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Zb(10610) and Zb(10650) from Υ(10860) decays at Belle 
yields are given in Table I. Dalitz plots for the sideband
events are shown in Figs. 3(a), 3(b), and 3(c), where
MðϒðnSÞπÞmax is the maximum invariant mass of the two
ϒðnSÞπ combinations; here the requirement onMðπþπ−Þ is
relaxed. For visualization purposes, we plot the Dalitz
distributions in terms of MðϒðnSÞπÞmax in order to com-
bine ϒðnSÞπþ and ϒðnSÞπ− events. As is apparent from
these distributions, there is a strong enhancement in the

level of the background just above the πþπ− invariant
mass threshold. This enhancement is due to conversion of
photons into an eþe− pair in the innermost parts of the
Belle detector. Due to their low momenta, conversion
electrons and positrons are poorly identified by the CDC
and so pass the electron veto requirement. We exclude
this high background region by applying a requirement
on Mðπþπ−Þ as given in Table I. The distribution of

TABLE I. Summary of results from the analysis of theMmissðπþπ−Þ distribution. Quoted uncertainty is statistical
only.

Final state ϒð1SÞπþπ− ϒð2SÞπþπ− ϒð3SÞπþπ−

Mðπþπ−Þ Signal, GeV=c2 > 0.45 > 0.37 > 0.32
Nsignal 2090$ 115 2476$ 97 628$ 41

ϒ Peak, MeV=c2 9459.9$ 0.8 10023.4$ 0.4 10356.2$ 0.7
σ, MeV=c2 8.34 7.48 6.85
Mmissðπþπ−Þ Signal, GeV=c2 (9.430, 9.490) (10.000, 10.050) (10.335, 10.375)
Nevents 1905 2312 635
fsig 0.937$ 0.071 0.940$ 0.060 0.918$ 0.076
Mmissðπþπ−Þ Sidebands, GeV=c2 (9.38, 9.43) (9.94, 9.99) (10.30, 10.33)

(9.49, 9.53) (10.06, 10.11) (10.38, 10.41)
Nevents 272 291 91
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FIG. 3. Dalitz plots for ϒðnSÞπþπ− events in sidebands of the (a)ϒð1SÞ, (b) ϒð2SÞ, and (c)ϒð3SÞ. Dalitz plots for ϒðnSÞπþπ− events
in the signal region of the (d) ϒð1SÞ, (e) ϒð2SÞ, and (f) ϒð3SÞ. Regions of the Dalitz plots to the left of the respective vertical line are
excluded from the amplitude analyses.
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⌥(10860) ! ⇡⇡hb(mP ), m = 1, 2
<latexit sha1_base64="Rd/nHPdt4KiPaPYDCjZ055qLYtE="></latexit>

⌥(10860) ! ⇡⇡⌥(nS), n = 1, 2, 3
<latexit sha1_base64="P5kx4r/F+0/Kct7w2rXrLKZqpww="></latexit> ⌥(10860) ! ⇡B(⇤)B̄⇤

<latexit sha1_base64="mV0Q4w6SJnRUNMTahF+CzvMBzA8="></latexit>

— Invariant mass distributions in BB*, B*B* and hb(mP)𝜋 channels
Bondar et al.   PRL108, 122001(2012)
Garmash et al.PRL116, 212001(2016)
                        PRD91, 072003 (2015) 

— Dalitz plots  for                 ⌥(10860) ! ⇡⇡⌥(nS)
<latexit sha1_base64="qpVh71Q+8VvnLyC4sDMhzy7kCss="></latexit>

and its projections to 𝝪(nS)𝜋  and 𝜋𝜋
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Zb(10610) and Zb(10650) from Υ(10860) decays at Belle 
yields are given in Table I. Dalitz plots for the sideband
events are shown in Figs. 3(a), 3(b), and 3(c), where
MðϒðnSÞπÞmax is the maximum invariant mass of the two
ϒðnSÞπ combinations; here the requirement onMðπþπ−Þ is
relaxed. For visualization purposes, we plot the Dalitz
distributions in terms of MðϒðnSÞπÞmax in order to com-
bine ϒðnSÞπþ and ϒðnSÞπ− events. As is apparent from
these distributions, there is a strong enhancement in the

level of the background just above the πþπ− invariant
mass threshold. This enhancement is due to conversion of
photons into an eþe− pair in the innermost parts of the
Belle detector. Due to their low momenta, conversion
electrons and positrons are poorly identified by the CDC
and so pass the electron veto requirement. We exclude
this high background region by applying a requirement
on Mðπþπ−Þ as given in Table I. The distribution of

TABLE I. Summary of results from the analysis of theMmissðπþπ−Þ distribution. Quoted uncertainty is statistical
only.

Final state ϒð1SÞπþπ− ϒð2SÞπþπ− ϒð3SÞπþπ−

Mðπþπ−Þ Signal, GeV=c2 > 0.45 > 0.37 > 0.32
Nsignal 2090$ 115 2476$ 97 628$ 41

ϒ Peak, MeV=c2 9459.9$ 0.8 10023.4$ 0.4 10356.2$ 0.7
σ, MeV=c2 8.34 7.48 6.85
Mmissðπþπ−Þ Signal, GeV=c2 (9.430, 9.490) (10.000, 10.050) (10.335, 10.375)
Nevents 1905 2312 635
fsig 0.937$ 0.071 0.940$ 0.060 0.918$ 0.076
Mmissðπþπ−Þ Sidebands, GeV=c2 (9.38, 9.43) (9.94, 9.99) (10.30, 10.33)

(9.49, 9.53) (10.06, 10.11) (10.38, 10.41)
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FIG. 3. Dalitz plots for ϒðnSÞπþπ− events in sidebands of the (a)ϒð1SÞ, (b) ϒð2SÞ, and (c)ϒð3SÞ. Dalitz plots for ϒðnSÞπþπ− events
in the signal region of the (d) ϒð1SÞ, (e) ϒð2SÞ, and (f) ϒð3SÞ. Regions of the Dalitz plots to the left of the respective vertical line are
excluded from the amplitude analyses.
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⌥(10860) ! ⇡⇡hb(mP ), m = 1, 2
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⌥(10860) ! ⇡⇡⌥(nS), n = 1, 2, 3
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BB̄⇤
BB̄⇤ BB̄⇤B⇤B̄⇤ B⇤B̄⇤

