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Revisiting the QCDME Assumptions

• QCD multipole expansion (QCDME) in a nutshell

– Analogous to the QED multipole expansion with gluons replacing photons.

– color singlet physical states means lowest order terms involve two gluon emission. 
So lowest multipoles E1 E1, E1 M1, E1 E2, ....

– factorize the heavy quark and light quark dynamics

– assume a model for the heavy quarkonium states Φi, Φf and a model for the 
intermediate states |KL>  hybrid states.

– use chiral effective lagrangians to parameterize the light hadronic system.

15

10 May 15, 2010: Quarkonia Decays

Many authors contributed to the early development of
QCDME approach[101–103], but Yan[104] was the first to
present a gauge invariant formulation within QCD. For
a heavy QQ̄ bound state, a dressed (constituent) quark
(ψ̃(x, t)) is defined as

ψ̃(x, t) ≡ U−1(x, t)ψ(x) (11)

where ψ(x) is the usual quark field and U is defined as a
path ordered exponential along a straight line path from
X ≡ (x1 + x2)/2 (the c.o.m. coordinate of Q and Q̄) to x,

U(x, t) = P exp
�
igs

� x

X
A(x�, t) · dx�

�
(12)

For gluon fields the color indices have been suppressed.
The dressed gluon field (Ã(x, t)) is defined by

Ãµ(x, t) ≡ U−1(x, t)Aµ(x)U(x, t)− i

gs
U−1(x, t)∂µU(x, t).

(13)
Now we can make the QCD multipole expansion in pow-
ers of (x−X) ·∇ operating on the gluon field in exact
analogy with QED:

Ã0(x, t) = A0(X, t)− (x−X) ·E(X, t) + · · · ,

Ã(X, t) = −1
2
(x−X)×B(X, t) + · · · , (14)

where E and B are color-electric and color-magnetic fields,
respectively. The resulting Hamiltonian for a heavy QQ̄
system is then [104]

Heff
QCD = H(0)

QCD + H(1)
QCD + H(2)

QCD, (15)

with H(0)
QCD taken as the zeroth order Hamiltonian even

though it does not represent free fields but the sum of the
kinetic and potential energies of the heavy quarks; and

H(1)
QCD ≡ QaAa

0(X, t), (16)

where Qa the color charge of QQ̄ system (zero for color
singlets); and finally

H(2)
QCD ≡ −da ·Ea(X, t)−ma ·Ba(X, t) + · · · , (17)

is treated perturbatively. di
a = gE

�
d3xψ̃†(x−X)itaψ̃

and mi
a = gM/2

�
d3xψ̃†�ijk(x−X)jγktaψ̃ are the color-

electric dipole moment (E1) and the color-magnetic dipole
moment (M1) of the QQ̄ system, respectively. Higher or-
der terms (not shown) give rise to higher order electric
(E2, E3, ...) and magnetic moments. (M2, ...)

Because H(2)
QCD in Eq. 17 couples color singlet to octet

QQ̄ states. The transitions between eigenstates |i� and |f�
of H(0)

QCD is at least second order in H(2)
QCD. The leading

order term is given by:
�
f
��H2

1

Ei −H(0)
QCD + i∂0 −H1

H2

��i
�

= (18)

�

KL

�
f
��H2

��KL
� 1
Ei − EKL

�
KL

��H2

��i
�
,

where the sum KL is over a complete set of color octet
QQ̄ states |KL� with associated energy EKL. Finally con-
nection is made to the physical hadronic transitions Eq.
10 by assuming a factorization of the heavy quark inter-
actions and the production of light hadrons. For example
the leading order E1-E1 transition the amplitude is:

M(Φi → Φf + h) = (19)
1
24

�

KL

�
f
��dia

m

��KL
�
�
��KL

��dj
ma

��i
�

Ei − EKL

�
h
��EaiEj

a

��0
�

The allowed light hadronic final state h is determined by
quantum numbers of gluonic operator. The leading order
term E1-E1 in Eq.19 has CP=++ and L = 0, 2 and hence
couples to 2π and 2K in I = 0 states. Higher order terms
(in powers of v) couple as follows: E1-M1 in O(v) with
(CP=--) couples to ω; E1-M1, E1-E2 in O(v) and M1-
M1, E1-M2 in O(v2) with (CP=+-) couples to π0 (isospin
breaking) and η (SU(3) breaking); and M1-M1, E1-E3, E2-
E2 (CP=++) are higher order corrections to the E1-E1
terms.

Applying this formulation to observed hadronic tran-
sitions requires addition phenomenological assumptions.
Following Kuang and Yan[104,108], the heavy QQ̄ bound
states spectrum of H(0)

QCD is calculated by solving the SE
with a given potential model. The intermediate octet QQ̄
states are modeled by the Buchmueller-Tye quark confin-
ing string (QCS) model[109]. Then chiral symmetry rela-
tions can be employed to parameterize the light hadronic
matrix element. The remaining unknown coefficients in
the light hadron matrix elements are set by experiment
or calculated using a duality argument between the phys-
ical light hadron final state and associated two gluon final
state. A detailed discussion of all these assumptions can
be found in the previous QWG review[110].

For the most common transitions h = π1 + π2 the
effective chiral lagrangian form is [111]

g2
E

6
�
π1π2

��Ea
i Eaj

��0
�

=
1�

(2ω1)(2ω2)
[C1δijq

µ
1 q2µ (20)

+ C2(q1kq2l + q1lq2k −
2
3
δijq

µ
1 q2µ)]

If the polarization of the heavy QQ̄ initial and final states
is measured more information can be extracted form these
transitions and a more general form of Eq. 21 is appropri-
ate[112].

Important single light hadron transitions include the
η, π0 and ω transitions. The general form the light hadronic
factor for the eta transition which is dominantly (E1-M2)
is [117]

gegM

6
�
η
��Ea

i δiBa
j

��0
�

= i(2π)3/2C3qj (21)

The π0 transitions and η transitions are related by the
structure of chiral symetry breaking[114]. Many more de-
tails for these and other transitions within the context
of the Kuang-Yan model can be found in the review of
Kuang[117].
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Ã0(x, t) = A0(X, t)− (x−X) ·E(X, t) + · · · ,
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term E1-E1 in Eq.19 has CP=++ and L = 0, 2 and hence
couples to 2π and 2K in I = 0 states. Higher order terms
(in powers of v) couple as follows: E1-M1 in O(v) with
(CP=--) couples to ω; E1-M1, E1-E2 in O(v) and M1-
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breaking) and η (SU(3) breaking); and M1-M1, E1-E3, E2-
E2 (CP=++) are higher order corrections to the E1-E1
terms.