B⇤B̄⇤B⇤B̄⇤
— Invariant mass distributions in BB*, B*B* and hb(mP)𝜋 channels

— Dalitz plot  for                 ⌥(10860) ! ⇡⇡⌥(nS)
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and its projections to 𝝪(nS)𝜋  and 𝜋𝜋
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Zb(10610) and Zb(10650) from Υ(10860) decays at Belle 

⌥(10860) ! ⇡⇡hb(mP ), m = 1, 2
<latexit sha1_base64="Rd/nHPdt4KiPaPYDCjZ055qLYtE="></latexit>

⌥(10860) ! ⇡⇡⌥(nS), n = 1, 2, 3
<latexit sha1_base64="P5kx4r/F+0/Kct7w2rXrLKZqpww="></latexit> ⌥(10860) ! ⇡B(⇤)B̄⇤

<latexit sha1_base64="mV0Q4w6SJnRUNMTahF+CzvMBzA8="></latexit>

BB̄⇤
BB̄⇤ BB̄⇤B⇤B̄⇤ B⇤B̄⇤

B⇤B̄⇤B⇤B̄⇤

yields are given in Table I. Dalitz plots for the sideband
events are shown in Figs. 3(a), 3(b), and 3(c), where
MðϒðnSÞπÞmax is the maximum invariant mass of the two
ϒðnSÞπ combinations; here the requirement onMðπþπ−Þ is
relaxed. For visualization purposes, we plot the Dalitz
distributions in terms of MðϒðnSÞπÞmax in order to com-
bine ϒðnSÞπþ and ϒðnSÞπ− events. As is apparent from
these distributions, there is a strong enhancement in the

level of the background just above the πþπ− invariant
mass threshold. This enhancement is due to conversion of
photons into an eþe− pair in the innermost parts of the
Belle detector. Due to their low momenta, conversion
electrons and positrons are poorly identified by the CDC
and so pass the electron veto requirement. We exclude
this high background region by applying a requirement
on Mðπþπ−Þ as given in Table I. The distribution of

TABLE I. Summary of results from the analysis of theMmissðπþπ−Þ distribution. Quoted uncertainty is statistical
only.

Final state ϒð1SÞπþπ− ϒð2SÞπþπ− ϒð3SÞπþπ−

Mðπþπ−Þ Signal, GeV=c2 > 0.45 > 0.37 > 0.32
Nsignal 2090$ 115 2476$ 97 628$ 41

ϒ Peak, MeV=c2 9459.9$ 0.8 10023.4$ 0.4 10356.2$ 0.7
σ, MeV=c2 8.34 7.48 6.85
Mmissðπþπ−Þ Signal, GeV=c2 (9.430, 9.490) (10.000, 10.050) (10.335, 10.375)
Nevents 1905 2312 635
fsig 0.937$ 0.071 0.940$ 0.060 0.918$ 0.076
Mmissðπþπ−Þ Sidebands, GeV=c2 (9.38, 9.43) (9.94, 9.99) (10.30, 10.33)

(9.49, 9.53) (10.06, 10.11) (10.38, 10.41)
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FIG. 3. Dalitz plots for ϒðnSÞπþπ− events in sidebands of the (a)ϒð1SÞ, (b) ϒð2SÞ, and (c)ϒð3SÞ. Dalitz plots for ϒðnSÞπþπ− events
in the signal region of the (d) ϒð1SÞ, (e) ϒð2SÞ, and (f) ϒð3SÞ. Regions of the Dalitz plots to the left of the respective vertical line are
excluded from the amplitude analyses.
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Zb’s in 𝝪(nS)pi

but also 𝜋𝜋 FSI, 
e.g. from f0(980)

contains

— Invariant mass distributions in BB*, B*B* and hb(mP)𝜋 channels

— Dalitz plot  for                 ⌥(10860) ! ⇡⇡⌥(nS)
<latexit sha1_base64="qpVh71Q+8VvnLyC4sDMhzy7kCss="></latexit>

and its projections to 𝝪(nS)𝜋  and 𝜋𝜋



Zb(10610) and Zb(10650).  Known Facts

BB̄⇤, B⇤B̄⇤
<latexit sha1_base64="afviaohnrwqTEK2nhtD0AMSb5os="></latexit>

⇡±hb(mP ), ⇡±⌥(nS)
<latexit sha1_base64="/9MBmOmTNXx1XvySDgj4/oNPb/U="></latexit>

●

Introduction Theoretical framework Data analysis for Zb’s Predictions for WbJ ’s Conclusions

Two-pion decays of ⌥(10860)

⌥(10860)

⇡ ⇡

⌥(nS), hb(mP )

n = 1, 2, 3n = 1, 2, 3
m = 1, 2

Br[⌥(10860) ! ⇡⇡hb(mP )] ' Br[⌥(10860) ! ⇡⇡⌥(nS)]

Heavy quark spin flip No spin flip

Huge HQSS violation?!

Belle 2011

3 / 19

⟹ must be made of ≥4 quarks

⟹ Zb(10610)/Zb(10650) are strong candidates for hadronic molecules

Bondar, Garmash, Milstein, Mizuk, and  Voloshin 
                                          PRD 84, 054010 (2011)

Location:  very near S-wave thresholds of two hadrons●

seen in charged modes ● Zb
(')  are clearly exotics: 

to be compared with 10604 MeV and 10649 MeV for the BB̄⇤ and the B⇤B̄⇤ thresholds,

respectively. Therefore, both poles are located within a couple of MeV from the respective

threshold. The JPC quantum numbers of both states were determined as 1+� [10] in line

with the expectation of the molecular model.

Within the molecular picture, the wave functions of the Zb states can be written as [7]

|Zbi = � 1p
2

h
(1�

bb̄
⌦ 0�qq̄)S=1 + (0�

bb̄
⌦ 1�qq̄)S=1

i

|Z 0
bi = +

1p
2

h
(1�

bb̄
⌦ 0�qq̄)S=1 � (0�

bb̄
⌦ 1�qq̄)S=1

i

where we quote the quantum numbers in the form IG(JPC) and, for example, 1�
bb̄

denotes

the wave function of the bb̄ pair with the total spin 1, and so forth. Such an identification

of the Zb’s allows one to explain the dipion transition rates from the ⌥(10860) to the vector

bottomonia ⌥(nS) (n = 1, 2, 3), which appear to be up to two orders of magnitude larger

than similar transitions among the lower bottomonia ⌥(nS) (n = 1, 2, 3) [11]. In addi-

tion, the molecular interpretation of the Zb’s (see Eqs. (1.4)-(1.4)) naturally explains that

transitions such as Z
(0)
b ! ⇡hb(mP ), which are expected to be suppressed by (⇤QCD/mb)

since they involve a change in the heavy-quark spin, happen at a comparable rate to the

heavy-quark spin preserving transitions Z(0)
b ! ⇡⌥(nS) [4].