Applying this formulation to observed hadronic tran-
sitions requires addition phenomenological assumptions.
Following Kuang and Yan[104,108], the heavy QQ̄ bound
states spectrum of H(0)

QCD is calculated by solving the SE
with a given potential model. The intermediate octet QQ̄
states are modeled by the Buchmueller-Tye quark confin-
ing string (QCS) model[109]. Then chiral symmetry rela-
tions can be employed to parameterize the light hadronic
matrix element. The remaining unknown coefficients in
the light hadron matrix elements are set by experiment
or calculated using a duality argument between the phys-
ical light hadron final state and associated two gluon final
state. A detailed discussion of all these assumptions can
be found in the previous QWG review[110].
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is measured more information can be extracted form these
transitions and a more general form of Eq. 21 is appropri-
ate[112].
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QCD + H(2)

QCD, (15)

with H(0)
QCD taken as the zeroth order Hamiltonian even

though it does not represent free fields but the sum of the
kinetic and potential energies of the heavy quarks; and

H(1)
QCD ≡ QaAa

0(X, t), (16)

where Qa the color charge of QQ̄ system (zero for color
singlets); and finally

H(2)
QCD ≡ −da ·Ea(X, t)−ma ·Ba(X, t) + · · · , (17)

is treated perturbatively. di
a = gE

�
d3xψ̃†(x−X)itaψ̃

and mi
a = gM/2

�
d3xψ̃†�ijk(x−X)jγktaψ̃ are the color-

electric dipole moment (E1) and the color-magnetic dipole
moment (M1) of the QQ̄ system, respectively. Higher or-
der terms (not shown) give rise to higher order electric
(E2, E3, ...) and magnetic moments. (M2, ...)

Because H(2)
QCD in Eq. 17 couples color singlet to octet

QQ̄ states. The transitions between eigenstates |i� and |f�
of H(0)

QCD is at least second order in H(2)
QCD. The leading

order term is given by:
�
f
��H2

1

Ei −H(0)
QCD + i∂0 −H1

H2

��i
�

= (18)

�

KL

�
f
��H2

��KL
� 1
Ei − EKL

�
KL

��H2

��i
�
,

where the sum KL is over a complete set of color octet
QQ̄ states |KL� with associated energy EKL. Finally con-
nection is made to the physical hadronic transitions Eq.
10 by assuming a factorization of the heavy quark inter-
actions and the production of light hadrons. For example
the leading order E1-E1 transition the amplitude is:

M(Φi → Φf + h) = (19)
1
24

�

KL

�
f
��dia

m

��KL
�
�
��KL

��dj
ma

��i
�

Ei − EKL

�
h
��EaiEj

a

��0
�

The allowed light hadronic final state h is determined by
quantum numbers of gluonic operator. The leading order
term E1-E1 in Eq.19 has CP=++ and L = 0, 2 and hence
couples to 2π and 2K in I = 0 states. Higher order terms
(in powers of v) couple as follows: E1-M1 in O(v) with
(CP=--) couples to ω; E1-M1, E1-E2 in O(v) and M1-
M1, E1-M2 in O(v2) with (CP=+-) couples to π0 (isospin
breaking) and η (SU(3) breaking); and M1-M1, E1-E3, E2-
E2 (CP=++) are higher order corrections to the E1-E1
terms.

Applying this formulation to observed hadronic tran-
sitions requires addition phenomenological assumptions.
Following Kuang and Yan[104,108], the heavy QQ̄ bound
states spectrum of H(0)

QCD is calculated by solving the SE
with a given potential model. The intermediate octet QQ̄
states are modeled by the Buchmueller-Tye quark confin-
ing string (QCS) model[109]. Then chiral symmetry rela-
tions can be employed to parameterize the light hadronic
matrix element. The remaining unknown coefficients in
the light hadron matrix elements are set by experiment
or calculated using a duality argument between the phys-
ical light hadron final state and associated two gluon final
state. A detailed discussion of all these assumptions can
be found in the previous QWG review[110].

For the most common transitions h = π1 + π2 the
effective chiral lagrangian form is [111]

g2
E

6
�
π1π2

��Ea
i Eaj

��0
�

=
1�

(2ω1)(2ω2)
[C1δijq

µ
1 q2µ (20)

+ C2(q1kq2l + q1lq2k −
2
3
δijq

µ
1 q2µ)]

If the polarization of the heavy QQ̄ initial and final states
is measured more information can be extracted form these
transitions and a more general form of Eq. 21 is appropri-
ate[112].

Important single light hadron transitions include the
η, π0 and ω transitions. The general form the light hadronic
factor for the eta transition which is dominantly (E1-M2)
is [117]

gegM

6
�
η
��Ea

i δiBa
j

��0
�

= i(2π)3/2C3qj (21)

The π0 transitions and η transitions are related by the
structure of chiral symetry breaking[114]. Many more de-
tails for these and other transitions within the context
of the Kuang-Yan model can be found in the review of
Kuang[117].

+ higher order multipole terms.

g

g
A

B

π

π
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Revisiting the QCDME Assumptions

• Four options exist for breakdown of the QCDME

1.  Because states above threshold are not compact the expansion becomes unreliable.

2. The model of hybrid intermediate states is insufficient as hybrid thresholds are 
crossed.

3. The coupling to decay channels adds new contributions.  Transitions in the two 
meson channels (breaks the factorization assumption)

4. There are new exotic states (that are not hybrids) which appear in the 
intermediate state. (Again breaks the factorization assumpion)

• These options are ranked from least surprising (1) to most extreme (4).  I will 
discuss (2) below.  But Belle has observed new states that if confirmed will 
show that at least in the Υ(5S) transitions the breakdown is caused by option (4).

16
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Zb±(10,610)  and Z b± (10,650)

• BELLE has observed two new charged states in the Υ(5S) -> Υ(nS) + π+π- (n=1,2,3)   and 

the Υ(5S) -> hb(nP) + π+π- (n=1,2) transitions   [arXiv:1105.4583]

• Υ(5S) -> Zb++ π- and  Zb -> hb(nP) + π+ .  

• Explicitly violates the factorization assumption.

17
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Zb±(10,610)  and Z b± (10,650)

• Υ(5S) -> Υ(nS) + π+π- (n=1,2,3)                                              

• Zb in Υ(2S), hb(1P) and hb(2P) pion transitions

18

Mizuk’s talk
BELLE [arXiv:1105.4583]



• Born-Opperheimer Approimation

• Put the correct short (pNRQCD) and long distance 
(NG string) behaviour together using lattice QCD 
can determine the hybrid potentials

• Toy model - minimal parameters
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3

TABLE I: Operators to create excited gluon states for small
qq̄ separation R are listed. E and B denote the electric and
magnetic operators, respectively. The covariant derivative D

is defined in the adjoint representation [10].

gluon state J operator
Σ+ ′

g 1 R · E, R · (D ×B)
Πg 1 R × E, R × (D× B)
Σ−

u 1 R · B, R · (D× E)
Πu 1 R × B, R × (D× E)
Σ−

g 2 (R · D)(R · B)
Π′

g 2 R × ((R · D)B + D(R · B))
∆g 2 (R × D)i(R × B)j + (R × D)j(R × B)i

Σ+
u 2 (R · D)(R · E)

Π′

u 2 R × ((R · D)E + D(R · E))
∆u 2 (R × D)i(R × E)j + (R × D)j(R × E)i

predicted short–distance degeneracies. Only the states
∆u and Σ+′

g show considerable soft breaking of the ap-
proximate symmetry at the shortest R values.
Crossover region. For 0.5 fm < R < 2 fm, a dramatic
crossover of the energy levels toward a string-like spec-
trum as R increases is observed. For example, the states
Σ−

u with N = 3 and Σ−

g with N = 4 break violently away
from their respective short-distance O(3) degeneracies to
approach the ordering expected from bosonic string the-
ory near R ∼ 2 fm.

An interesting feature of the crossover region is the suc-
cessful parametrization of the Σ+

g ground state energy by
the empirical function E0(R) = a + σR− c π

12R
, with the

fitted constant c close to unity, once R exceeds 0.5 fm.
The Casimir energy of a thin flux line was calculated in
Refs. [11, 12], yielding c = 1, and this approximate agree-
ment is often interpreted as evidence for string formation.
While the spectrum, including the qualitative ordering
of the energy levels, differs from the naive bosonic string
gaps for R < 1 fm, a high precision calculation shows
the rapid approach of ceff(R) to the asymptotic Casimir
value in the same R range [13]. Although there is no in-
consistency between the two different findings, a deeper
understanding of this puzzling situation is warranted.

We will return to this issue in a high precision study of
the 3-dimensional Z(2) gauge model in a future publica-
tion [14]. This accurate study of ceff(R) and the excita-
tion spectrum of the Z(2) flux line for a wide range of R
values between 0.3 fm and 10 fm will clearly demonstrate
the early onset of c ≈ 1 without a well-developed string
spectrum. For now, Fig. 3 shows the lowest excitations in
Z(2) for R = 0.7 fm, revealing a bag-like disorder profile
surrounding the static qq̄ pair in the vacuum [14]. The
two lowest energy levels are substantially dislocated from
exact π/R string gaps and all other excitations form a
continuous spectrum above the glueball threshold. Since
the submission of this work, a new study of Z(2) at fi-
nite temperature has appeared [15], reporting very early
onset of string behavior in support of Ref. [13].
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FIG. 2: Short-distance degeneracies and crossover in the
spectrum. The solid curves are only shown for visualization.
The dashed line marks a lower bound for the onset of mixing
effects with glueball states which requires careful interpreta-
tion.

String limit. For R > 2 fm, the energy levels exhibit,
without exception, the ordering and approximate degen-
eracies of string-like excitations. The levels nearly re-
produce the asymptotic π/R gaps, but an intriguing fine
structure remains.

It has been anticipated that the interactions of mass-
less excitations on long flux lines are described by a lo-
cal derivative expansion of a massless vector field ξ with
two transverse components in four–dimensional space-
time [11, 12]. Symmetries of the effective QCD string
Lagrangian require a derivative expansion of the form

Leff = a∂µξ·∂µξ+b(∂µξ·∂µξ)2+c(∂µξ·∂νξ)(∂µξ·∂νξ)+...,
(1)

where the dots represent further terms with four or more
derivatives in world sheet coordinates. The coefficient a
has the dimension of a mass squared and can be identified
with the string tension σ. The other coefficients must be
determined from the underlying microscopic theory. Ex-
amples with calculable coefficients include the D=3 Z(2)

Fixes Mc = 1.84 GeV, √σ = .427 GeV, αs = 0.39

n(R) = [n]  (string level) if no level crossing
        [n - 2 tanh(R0/R)] for Σ ­u potential (n=3)

Spectrum of Low-Lying Hybrid States
The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian !!!
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

〈LLL2
QQ̄

〉

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

〈LLL2
QQ̄

〉 = 〈LLL2〉−2〈LLL · JJJg〉+ 〈JJJ2g〉. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and L" and L# be components perpendicular to the molecular axis.

Writing L± = L" ± iL# and similarly for JJJg, one obtains

〈LLL · JJJg〉 = 〈LrJgr〉+
1
2
〈L+Jg− +L−Jg+〉. (5)

Since Jg± raises or lowers the value of $, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, 〈LrJgr〉 = 〈J2gr〉 = $2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

〈LLL2
QQ̄

〉 = L(L+1)−2$2+ 〈JJJ2g〉. (6)

We assume 〈JJJ2g〉 is saturated by the minimum number of allowed gluons. Hence, 〈JJJ
2
g〉= 0

for the %+
g level and 〈JJJ

2
g〉= 2 for the&u and %

−
u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)

ΨQQ̄(�r) =
unl(r)

r
Ylm(θ,φ)

Spectroscopic notation of diatomic molecules
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• Only interested in states below 4.8 GeV for cc system.                                                          
Unlikely higher states will be narrow (DD, glueball+J/ψ, etc)  

SSSSSS PPPPP DDDD
State
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• Only Πu, Σu- , andΣg+‘ systems have sufficiently light states.                                                        

Spectrum of Low-Lying Hybrid States



Estia Eichten                                                   QWG11@GSI                                           October 5, 2011                    

Spectrum of Low-Lying Hybrid States

21

• Πu (1S)   m = 4.132 GeV      Πu (2S)   m = 4.465 GeV      JPC = 0++, 0- -, 1+ - , 1- +                                                  

Πu (1P)   m = 4.445 GeV      Πu (2P)   m = 4.773 GeV       JPC = 1--, 1++, 0- +, 0+ -, 1+ -, 1- +, 2+ -, 2- +