Molecular states should in general be located below the most relevant threshold and

not above1, which seems to be in conflict with the numbers quoted in Eqs. (1.2) and (1.3).

However, these numbers need to be interpreted with care. While they show unambiguously

that the poles related to the Zb states reside very close to the corresponding open-flavour

thresholds, their particular values contain an uncontrollable intrinsic systematic uncer-

tainty since they were determined from sums of the Breit-Wigner functions that ignore

the nearby thresholds and which, therefore, appear to be in conflict with analyticity and

unitarity. Also, it is argued, for example, in Ref. [14] (see also Ref. [15] for a related dis-

cussion in the context of f0(980)/a0(980)) that the branching fractions extracted from the

Breit-Wigner parameterisations do not represent the decay probabilities for near-threshold

states. Thus, a more refined data analysis is required. For example, it is demonstrated in

Ref. [16] that both Zb’s are compatible with bound state poles in the data for the hb(mP )⇡

channels as soon as the energy dependence of their self-energies is included properly. On

the other hand, a combined analysis of the experimental data in all seven channels listed

in Eqs. (1.1) consistent with analyticity and unitarity favours both Zb’s as virtual states

located within approximately 1 MeV below the respective thresholds [17, 18]2. In other

words, the quality of the existing data does not allow one to draw definite conclusions

about the pole locations of these states. Thus, in the present paper, we investigate the

fate of the symmetry partners of the Zb states as the binding energies of the latter are

1Meson-meson dynamics can also lead to above-threshold poles if the interaction is energy-dependent,

but such states are not expected to be very narrow [12]. On the other hand, a tetraquark nature of the

states is claimed to result in the poles lying slightly above threshold [13].
2While the formalism of these references is indeed unitary with respect to all seven channels, only the

open-flavour and the hb(mP )⇡ channels were included in the fit, since the ⌥(nS)⇡ channels call for an

additional inclusion of nonresonant production.

– 2 –

Dominant decays to these open-flavour channels ●

(a) the decays go through Zb’s and
Natural explanation :

(b) Zb’s are molecules 

Talk by Alexander Bondar
 on Monday



● Insights into the nature of the Zb(10610) and Zb(10650) 
from 𝝪(10860)→𝝪(nS) 𝜋+𝜋-   (n=1,2,3)

 ●  Zb(10610) and Zb(10650) from decays:  
⌥(10860) ! ⇡Z(0)

b ! ⇡B(⇤)B̄⇤
<latexit sha1_base64="PP/Us0gkTHZ/rC36ZPgSjujbLv4="></latexit>

⌥(10860) ! ⇡Z(0)
b ! ⇡⇡hb(mP )

<latexit sha1_base64="1Q5KaEYmnMT+2YMkzfIvYBCfqQE="></latexit>

PRD 98, 074023 (2018)Wang,  VB,  Filin,  Hanhart,  Nefediev,  and Wynen

 VB,  Epelbaum, Filin,  Hanhart,  Nefediev,  and Wang PRD 99, 094013 (2019)

VB,  Epelbaum,  Filin, Hanhart, Mizuk,  Nefediev and  Ropertz PRD103, 034016 (2021)

This Talk is about

— Simultaneous analysis of these line shapes in chiral EFT approach with coupled-channels 

— Fixing LECs and extracting Zb poles and residues

— Predictions for HQSS partners is not discussed here, see

— Focus is put on pipi/KK final-state interactions (FSI) and the consistency check

— Multichannel Dalitz plot analysis using the same EFT approach from above as input 
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B̄
<latexit sha1_base64="tkzNTdORmTOHwovzi7hFkph6fGs="></latexit>

EFT for heavy-hadron molecules

 Underlying idea: Forces are similar to NN potential  Voloshin, Okun (1976)

Goals:  Analyse exp. line shapes including the energy range between BB̄⇤
<latexit sha1_base64="tq43akOQCAz0Fj+e3aQpSP5zZQg="></latexit>

B⇤B̄⇤
<latexit sha1_base64="KIcadRAtR9TjUiQrBIVByc6vZg4="></latexit>

and

Tools:  Coupled-channel potentials respecting HQSS and chiral symmetry

☛ typical soft scale Q 0 ptyp =
p
m � ' 500 MeV,

<latexit sha1_base64="xVKnwMP/CE0uO6C6ZuUTwrpN4kU="></latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

m⇡
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Formalism for line shapes  ⌥(10860) ! ⇡Z(0)
b ! ⇡↵

Uel = ++ B̄⇤
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B
B(⇤)
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● Production amplitudes for the events dominated by the Zb’s poles:

11

⌥(10860)

B(⇤)
+

B(⇤)
�

B(⇤)
+

B(⇤)
� B(⇤)

�

B(⇤)
+

⌥(10860)

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
�

B(⇤)
+

�

�

B(⇤)
+

B(⇤)
�

(a) (b1) (b2)

(c1) (c2)

(d) (e)

FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++)
↵ , respon-

sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A
and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B↵(p↵) is controlled by the left-hand cuts of the produc-
tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵� �

X

�

ˆ
d3q

(2⇡)3
V e↵
↵� G�T��

T↵�(M, p, p0) = V e↵
↵� (p, p0) (62)

�
X

�

ˆ
d3q

(2⇡)3
V e↵
↵� (p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = � M↵�
p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�

q2/(2µ�) + m1,� + m2,� � M � i✏
��1

, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

● Input:  experimental distributions for 

⌥(10860) ! ⇡Z(0)
b ! ⇡↵ ↵ = BB̄⇤, B⇤B̄⇤, hb(1P )⇡, hb(2P )⇡

and branching fractions for ↵ = BB̄⇤, B⇤B̄⇤, hb(1P )⇡, hb(2P )⇡, ⌥(1S)⇡, ⌥(2S)⇡, ⌥(3S)⇡
 Belle:  Bondar et al. (2012), Garmash et al. (2016)

Uinel = +
B̄⇤ B̄⇤

B̄⇤⇡B

⇡ ⇡

hb(mP ) hb(mP )

⇡⌥(5S)



Results:  pionless theory at LO

— HQSS is preserved in the potentials
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𝜒2=1.29𝜋less:  LO CT’s
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— Zb’s are virtual statesBB̄⇤ B⇤B̄⇤
BB̄⇤ B⇤B̄⇤



Final remarks from 
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— All LECs are extracted from the best fit 
including 1𝜎 errors

— Natural suppression of higher-order terms

— Data are consistent with HQSS 
respecting interactionsIntroduction Theoretical framework Data analysis for Zb’s Predictions for WbJ ’s Conclusions

Pole positions (mirror poles not shown)

JPC State Threshold EB w.r.t. threshold, [MeV] Residue at pole

1+� Zb BB̄⇤ (�2.3± 0.5)� i(1.1± 0.1) (�1.2± 0.2) + i(0.3± 0.2)
1+� Z 0

b B⇤B̄⇤ (1.8± 2.0)� i(13.6± 3.1) (1.5± 0.2)� i(0.6± 0.3)
0++ Wb0 BB̄ (2.3± 4.2)� i(16.0± 2.6) (1.7± 0.6)� i(1.7± 0.5)
0++ W 0

b0 B⇤B̄⇤ (�1.3± 0.4)� i(1.7± 0.5) (�0.9± 0.3)� i(0.3± 0.2)
1++ Wb1 BB̄⇤ (10.2± 2.5)� i(15.3± 3.2) (1.3± 0.2)� i(0.4± 0.2)
2++ Wb2 B⇤B̄⇤ (7.4± 2.8)� i(9.9± 2.2) (0.7± 0.1)� i(0.3± 0.1)

Relevant pole = pole with the shortest path to the physical region

Riemann sheet is fixed by combination of signs of Im(p) for all channels

Relevant pole can be bound state, virtual state, resonance

Virtual state enhances threshold cusp

Resonance distorts line shape above threshold (hump for nearby pole)

Conclusion: All Zb’s and WbJ ’s are resonances

(without pions — virtual states)
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Pole positions and residues

!   virtual states  in a scheme with just O(Q0) contact interactions 

PRD 99, 094013 (2019)our work: 

All Zb’s and WbJ’s are: 

Conclusion:  Zb’s and WbJ’s are consistent with molecular scenario 

!   resonances  in a scheme when OPE is included 

⌥(10860) ! ⇡Z(0)
b

<latexit sha1_base64="NBSwzocZB9QD1Cvmi/vyj/PcDNo="></latexit> ! ⇡⇡hb(mP )
<latexit sha1_base64="l09aOe0mcfTeELPn7Sjlv7Ej2+o="></latexit>

! ⇡B(⇤)B⇤
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— Visible effect from tensor part of OPE
𝜒2=0.95𝜒2=1.29

resonancesvirtual statesZb’s:



𝝪(10860)→𝝪(nS) 𝜋+𝜋- :  Goals and Tools

● Dispersive approach to account for the 𝜋𝜋-KK FSI

-Both 𝜋𝜋 and 𝜋𝝪 play a role

● Production: contact  and coupled-channel via B-meson loops, as formulated above9

⌥ ⌥0

⇡ ⇡

⌥ ⌥0

⇡
⇡

⇡, K
⇡, K

⌥ ⌥0

⇡ ⇡

U
⌥ ⌥0

⇡
⇡

⇡
⇡

U

(a) (b) (c) (d)

Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (56) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,

q =
1

2m
⌥

�1/2
�
m2

⌥

,m2

⌥

0 , s
�
. (55)

Up to some small corrections, the amplitude (54) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (51). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0

(s)
⇣
M̂�,⇡⇡

0

(s) + ˆ̃I(2)
0

(s)
⌘
,

(56)
where M

no-FSI

is given in Eq. (48) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
ˆ̃I(2)
0

is defined as (cf. Eq. (36))

ˆ̃I(2)
0

(s) =
s2

⇡

ˆ 1

4m2

⇡

ds0

s02
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)ReML
s (s

0)

s0 � s� i0

+
i

⇡

ˆ 1

4m2

⇡

ds0
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)ImML
s (s

0)

s0 � s� i0

+ Îanom
0

(s), (57)

where ML
s (s

0) and Îanom
0

(s) are given in Eqs. (47) and
(50), respectively.

The diagrams representing di↵erent contributions to
the amplitude of Eq. (56) are depicted in Fig. 3: the
sum of the diagrams (a) and (b) corresponds to the
term ⌦̂

0

(s)M̂�,⇡⇡
0

(s), the diagram (c) gives the produc-
tion amplitude M

no-FSI

in the t- and u-channel, and the
diagram (d) describes the contribution of the last term

⌦̂
0

(s) ˆ̃I(2)
0

(s).

E. Inclusion of the ⇡⇡ FSI in the D wave

Generalisation of Eq. (56) to the ⇡⇡ FSI in higher par-
tial waves is straightforward,

M(s, t, u) = M
no-FSI

(t, u)
(58)

+
X

l

⌦̂l(s)
⇣
M̂�,⇡⇡

l (s) + ˆ̃I(nl)

l (s)
⌘
,

where the sum runs over all relevant angular momenta l.
More specifically, taking into account the ⇡⇡ interaction
in the D wave, we write for the amplitude

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0

(s)
⇣
M̂�,⇡⇡

0

(s) + ˆ̃I(2)
0

(s)
⌘

+⌦
2

(s)M�,⇡⇡
2

(s)P
2

(z), (59)

where P
2

(z) is the second-order Legendre polynomial (see
also Eq. (23)), the amplitude M�,⇡⇡

2

(s) extracted from
the Lagrangian (52) reads

M�,⇡⇡
2

(s) =
2

3f2

⇡

p
m

⌥

m
⌥

0c
2

q2�2

⇡(s), (60)

and the diagrams which correspond to the amplitude
(60) coincide with those depicted in Fig. 3 (a) and (b),
however with no kaons in the loop. No additional pa-
rameter is involved in the amplitude (60), since c

2

also
enters Eq. (54). The D-wave Omnès function ⌦

2

(s) in
Eq. (60) is calculated using the D-wave ⇡⇡ phase shift
from Ref. [43] and is dominated by the f

2

(1270) reso-
nance contribution. In general, the amplitude in Eq. (59)

should also contain the dispersive integral Ĩ(n2

)

2

(s), which
is however neglected in the current study. This is moti-
vated by the fact that the corresponding D-wave contri-
bution from the chiral polynomial in Eq.(60) plays only a
very minor role in the fits, as discussed in Sec. IV. While
in this study the main focus is put on the development of
the appropriate formalism and testing the general consis-
tency of the coupled-channel EFT approach of Ref. [33]
with the data in the ⌥(10860) ! ⇡⇡⌥(nS) decays, we

● Important consistency check with previous results!