• Σg +’(1S)   m = 4.547 GeV   JPC = 0- +, 1- -  

• The Πu (1P), Πu (2P) and Σg +’(1S)  have 1-- states with spacing seen in the Y(4260) system

• Σu -(1S)   m = 4.292 GeV       Σu -(1P)   m = 4.537 GeV     Σu -(2S)   m = 4.772 GeV

• Numerous states with C=+ in the 4.2 GeV region.
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Spectrum of Low-Lying Hybrid States
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• The spectrum of bottomonium hybrids is completely predicted as well

• For the Πu  states

(cc)   L    n     mass(GeV)
 0   1    4.132580  
 0   2    4.454556  
 0   3    4.752947  

 0   4    5.032962  
 0   5    5.298250  
 0   6    5.551412  
 1   1    4.293717  
 1   2    4.604123  

 1   3    4.893249  
 1   4    5.165793  
 1   5    5.424925  
 2   1    4.454768  
 2   2    4.753368  

 2   3    5.033384  
 2   4    5.298625  
 3   1    4.612335  
 3   2    4.900169  
 3   3    5.171746  

 4   1    4.765983  
 4   2    5.044143  
 5   1    4.915791  
 

 0   1    10.783900  
 0   2    10.982855  
 0   3    11.172408  

 0   4    11.353469  
 0   5    11.527274  
 0   6    11.694851  
 0   7    11.856977  
 0   8    12.014256  

 1   1    10.877928  
 1   2    11.073672  
 1   3    11.259766  
 1   4    11.437735  
 1   5    11.608810  

 1   6    11.773931  
 1   7    11.933823  
 2   1    10.976071  
 2   2    11.167070  
 2   3    11.349124  

 2   4    11.523652  
 2   5    11.691737  
 2   6    11.854216  
 3   1    11.074034  
 3   2    11.260265  

 3   3    11.438320  
 3   4    11.609433  
 3   5    11.774550  
 4   1    11.170870  
 4   2    11.352563  

 4   3    11.526791  
 4   4    11.694614  
 5   1    11.266288  
 5   2    11.443727  
 5   3    11.614333  

 6   1    11.360209  
 6   2    11.533678  
 7   1    11.452636  
 

(bb)   L    n     mass(GeV)

✓
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 Hybrid Decays and Hadronic Transitions 

• Information from hadronic transitions might be used to estimate 
decay rates for a hybrid 1-- state (H)  to a (QQ) state  + light 
hadrons.

• If one hybrid state dominates, branching ratios calculable.                : 
e.g. BR(H->ψ’ + π+π-)/BR(H->J/ψ + π+π-). 

• Mixing between (QQ) states and hybrid (QQg) states can be 
calculated using Lattice QCD.  

n3S1

m3S1

light hadrons
sum over
hybrids

mixing
coefficient

23
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Summary

• The wealth of precision data brings the QCDME approach for hadronic 
transitions into sharp focus.

• Below threshold many successes but some puzzles:                                              
ϒ(nS) -> ϒ( mS) + ππ (3:1), (4:2) and ηtransitions

• We see new states and possibly a new spectroscopy:                                
X(3872), Y(4140), Y(4350), Y(4260), Y(4360), Y(4660),                             
Zc+(4430), Zb+(10610), Zb+(10650), ...

• Above threshold QCDME is inadequate as formulated.  Incorporation of 
strong thresholds and possible new degrees of freedom required.

• Systematic inclusion of hybrid spectrum is possible.  

• Future prospects bright:
– NRQCD and HQET allows scaling from c to b systems.  This will eventually provide 

critical tests of our understanding of hadronic transitions.

– Lattice QCD will provide needed insight into theoretical issues.

– Answers will require require the new generation of heavy flavor experiments -      
BES III, LHCb and Super-B factories.

24
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Wish List

• Study all the above threshold resonances for all allowed hadronic transitions

– ψ(4040) , ψ(4160), ψ(4260), ψ(4350), ψ(4415)   (BESIII, LHCb)

– ϒ(5S) and ϒ(6S)   

• Further studies of the ϒ(3S) -> ϒ(1S) + ππ  including polarization

• Theory of ηtransitions.

• Observation of 3D2 and/or 3D3 in transitions to J/ψ + ππ  at LHCb

25
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Backup Slides
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tograms) onto the Mππ and cos θX variables. The plots are summed over electrons and muons, but
are differentiated by pion charge. The neutral modes (open symbols, dashed lines) show only a
positive distribution in cos θX because the two pions are indistinguishable. For the charged modes

(solid symbols, solid lines) the angle is that of the π+.

and proportional to 1/
√

ai, where ai is the Monte Carlo phase space yield in bin i. Hence,

σi =
√

di + d̃2
i /ai.

The bins for which di = 0 require special treatment, and σi is modified appropriately. To
minimize the effect of such bins with zero yield, we sum over muon and electron final states.
This takes a weighted average over the distributions, rather than taking account of the
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CLEO

Upsilon dipion transition in CLEO    DPF'06 Honolulu    T. Skwarnicki 3

Dalitz variables

• Three body decay: !’"!##. If no coupling of ## system to 

!’s polarizations then only 2 degrees of freedom.
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Detailed study 

Here in the first replacement the cross terms between r and q are dropped since they cancel in
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the formula (19) the expressions for the S and D wave amplitudes:
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3b
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−
3

2
κ

(

1 +
2m2

q2

)

[

qµqλgνσ + qνqσgµλ − qνqλgµσ − qµqσgνλ −
1

2
q2 (gµλgνσ − gµσgνλ)

]

}

,

and

Dµνλσ =
8π2

3b

9κ

4
(#µλgνσ + #νσgµλ − #νλgµσ − #µσgνλ) . (24)

4 Two-pion transition amplitudes with the relativistic

corrections

Using the formulas in the equations (2), (5) and (7) and the expressions (23) and (24) for

the dipion production amplitudes in the chiral limit, one can readily find the amplitude of

the transition ψ2 → π+π−ψ1 between generic 3S1 states of a heavy quarkonium. After a

straightforward calculation one finds the S wave decay amplitude

S(ψ2 → π+π−ψ1) = (25)

−
4π2

b
α(12)

0

[

(1 − χM) (q2 + m2) − (1 + χM) κ

(

1 +
2m2

q2

) (

(q · P )2

P 2
−

1

2
q2

)]

(ψ1 · ψ2) ,

as well as three types of D wave amplitude: one unrelated to the spins of the quarkonium

states

D1(ψ2 → π+π−ψ1) = −
4π2

b
α(12)

0 (1 + χM)
3κ

2

#µνP µP ν

P 2
(ψ1 · ψ2) , (26)

and two amplitudes with the correlation with the polarization of the initial and the final

resonances

D2(ψ2 → π+π−ψ1) =
4π2

b
α(12)

0

(

χ2 +
3

2
χM

)

κ

2

(

1 +
2m2

q2

)

qµqνψ
µν (27)

and

D3(ψ2 → π+π−ψ1) =
4π2

b
α(12)

0

(

χ2 +
3

2
χM

)

3κ

4
#µνψ

µν . (28)
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In these formulas the following notation is used: P stands for the 4-momentum of the initial

quarkonium resonance, ψµ
1 and ψµ

2 are the polarization 4-vectors for the 3S1 states, and ψµν

is the spin-2 structure ψµν = ψµ
1 ψν

2 + ψν
1ψ

µ
2 − (2/3) (ψ1 · ψ2) (P µP ν/P 2 − gµν). Finally, χM

and χ2 stand for the ratia

χM =
αM

α0
, χ2 =

α2

α0
(29)

and encode the relative magnitude of the O(v2/c2) relativistic effects due to respectively the

chromo-magnetic interaction (Eq.(6)) and the 3D1 −3 S1 mixing.

The three D waves correspond to different angular correlations. The first one, D1, given

by Eq.(26) corresponds to a D-wave motion in the c.m. frame of two pions, which correlates

with the motion of the c.m. system in the laboratory frame, i.e. with the direction of $q.

This D wave arises in the leading nonrelativistic approximation [18] and is in fact observed

and measured experimentally [9] for the transition ψ(2S) → π+π−J/ψ. The second D-wave

amplitude, D2 in Eq.(27), corresponds to the two pions being in the S wave in their c.m.

system and describes the correlation of the spins of the initial and the final resonances with

the D-wave motion of the two-pion system as a whole. Finally, the amplitude D3 given

by Eq.(28) corresponds to a D-wave motion of the pions in their c.m. frame, which D

wave is correlated with the spins of the quarkonium states. It can be noted that the two

latter amplitudes are proportional to a product of two relatively small parameters κ and

α2 + (3/2) αM ∼ v2/c2. Neither D2 nor D3 have yet been observed experimentally, although

a study [23] of polarization effects in the decay Υ(2S) → π+π−Υ, utilizing a transversal po-

larization of the DORIS beams qualitatively confirms that these spin-dependent amplitudes

are quite small. (A discussion can be found in the review [24].)

The transitions between 1S0 states of quarkonium have not been observed yet. One may

hope however that with a dedicated effort a two-pion transition from the recently found

ηc(2S) resonance: ηc(2S) → π+π−ηc can be observed and studied. Within the approach

discussed here such transition is closely related to the familiar decay ψ(2S) → π+π−J/ψ,

and in fact can be used for a useful calibration of the total width of ηc(2S) [25]. Clearly,

on the theoretical side the transitions between 1S0 states are simpler than those between

the 3S1 ones since no polarization effects are involved. On the other hand the effect of the

M1 interaction (Eq.(6)) is enhanced for the 1S0 states (Eq.(7)) by a factor of 3, so that the

relevant transition amplitudes of a generic η2 → π+π−η1 transition are given by

S(η2 → π+π−η1) = (30)

11

where q = p1 + p2 is the total four-momentum of the dipion.

Few remarks are due regarding effects of higher order in αs. The trace term in Eq.(19)

receives no renormalization, provided that the coefficient b is replaced by β(αs)/α2
s with

β(αs) = bα2
s + O(α3

s) being the full beta function in QCD. This modification however only

affects the overall normalization of the trace part, and can in fact be absorbed into the

definition of the heavy quarkonium amplitudes. On the contrary, the relative coefficient of

the traceless term in Eq.(19), i.e. the parameter κ, does depend on the normalization scale,

which scale is appropriate to be chosen as the characteristic size of the heavy quarkonium [18].

However, given other uncertainties in the analysis of the two-pion transitions, the logarithmic

variation of κ is a small effect. In particular, this effect is likely to be smaller than the

discussed in this paper relativistic effects in the amplitudes of the two-pion emission.

The matrix element in Eq.(19) describes the production of the two pions in two partial

waves in their center of mass system: the S wave and the D wave. The two waves can

be measured separately, and also any effects of the final state interaction between pions

are different in these two orbital states. Therefore it is quite instructive for the subsequent

discussion to explicitly separate the S and D waves in the matrix element, i.e. to rewrite

the amplitude (19) in the form

− 〈π+(p1)π
−(p2)|F

a
µνF

a
λσ|0〉 = Sµνλσ + Dµνλσ . (20)

Clearly, the trace term in Eq.(19) corresponds to a pure S wave, while the traceless term

proportional to κ contains both waves. In order to perform explicit partial wave separation

in tµνλσ it is helpful to introduce [18] the four vector r = p1 − p2 describing the relative

momentum of the two pions, which reduces to a purely spatial vector in the c.m. system of

the pions ((r · q) = 0). Then the tensor

%µν = rµrν +
1

3

(

1 −
4m2

q2

)

(q2 gµν − qµqν) (21)

is also purely spatial in the c.m. frame and corresponds to pure D wave. Using this tensor

one can make the following series of replacements for the terms of the generic structure

p1αp2β in the tensor tµνλσ:

p1αp2β →
1

4
qαqβ −

1

4
rαrβ =

1

4
qαqβ +

1

12

(

1 −
4m2

q2

)

(q2 gαβ − qαqβ) −
1

4
%αβ

→
1

6

(

1 +
2m2

q2

)

qαqβ −
1

4
%αβ . (22)

9

rµ = (k1µ − k2µ)

Pµ = MAδ0
µ

If <M1-M1> term significant,                 
expect noticeable presence of D2 and D3 in ϒ(3S) ->ϒ +ππ
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magnetic S-D mixing 

O(v2) O(v2) 

the motion of the dipion, i.e. of the vector !q.