U is a parameter-free input  from a simple 
but realistic pionless scheme

     -High-statistic data by Belle 
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Zb(10610) and Zb(10650) from Υ(10860) decays at Belle 
yields are given in Table I. Dalitz plots for the sideband
events are shown in Figs. 3(a), 3(b), and 3(c), where
MðϒðnSÞπÞmax is the maximum invariant mass of the two
ϒðnSÞπ combinations; here the requirement onMðπþπ−Þ is
relaxed. For visualization purposes, we plot the Dalitz
distributions in terms of MðϒðnSÞπÞmax in order to com-
bine ϒðnSÞπþ and ϒðnSÞπ− events. As is apparent from
these distributions, there is a strong enhancement in the

level of the background just above the πþπ− invariant
mass threshold. This enhancement is due to conversion of
photons into an eþe− pair in the innermost parts of the
Belle detector. Due to their low momenta, conversion
electrons and positrons are poorly identified by the CDC
and so pass the electron veto requirement. We exclude
this high background region by applying a requirement
on Mðπþπ−Þ as given in Table I. The distribution of

TABLE I. Summary of results from the analysis of theMmissðπþπ−Þ distribution. Quoted uncertainty is statistical
only.

Final state ϒð1SÞπþπ− ϒð2SÞπþπ− ϒð3SÞπþπ−

Mðπþπ−Þ Signal, GeV=c2 > 0.45 > 0.37 > 0.32
Nsignal 2090$ 115 2476$ 97 628$ 41

ϒ Peak, MeV=c2 9459.9$ 0.8 10023.4$ 0.4 10356.2$ 0.7
σ, MeV=c2 8.34 7.48 6.85
Mmissðπþπ−Þ Signal, GeV=c2 (9.430, 9.490) (10.000, 10.050) (10.335, 10.375)
Nevents 1905 2312 635
fsig 0.937$ 0.071 0.940$ 0.060 0.918$ 0.076
Mmissðπþπ−Þ Sidebands, GeV=c2 (9.38, 9.43) (9.94, 9.99) (10.30, 10.33)

(9.49, 9.53) (10.06, 10.11) (10.38, 10.41)
Nevents 272 291 91
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FIG. 3. Dalitz plots for ϒðnSÞπþπ− events in sidebands of the (a)ϒð1SÞ, (b) ϒð2SÞ, and (c)ϒð3SÞ. Dalitz plots for ϒðnSÞπþπ− events
in the signal region of the (d) ϒð1SÞ, (e) ϒð2SÞ, and (f) ϒð3SÞ. Regions of the Dalitz plots to the left of the respective vertical line are
excluded from the amplitude analyses.
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simultaneously!

→ Analyse Dalitz plot



                            Dispersion relations for 𝜋𝜋-KK FSI  
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S-wave projection:
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for details). However, given that the energy in the ⇡⇡ sys-
tem in the reaction ⌥(10860) ! ⇡⇡⌥(1S) extends to 1.4
GeV, that is far beyond the KK̄ threshold, the inclusion
of theKK̄ component becomes necessary. Generalisation
of Eq. (29) to multiple channels is straightforward,

M̂
0

(s) = M̂L
0

(s)
(30)

+
⌦̂

0

(s)

⇡

ˆ 1

4m2

⇡

ds0
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)M̂L
0

(s0)

s0 � s� i0
.

Here, the multichannel Omnès matrix obeys the matrix
equation

⌦̂
0

(s) =
1

⇡

ˆ 1

4m2

⇡

ds0
T̂ ⇤(s0)�̂(s)⌦̂

0

(s0)

s0 � s� i0
, (31)

where hats indicate multicomponent objects (vectors and
matrices), �̂(s) = diag{�⇡,�K} is a diagonal matrix with

�P (s) =
q
1� sthP /s, and sthP for the threshold in the

corresponding channel (P = ⇡,K). In particular, we

have ML
0

=
�
[ML

0

]⇡⇡, [ML
0

]KK

�T
. Furthermore, the S-

wave meson-meson coupled-channel amplitude T̂ can be
parametrised by the the ⇡⇡ scattering phase shift �(s)
[43–46] as well as the absolute value and phase of the
⇡⇡ ! KK̄ transition [45, 46], g(s) and  (s), respectively,
as

T (s) =
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To get the two-pion FSI amplitude one has to consider
the component [M̂

0

(s)]⇡⇡ of the vector (30). If the am-
plitude contains contributions from higher partial waves
while the FSI is taken into account only in the S wave,
one can write

M̂(s, t, u) = M̂
no-FSI

(t, u)
(33)

+
⌦̂

0

(s)

⇡

ˆ 1

4m2

⇡

ds0
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)M̂L
0

(s0)

s0 � s� i0
,

where M̂
no-FSI

= M̂L
0

+ M̂
higher

is the complete tree level
production amplitude in the t- and u-channel, not pro-
jected onto partial waves, while the e↵ect of the FSI is
taken into account by the second term in Eq. (33). In
this study, the ⇡⇡ component of the production ampli-
tude M̂

no-FSI

and its S-wave projection M̂L
0

are adopted

from Ref. [33] — see Sec. III C for a detailed discus-
sion. Meanwhile, the resonance production in the chan-
nel ⌥(10860) ! KK̄⌥(nS) which proceeds through the
B- and Bs-meson loops is not considered since no in-
formation about the SU(3) partners of the Zb states is
available yet.
The dispersive integral in Eq. (33),

Î
0

(s) ⌘ 1

⇡

ˆ 1

4m2

⇡

ds0
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)M̂L
0

(s0)

s0 � s� i0
, (34)

where the lower index indicates l = 0 for the S wave,
may need to be subtracted n times to improve conver-
gence and to diminish the role played by the large-s re-
gion where the ⇡⇡ scattering phase is not known well
enough. Then, one arrives at

Î
(n)
0

(s) = P̂n�1

(s)
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+
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,

where P̂n�1

(s) is a polynomial of the order n � 1. If
the amplitude M̂L

0

(s) has both real and imaginary parts,
then the polynomial coe�cients are complex numbers.
Meanwhile, if there are good reasons to believe that the
imaginary part of the amplitude ImML

0

(s) is controlled
by well understood physics (see also a related discussion
in Sec. IIID below), then the imaginary part of the poly-
nomial Pn�1

(s) can be evaluated exploiting sum rules
via

ImP̂n�1

(s) =
n�1X

k=0

sk
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(s0),

where it was used that the quantity ⌦̂�1

0

(s0)T̂ (s0)�̂(s0) is
real. This allows one to re-write Eq. (35) in the form
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where the polynomial Rn�1

(s) is real by construction,

R̂n�1

(s) = ReP̂n�1

(s), (38)

and so are its coe�cients. As discussed below, ImM̂L
0

(s)
is non-vanishing on a finite interval of s only and, ac-
cordingly, the integral in the last line of Eq. (37) does
not require any subtractions.
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for details). However, given that the energy in the ⇡⇡ sys-
tem in the reaction ⌥(10860) ! ⇡⇡⌥(1S) extends to 1.4
GeV, that is far beyond the KK̄ threshold, the inclusion
of theKK̄ component becomes necessary. Generalisation
of Eq. (29) to multiple channels is straightforward,
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To get the two-pion FSI amplitude one has to consider
the component [M̂

0

(s)]⇡⇡ of the vector (30). If the am-
plitude contains contributions from higher partial waves
while the FSI is taken into account only in the S wave,
one can write

M̂(s, t, u) = M̂
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(33)
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where M̂
no-FSI

= M̂L
0

+ M̂
higher

is the complete tree level
production amplitude in the t- and u-channel, not pro-
jected onto partial waves, while the e↵ect of the FSI is
taken into account by the second term in Eq. (33). In
this study, the ⇡⇡ component of the production ampli-
tude M̂

no-FSI

and its S-wave projection M̂L
0

are adopted

from Ref. [33] — see Sec. III C for a detailed discus-
sion. Meanwhile, the resonance production in the chan-
nel ⌥(10860) ! KK̄⌥(nS) which proceeds through the
B- and Bs-meson loops is not considered since no in-
formation about the SU(3) partners of the Zb states is
available yet.
The dispersive integral in Eq. (33),
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Figure 2. Left-hand cuts in the production amplitude U coming from the BB̄⇤ and B⇤B̄⇤ scattering in the t- (left) and
u-channel (right). T↵j denotes the coupled-channel amplitude for the transitions B(⇤)B̄⇤ ! ⇡⌥(nS).
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(m2
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(40)

Here

Y (s) = s+ 2m2

z �m2

i �m2

f � 2m2

⇡,
(41)

(s) = �⇡(s)
q
�(s,m2

i ,m
2

f ),

and

sa = 2m2

⇡ +m2

f +m2

i � 2m2

z (42)

is the root of the equation Y (s) = 0. Furthermore, the
logarithmic branch points s± (also known as anomalous
thresholds) found as the roots of the equation t(s±, z =
±1) = m2

z read

s± =
(m2

i �m2

f )
2

4m2

z
(43)

�

⇣p
�(m2

i ,m
2

⇡,m
2

z)±
q
�(m2

f ,m
2

⇡,m
2

z)
⌘
2

4m2

z

,

where � is the triangle function from Eq. (8).
In the regime

(mf +m⇡)
2 < m2

z <
1

2
(m2

f +m2

i )�m2

⇡, (44)

s
+

is real and the anomalous threshold generates only
a phase term which is included in the first formula in
Eq. (40) (see also Ref. [41] for a related discussion). How-
ever, for

m2

z < (mf +m⇡)
2 <

1

2
(m2

f +m2

i )�m2

⇡, (45)

the branch point s
+

becomes complex and the dispersive
integral defined in Eq. (36) acquires an additional anoma-
lous contribution calling for an integration along some

complex path (see Appendix B for details). Namely, us-
ing ML

0;anom

= �4⇡i/ for the anomalous discontinuity,

the integral Î(n)
0

(s) from Eq. (36) gets modified as

Î
(n)
0

(s) ! Î
(n)
0

(s) + Îanom
0

(s,mz),

where

Îanom
0

(s,mz) =
sn

2⇡i

ˆ
1

0

dx

⇣n
d⇣

dx

8⇡

(⇣)

⌦̂�1

0

(⇣)T̂ (⇣)�̂(⇣)

⇣ � s� i0
,

(46)
and ⇣ = (1 � x)s

+

+ x 4m2

⇡ is the straight-line path be-
tween the two-pion threshold and the branch point of the
logarithm, s

+

.
A crucial point of the coupled-channel approach devel-

oped in Ref. [33] is that the resonances Zb are not intro-
duced as asymptotic states of the theory but appear as
near-threshold poles of the amplitude fitted to the data.
This implies that, instead of the stable Zb propagator
used in Eq. (39), the inelastic amplitude Ui (i = ⇡⌥(nS)
with n = 1, 2, 3) from Ref [33], generated through the B-
meson loops and evaluated as given in Eq. (14), provides
the input for building M

no-FSI

and ML
0

— see Fig. 2 for
its diagrammatic representation. To proceed, we employ
a dispersive representation for the production amplitude
U (to simplify notations we omit the inelastic index i and
thus consider a particular inelastic final state),

M
no-FSI

(t, u) = U(t) + U(u)

= � 1

⇡
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µ2

min

dµ2 ImU(µ2)

✓
1

t� µ2

+
1

u� µ2

◆
(47)

=

ˆ 1

µ2

min

dµ2⇢(µ2)M
stable

(t, u;µ),

where we used Eq. (39) and introduced the spectral func-

ML(t, u) =
<latexit sha1_base64="doDSZzkeS73hhxtpfDxyNeSGayc="></latexit>

ML(t, u) = U(t) + U(u) = � 1

⇡

Z 1

(m⇡+m⌥(1S))
2
dµ2 ImU(µ2)

✓
1

t� µ2
+

1

u� µ2

◆

<latexit sha1_base64="KgOD/eMMuFGWTVxID0W3wV1yEcY="></latexit>

ML
0 (s)

<latexit sha1_base64="9F9Q0AtiyY1LEAK7B7R7B2mAekw="></latexit>

S-wave

+

   —  Zb(10610)/Zb(10650)  are poles in the coupled-channel amplitudes ML(t, u)
<latexit sha1_base64="lQDcb3Fz3ys4xlkHFwTd2b2xOLw="></latexit>
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Figure 2. Left-hand cuts in the production amplitude U coming from the BB̄⇤ and B⇤B̄⇤ scattering in the t- (left) and
u-channel (right). T↵j denotes the coupled-channel amplitude for the transitions B(⇤)B̄⇤ ! ⇡⌥(nS).