For consideration of the effects of different terms of the amplitude in the observable phase

space distribution and also for evaluating the significance of the ππ rescattering it is helpful

to write the decay amplitude as a sum of partial waves[9]:

M = S (ε1 · ε2) + D1 $µν

P µP ν

P 2
(ε1 · ε2) + D2 qµ qν εµν + D3 $µν εµν . (2)

In this expression P is the 4-momentum of the initial resonance. The tensor $µν corresponds

to a D-wave spatial tensor made out of momenta of the pions in their c.m. frame. Namely,

using the notation r = p1 − p2, this tensor is defined as[5]

$µν = rµrν +
1

3

(

1 −
4m2

π

q2

)

(q2 gµν − qµqν) . (3)

Finally, εµν stands for the spin-2 tensor made from the polarization amplitudes of the reso-

nances

εµν = εµ
1ε

ν
2 + εν

1ε
µ
2 +

2

3
(ε1 · ε2)

(P µP ν

P 2
− gµν

)

. (4)

The terms in the expression (2) describe an S wave and three possible types of D-wave

motion: the term with D1 corresponds to a D wave in the c.m. system of the two pions

correlated with the overall motion of the dipion in the rest frame of the initial state, the D2

term describes the D-wave motion of the dipion as a whole, correlated with the spins of the

Υ resonances, and finally, the D3 term corresponds to the correlation between the spins and

the D-wave motion in the c.m. frame of the dipion. One can also notice that the S and D1

terms contain an overall spin-0 combination of the quarkonium polarizations, so that there

is no interference between these two terms and those with D2 and D3, if no polarization

information in the rate is used. In particular, the distribution of the rate studied in Ref.[8]

can be written as
dΓ

d cos θX dq
∝ |M|2X

√

q2
0 − q2

√

q2 − 4 m2
π , (5)

where |M|2X stands for the square of the amplitude appropriately averaged/summed over all

the variables except for θX and q2,

|M|2X = |S|2 −
2

3

(

1 − 3 cos2 θX

) (

q2
0 − q2

)

(

1 −
4m2

π

q2

)

Re (SD∗

1) (6)

+
1

9

(

1 − 3 cos2 θX

)2 (

q2
0 − q2

)2

(

1 −
4m2

π

q2

)2

|D1|2 +
8

9

(

q2
0 − q2

)2

|D2|2

3

S-wave
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Initial Theory 

• In Multipole Expansion model, the 3rd term involves magnetic 

interactions (spin flip) and can be neglected compared to the leading 

E1*E1 transition [Yan PR,D22,1652 (80)].  

C 0!

• In QCD-motivated calculation of soft-pion piece in E1*E1 transition, 

expect S-wave to dominate in the non-relativistic limit producing 

M("") distribution similar to the one due to the 1st term 
[Voloshin,Zakharov,PRL,45,688(80); Novikov, Shifman, ZP,C8,43(81)]

A B!

• Observation of #(2S)$#(1S)"" with the 

same M("") distribution was a great 

success of this theoretical framework and 

reinforced A-dominance dogma

• Consistent with the phenomenological 

observation by Brown&Cahn, that M("") 
in %(2S)$J/%(1S)"" was well 

reproduced by assuming B=C=0

[ ]22

1 2 1 2 2 1A B C( )( 2 ) ( ) ( )( ) ( )( )M q m EE q q q q!" " " " " " " "& & & &= ' ( + ' + ' ' + ' '

M"" (GeV) 

Fit, No C stat. effcy. (π±) effcy.(π0) bg. sub.

Υ(3S) → Υ(1S)ππ
"(B/A)

#(B/A)

−2.523

±1.189

±0.031

±0.051

±0.019

±0.026

±0.011

±0.018

±0.001

±0.015

Υ(2S) → Υ(1S)ππ
"(B/A)

#(B/A)

−0.753

0.000

±0.064

±0.108

±0.059

±0.036

±0.035

±0.012

±0.112

±0.001

Υ(3S) → Υ(2S)ππ
"(B/A)

#(B/A)

−0.395

±0.001

±0.295

±1.053

±0.025

±0.180

±0.120

±0.001

Fit, float C stat. effcy. (π±) effcy.(π0) bg. sub.

Υ(3S) → Υ(1S)ππ
|B/A|
|C/A|

2.89
0.45

±0.11
±0.18

±0.19
±0.28

±0.11
±0.20

±0.027
±0.093

TABLE IV: Combined fit results for all transitions with statistical and systematic uncertainties.

The systematic uncertainties are in order: π± detection efficiency, π0 detection efficiency, and
background subtraction for the Υ(3S) → Υ(2S)ππ transition. The upper set of results are for
the fits assuming contributions to the amplitude from only the A and B terms. The bottom two

lines are the fit results when the C term is allowed to be non-zero. The imaginary part of the
ratio has a two-fold ambiguity and is only known to within a sign. Note that for the transition

Υ(3S) → Υ(2S)ππ we do not have fits for the charged di-pion case.

of the Brown and Cahn decay amplitude (Eqn. 1) are included in our model, and the fits
account for the structure of the decay without introduction of new physics or contributions
from resonances.

The matrix elements are indicated as points in the complex plane in Fig. 12. For the
“anomalous” Υ(3S) → Υ(1S)ππ transition we fit for the presence of the “suppressed” C
term as a test for the breakdown of the underlying assumptions leading to the standard
matrix element. This term is not significant when systematic errors are taken into account
and the quality of the fit to the data is good without it. Therefore, we set an upper limit of
|C/A| < 1.09 at 90% C.L..

We note in particular that the treatment of the di-pion transitions via the full allowed
matrix element under the assumptions in Refs. [3, 4, 23, 24, 25] allows two matrix elements,
only one of which has traditionally been assumed to be non-zero. The description of the
Υ(3S) → Υ(1S)ππ transition di-pion mass and angular structure as anomalous is only true
in the limit of this assumption. This analysis shows in particular that the description of the
decay process in terms of the two favored amplitude terms, with complex form factors con-
stant over the Dalitz plane, suffices to describe the decay distributions of Υ(3S) → Υ(1S)ππ,
Υ(3S) → Υ(2S)ππ, and Υ(2S) → Υ(1S)ππ, provided the form factors are allowed to vary
with the transition. For the Υ(3S)→ Υ(1S)ππ transition, we find |B/A| = 2.79±0.05, which
could imply a large magnitude of B or a suppressed A; recent theoretical considerations [20]
favor the latter interpretation. While smaller than in the case of Υ(3S) → Υ(1S)ππ, |B/A|
is also determined to be non-zero for the case of Υ(2S) → Υ(1S)ππ. The large imaginary
part of B/A is intriguing [27].

While there are not yet first principles predictions of the values of the matrix elements
of the decays studied here, this analysis does provide complete measurements of the relative
matrix element magnitudes and phases that can serve as a point of comparison with ab initio
QCD calculations.