ML
0,stable(s,mz) =

8
>>><

>>>:

� 2

(s)

✓
log

Y (s) + (s)

Y (s)� (s)
+ 2⇡i ✓(sa � s)✓(s� s

+

)

◆
, (mf +m⇡)2 < m2

z < 1

2

(m2

f +m2

i )�m2

⇡,

� 2

(s)

✓
log

Y (s) + (s)

Y (s)� (s)
+ 2⇡i ✓(sa � s)

◆
, m2

z < (mf +m⇡)2 < 1

2

(m2

f +m2

i )�m2

⇡.

(40)

Here

Y (s) = s+ 2m2

z �m2

i �m2

f � 2m2

⇡,
(41)

(s) = �⇡(s)
q
�(s,m2

i ,m
2

f ),

and

sa = 2m2

⇡ +m2

f +m2

i � 2m2

z (42)

is the root of the equation Y (s) = 0. Furthermore, the
logarithmic branch points s± (also known as anomalous
thresholds) found as the roots of the equation t(s±, z =
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where � is the triangle function from Eq. (8).
In the regime
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2 < m2
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is real and the anomalous threshold generates only
a phase term which is included in the first formula in
Eq. (40) (see also Ref. [41] for a related discussion). How-
ever, for

m2
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2 <

1

2
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⇡, (45)

the branch point s
+

becomes complex and the dispersive
integral defined in Eq. (36) acquires an additional anoma-
lous contribution calling for an integration along some

complex path (see Appendix B for details). Namely, us-
ing ML

0;anom

= �4⇡i/ for the anomalous discontinuity,

the integral Î(n)
0

(s) from Eq. (36) gets modified as

Î
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0
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tween the two-pion threshold and the branch point of the
logarithm, s
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.
A crucial point of the coupled-channel approach devel-

oped in Ref. [33] is that the resonances Zb are not intro-
duced as asymptotic states of the theory but appear as
near-threshold poles of the amplitude fitted to the data.
This implies that, instead of the stable Zb propagator
used in Eq. (39), the inelastic amplitude Ui (i = ⇡⌥(nS)
with n = 1, 2, 3) from Ref [33], generated through the B-
meson loops and evaluated as given in Eq. (14), provides
the input for building M

no-FSI

and ML
0

— see Fig. 2 for
its diagrammatic representation. To proceed, we employ
a dispersive representation for the production amplitude
U (to simplify notations we omit the inelastic index i and
thus consider a particular inelastic final state),

M
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(t, u) = U(t) + U(u)
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+
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=
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min
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(t, u;µ),

where we used Eq. (39) and introduced the spectral func-

ML(t, u) =
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S-wave

+

   —  Zb(10610)/Zb(10650)  are poles in the coupled-channel amplitudes 
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B(⇤)B̄⇤
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cuts, these states can be on shell:  Leading contribution is from the  
subleading one— from inelastic channels

—

ML(t, u)
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— Dispersive Integral is convergent but details of 𝜋𝜋 at large s are known badly
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● In contrast, 2 complex coefficients were used in a related study of e+e� ! ⇡+⇡� (2S)
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Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (56) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,

q =
1

2m
⌥

�1/2
�
m2

⌥

,m2

⌥

0 , s
�
. (55)

Up to some small corrections, the amplitude (54) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (51). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0

(s)
⇣
M̂�,⇡⇡

0

(s) + ˆ̃I(2)
0

(s)
⌘
,

(56)
where M

no-FSI

is given in Eq. (48) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
ˆ̃I(2)
0

is defined as (cf. Eq. (36))

ˆ̃I(2)
0

(s) =
s2

⇡

ˆ 1

4m2

⇡

ds0

s02
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)ReML
s (s

0)

s0 � s� i0

+
i

⇡

ˆ 1

4m2

⇡

ds0
⌦̂�1

0

(s0)T̂ (s0)�̂(s0)ImML
s (s

0)

s0 � s� i0

+ Îanom
0

(s), (57)

where ML
s (s

0) and Îanom
0

(s) are given in Eqs. (47) and
(50), respectively.

The diagrams representing di↵erent contributions to
the amplitude of Eq. (56) are depicted in Fig. 3: the
sum of the diagrams (a) and (b) corresponds to the
term ⌦̂

0

(s)M̂�,⇡⇡
0

(s), the diagram (c) gives the produc-
tion amplitude M

no-FSI

in the t- and u-channel, and the
diagram (d) describes the contribution of the last term

⌦̂
0

(s) ˆ̃I(2)
0

(s).

E. Inclusion of the ⇡⇡ FSI in the D wave

Generalisation of Eq. (56) to the ⇡⇡ FSI in higher par-
tial waves is straightforward,

M(s, t, u) = M
no-FSI

(t, u)
(58)

+
X

l

⌦̂l(s)
⇣
M̂�,⇡⇡

l (s) + ˆ̃I(nl)

l (s)
⌘
,

where the sum runs over all relevant angular momenta l.
More specifically, taking into account the ⇡⇡ interaction
in the D wave, we write for the amplitude

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0

(s)
⇣
M̂�,⇡⇡

0

(s) + ˆ̃I(2)
0

(s)
⌘

+⌦
2

(s)M�,⇡⇡
2

(s)P
2

(z), (59)

where P
2

(z) is the second-order Legendre polynomial (see
also Eq. (23)), the amplitude M�,⇡⇡

2

(s) extracted from
the Lagrangian (52) reads

M�,⇡⇡
2

(s) =
2

3f2

⇡

p
m

⌥

m
⌥

0c
2

q2�2

⇡(s), (60)

and the diagrams which correspond to the amplitude
(60) coincide with those depicted in Fig. 3 (a) and (b),
however with no kaons in the loop. No additional pa-
rameter is involved in the amplitude (60), since c