We gratefully acknowledge the effort of the CESR staff in providing us with excellent
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CLEOHindered M1-M1 term => C≈0.     
Consistent with CLEO results.  

Small D-wave contributions

Useful to look at polarization info.                            
Dubynskiy & Voloshin [hep-ph/0707.1272]

Fit, no C, total error

Υ(3S) → Υ(1S)ππ

"(B/A)

#(B/A)
|B/A|
δBA

−2.52 ± 0.04

±1.19 ± 0.06
2.79 ± 0.05

155(205) ± 2

Υ(2S) → Υ(1S)ππ

"(B/A)
#(B/A)

|B/A|
δBA

−0.75 ± 0.15
0.00 ± 0.11

0.75 ± 0.15
180 ± 9

Υ(3S) → Υ(2S)ππ
"(B/A)
#(B/A)

−0.40 ± 0.32
0.00 ± 1.1

Fit, float C, total error

Υ(3S) → Υ(1S)ππ
|B/A|
|C/A|

2.89 ± 0.25
0.45 ± 0.40

TABLE V: Fit results for all transitions with total uncertainties. These numbers represent the final
result of this analysis. In the case of the magnitude ratio |C/A|, we also quote a limit as detailed

in the text. The phase angles are quoted in degrees, and have a two-fold ambiguity of reflection in
the real axis.

FIG. 12: Complex values of matrix element ratio B/A from combined fits for the three transitions
under the assumption that C = 0. Note the two-fold ambiguity in the imaginary part.

luminosity and running conditions. D. Cronin-Hennessy and A. Ryd thank the A.P. Sloan
Foundation. This work was supported by the National Science Foundation, the U.S. De-
partment of Energy, and the Natural Sciences and Engineering Research Council of Canada.
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FIG. 11: The left plot shows the amplitude component functions SA, SB, DA, and DB as a function

of Mππ ≡
√

q2. These are summed to obtain the total amplitude. The partial rate to S-wave and
D-wave components are shown in the right plot for the Υ(3S) → Υ(1S)ππ decay as determined

from the results of this analysis: B/A = −2.52+1.19i. Note that the D-wave contribution is largest
in the low to intermediate range of q2, and is suppressed at both extrema by angular momentum
barrier effects. Note further that this is not a resonance phenomenon despite its shape in Mππ and

the changing angular structure.

This partial wave extraction becomes much more complex if the form factors are assumed
to be variable over the Dalitz space, for example due to resonant structure/enhancement in
the decay. This will introduce higher powers of cos2 θX to the overall amplitude and will
need higher partial wave components to account for the variation.

The presence of D-wave components in the angular distribution of the decay is not in
itself an indication of resonances contributing, nor the presence of unaccounted-for physics.
The presence of a q2-dependent D-wave component could simply be a consequence of angu-
lar momentum barriers in the three body phase space of the decay. The data do not demand
the introduction of a q2-dependent magnitude or phase for B/B. These small D-wave com-
ponents are consistent with those derived in a recent paper by Voloshin [20], in which he
emphasizes the importance of relativistic and chromo-magnetic effects.

IV. SYSTEMATIC UNCERTAINTIES

We address three sources of systematic uncertainty in the measurements of B/A and
C/A: model dependence, detector efficiency and resolution, and backgrounds.

In Sect. III we showed that our model provides a very good description of the data in the
(q2, cos θX) plane and that the presence or absence of the chromo-magnetic coupled term in
the amplitude has little effect on |B/A| and δBA.

Uncertainty in the estimation of the detector efficiency and resolution contributes most
significantly in the charged mode analyses due to our limited knowledge of the tracking
efficiency at very low momentum. In that the low momentum region is precisely where
the matrix element has potential suppression in the B term, this can potentially cause a

18

3S->1S 
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Some Puzzles

• Reducing model dependence

– transitions well below the first string excitation (ETH), so expand

– for E1-E1 transitions

– compare results with known transitions

30
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KL
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G(E) =
1

E −H
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E − EKL
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π)2
]
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(a) E << ETH  

(b) small overlap of low-lying QQ states

with high |KL> states.

model dependence
suppressed
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OK only if overlap is sizable 

Table 1: Partial widths for observed hadronic transitions. Simple overlaps
.

Transition G (GeV)7 �f |r2|i� >(GeV)−2 Γ(exp) (keV) Γ(overlap) (keV)
ψ(2S)→ J/ψ + π+π− 3.56× 10−2 3.36 102.3 ± 3.4 input(|C1|)

Υ(2S)→ Υ(1S)+π+π− 2.87× 10−2 1.19 5.79 ± 0.49 5.9
Υ(3S)→ Υ(1S)+π+π− 1.09 2.37× 10−1 0.894 ± 0.084 12.9
Υ(3S)→ Υ(2S)+π+π− 9.09× 10−5 3.70 0.498 ± 0.065 0.26
Υ(4S)→ Υ(1S)+π+π− 5.58 9.74× 10−2 1.64 ± 0.25 19.9
Υ(4S)→ Υ(2S)+π+π− 2.61× 10−2 4.64× 10−1 1.76 ± 0.34 2.1
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(8)
(Mππ = Mη) (9)

2

Formula for QWG2010 talk

E. Eichten

May 18, 2010

1 generaltransitions

Γ(|i� → |f�+ η) (1)

�f h|H2G(Ei)H2|i� =
�

KL

�f h|H2|KL� 1
Ei − EKL

�KL|H2|i�, (2)

G(E) =
1

E −H
(0)

QCD
+ i∂0 −H

(1)

QCD
+ i�

(3)

2 two pion transitions

G(E) =
�

KL

|KL� 1
E − EKL

�KL|

=
1

E − ETH

+
�

KL

(
EKL − ETH

E − ETH

)|KL� 1
E − EKL

�KL|

�B|riχaG(Ei)rjχb|A� =
δijδa

b

EA − ETH

�B|r2|A�+ · · · (4)

E
cc̄
TH = 4.5 GeV and E

bb̄
TH = 11.25 GeV assumed (5)

3 eta transitions
gegM

6
�η|Ea

i ∂jBa
k|0� = i(2π)3/2

C3qk (6)

gegM

6
�η|Ei∂jBk|0� = i(2π)3/2

C3qk (7)

1



Estia Eichten                                                   QWG11@GSI                                           October 5, 2011                    

phase space (GeV-7)

Table 12: Transitions expectations.

Transition |F|(full)
(GeV−2)

ψ(2S) → J/ψ 1.81 × 10−1

Υ(2S) → Υ(1S) 3.04 × 10−1

Υ(3S) → Υ(1S) 1.70 × 10−1

Υ(3S) → Υ(2S) 1.74 × 10−1

Υ(4S) → Υ(1S) 1.06 × 10−1

Υ(4S) → Υ(2S) 0.92 × 10−1

Table 13: Transitions expectations.

Transition Ratio Belle
R(2, 1) 1.47 ± 0.15 ± 0.20
R(3, 1) 0.91 ± 0.35 ± 0.15

8

If lowest hybrid mass near Υ(5S) a few states 
dominate sum. Results sensitive to mass value.      

If hybrid mass 10.75 + i(0.1) (GeV),                 
obtain R(2,1)≈1.1 and R(3,1)≈0.08.

Overall scale of transitions nearly two orders of 
magnitude larger than low-lying transitions. 

theory -  hadronic transition rates
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The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian !!!
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

〈LLL2
QQ̄

〉

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

〈LLL2
QQ̄

〉 = 〈LLL2〉−2〈LLL · JJJg〉+ 〈JJJ2g〉. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and L" and L# be components perpendicular to the molecular axis.

Writing L± = L" ± iL# and similarly for JJJg, one obtains

〈LLL · JJJg〉 = 〈LrJgr〉+
1
2
〈L+Jg− +L−Jg+〉. (5)

Since Jg± raises or lowers the value of $, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, 〈LrJgr〉 = 〈J2gr〉 = $2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

〈LLL2
QQ̄

〉 = L(L+1)−2$2+ 〈JJJ2g〉. (6)

We assume 〈JJJ2g〉 is saturated by the minimum number of allowed gluons. Hence, 〈JJJ
2
g〉= 0

for the %+
g level and 〈JJJ

2
g〉= 2 for the&u and %

−
u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)
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u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)

Λ = 0, 1, 2, ... denoted Σ, Π, Δ, ...

η= ±1 (symmetry under combined charge conjugation and spatial inversion) 
denoted g(+1) or u(-1)   

The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian !!!
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

〈LLL2
QQ̄

〉

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

〈LLL2
QQ̄

〉 = 〈LLL2〉−2〈LLL · JJJg〉+ 〈JJJ2g〉. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and L" and L# be components perpendicular to the molecular axis.

Writing L± = L" ± iL# and similarly for JJJg, one obtains

〈LLL · JJJg〉 = 〈LrJgr〉+
1
2
〈L+Jg− +L−Jg+〉. (5)

Since Jg± raises or lowers the value of $, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, 〈LrJgr〉 = 〈J2gr〉 = $2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

〈LLL2
QQ̄

〉 = L(L+1)−2$2+ 〈JJJ2g〉. (6)

We assume 〈JJJ2g〉 is saturated by the minimum number of allowed gluons. Hence, 〈JJJ
2
g〉= 0

for the %+
g level and 〈JJJ

2
g〉= 2 for the&u and %

−
u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)

withε=+1 for Σ+ and ε=-1 for Σ- both signs for Λ>0.   
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The short distance behavior of pNRQCD is confirmed by lattice studies of
hybrid potentials and the relation to gluelumps is computed.  

5.1 Determination of ΛRS
B from the static potentials

We intend to determine ΛB from the hybrid potentials. For this purpose we will use our
nf = 0 lattice continuum limit data on ∆EΠu(r) = EΠu(r) − EΣ+

g
(r) as obtained in Sec. 3.

Using this difference allows us to eliminate the power divergence that appears in lattice
simulations of the potentials (or, in the continuum OS scheme, the renormalon associated
with the pole mass). Note that the difference has a well defined continuum limit. It is also
interesting to see that the large distance linear term is cancelled as well. At the same time,
ΛB will still additively contribute to this combination, see Eq. (6). In order to extract this
non-perturbative constant, the perturbative difference between octet and singlet potentials
has to be subtracted. For a reliable determination, the perturbative series has to be well
defined and show convergence. However, this is complicated by the contribution from the
renormalon discussed above and can only be achieved in a scheme where such renormalon
singularities are taken into account. We have worked out the RS scheme in Sec. 4.3, which
is well suited for this purpose.

r0((Vo,RS − Vs,RS)(r) + ΛRS
B )

0 0.25 0.5 0.75 1 1.25 1.5
1

2

3

4

5

r/r0

Figure 12: Splitting between the Πu and the Σ+
g potentials and the comparison with Eq. (65)

for ν = νi [see Eq. (16)] at νf = 2.5 r−1
0 . r0[(Vo,RS − Vs,RS)(r) + ΛRS

B ] is plotted at tree level
(dashed line), one-loop (dashed-dotted line), two loops (dotted line) and three loops (estimate)
plus the leading single ultrasoft log (solid line).

We fit ΛB using the following equality (see Figs. 12 and 13 for the quality of the fit):

EΠu(r) − EΣ+
g
(r) = ΛRS

B (νf) + Vo,RS(r; νf) − Vs,RS(r; νf) , (65)

where the non-perturbatively obtained left hand side (lhs) is renormalon-free but on the rhs
the renormalon can be shifted between the two contributions, the ultrasoft matrix element
ΛB and the soft Wilson coefficient Vo − Vs, at a given order of perturbation theory. This is
why we have to specify the scheme, the RS scheme in our case, which we use to eliminate
(or to reduce) this ambiguity.

25

The corrections of order R2 split the gluelump degeneracies:
  Roughly speaking V(R) = 1/6 α(R)/R + C0(gluelump state) + C2 (R)R2 + ...

0

0.5

1

1.5

2

0 0.2 0.4 0.6 0.8 1 1.2 1.4

[E
!

- u
(r

) 
- 

E
"

u
(r

)]
r 0

r/r0
FIGURE 2. Splitting between the !−u and the"u potentials, extrapolated to the continuum limit, and the

comparison with a quadratic fit to the r <
∼ 0.5r0 data points (r

−1
0 ≈ 0.4 GeV). The big circles correspond

to the data of Juge et al. [14], obtained at finite lattice spacing a# ≈ 0.39r0. The errors in this case are
smaller than the symbols.
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Comparing this model (dashed lines) to the parameterization of The fits to  Juge, Kuti and 
Morningstar lattice results (thanks to  Juge) (solid lines) one finds fairly good agreement in 
the region (0.25 fm < R < 2 fm ) 