2

also
enters Eq. (54). The D-wave Omnès function ⌦

2

(s) in
Eq. (60) is calculated using the D-wave ⇡⇡ phase shift
from Ref. [43] and is dominated by the f

2

(1270) reso-
nance contribution. In general, the amplitude in Eq. (59)

should also contain the dispersive integral Ĩ(n2

)

2

(s), which
is however neglected in the current study. This is moti-
vated by the fact that the corresponding D-wave contri-
bution from the chiral polynomial in Eq.(60) plays only a
very minor role in the fits, as discussed in Sec. IV. While
in this study the main focus is put on the development of
the appropriate formalism and testing the general consis-
tency of the coupled-channel EFT approach of Ref. [33]
with the data in the ⌥(10860) ! ⇡⇡⌥(nS) decays, we
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Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (59) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

are badly known, in what follows, twice subtracted dis-
persive integrals are considered, and the polynomial in
Eq. (37) takes the form

R
1

(s) = a+ bs, (53)

with real parameters a and b, as was explained above. In
what follows, it will be shown that one of these constants
is mostly redundant at least for production of ⌥(nS) with
n = 2 and 3.

It is important to notice that the polynomial R
1

(s)
parametrises the amplitude for ⌥⌥0⇡⇡ at small values
of s and as such can be matched to chiral perturbation
theory. Specifically, in the limit of switching o↵ the final-
state interactions, �(s) ! 0, g(s) ! 0 in Eq. (32) and
thus setting ⌦

0

(s) ! 1, the subtraction functions must
agree with the chiral amplitudes corresponding to the
direct transitions ⌥ ! ⇡⇡⌥0 [49].

If one introduces spin multiplets for heavy-heavy fields,

J = ⌥ · � + ⌘b,

then the e↵ective Lagrangian for the contact ⌥⌥0⇡⇡ and
⌥⌥0KK̄ coupling, at the lowest order in the chiral and
heavy-quark expansions, reads [39, 49, 50]

L
⌥⌥

0
��

=
c
1

2
hJ†J 0ihuµu

µi+ c
2

2
hJ†J 0ihuµu⌫ivµv⌫ +h.c.,

(54)
where vµ is the 4-velocity of the heavy quark. The
contribution of the pseudoscalar Goldstone bosons for
the spontaneous breaking of the chiral symmetry can be
parametrised as

uµ = i
�
u†@µu� u@µu

†� ,

u = exp

✓
i�p
2f

◆
, (55)

� =

0

BB@

1p
2

⇡0 + 1p
6

⌘
8

⇡+ K+

⇡� � 1p
2

⇡0 + 1p
6

⌘
8

K0

K� K̄0 � 2p
6

⌘
8

1

CCA ,

where f is the pseudo-Goldstone boson decay constant,
f⇡ = 92.2 MeV and fK = 113.0 MeV. If one makes an
expansion in the (soft) pion momenta q⇡, both operators
quoted in Eq. (55) scale as O(q2⇡) .

Considering an S-wave contribution for the tree-level

amplitudes, M̂�
0

(s) =
⇣
M�,⇡⇡

0

(s), 2p
3

M�,KK
0

(s)
⌘T

, one

finds (P = ⇡,K)

M�,PP
0

(s) = � 2

f2

P

p
m

⌥

m
⌥

0

⇢
c
1

�
s� 2m2

P

�

(56)

+
c
2

2


s+ q2

✓
1� �2

P (s)

3

◆��
,

where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,

q =
1

2m
⌥

�1/2
�
m2

⌥

,m2

⌥

0 , s
�
. (57)

Up to some small corrections, the amplitude (57) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (54). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0

(s)
⇣
M̂�,⇡⇡

0

(s) + ˆ̃I(2)
0

(s)
⌘
,

(58)
where M

no-FSI

is given in Eq. (51) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
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no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

are badly known, in what follows, twice subtracted dis-
persive integrals are considered, and the polynomial in
Eq. (37) takes the form

R
1

(s) = a+ bs, (53)

with real parameters a and b, as was explained above. In
what follows, it will be shown that one of these constants
is mostly redundant at least for production of ⌥(nS) with
n = 2 and 3.

It is important to notice that the polynomial R
1

(s)
parametrises the amplitude for ⌥⌥0⇡⇡ at small values
of s and as such can be matched to chiral perturbation
theory. Specifically, in the limit of switching o↵ the final-
state interactions, �(s) ! 0, g(s) ! 0 in Eq. (32) and
thus setting ⌦

0

(s) ! 1, the subtraction functions must
agree with the chiral amplitudes corresponding to the
direct transitions ⌥ ! ⇡⇡⌥0 [49].

If one introduces spin multiplets for heavy-heavy fields,

J = ⌥ · � + ⌘b,

then the e↵ective Lagrangian for the contact ⌥⌥0⇡⇡ and
⌥⌥0KK̄ coupling, at the lowest order in the chiral and
heavy-quark expansions, reads [39, 49, 50]
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where vµ is the 4-velocity of the heavy quark. The
contribution of the pseudoscalar Goldstone bosons for
the spontaneous breaking of the chiral symmetry can be
parametrised as
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where f is the pseudo-Goldstone boson decay constant,
f⇡ = 92.2 MeV and fK = 113.0 MeV. If one makes an
expansion in the (soft) pion momenta q⇡, both operators
quoted in Eq. (55) scale as O(q2⇡) .
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where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,

q =
1
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Up to some small corrections, the amplitude (57) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (54). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0

(s)
⇣
M̂�,⇡⇡

0

(s) + ˆ̃I(2)
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(58)
where M

no-FSI

is given in Eq. (51) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
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Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (59) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

are badly known, in what follows, twice subtracted dis-
persive integrals are considered, and the polynomial in
Eq. (37) takes the form

R
1

(s) = a+ bs, (53)

with real parameters a and b, as was explained above. In
what follows, it will be shown that one of these constants
is mostly redundant at least for production of ⌥(nS) with
n = 2 and 3.

It is important to notice that the polynomial R
1

(s)
parametrises the amplitude for ⌥⌥0⇡⇡ at small values
of s and as such can be matched to chiral perturbation
theory. Specifically, in the limit of switching o↵ the final-
state interactions, �(s) ! 0, g(s) ! 0 in Eq. (32) and
thus setting ⌦

0

(s) ! 1, the subtraction functions must
agree with the chiral amplitudes corresponding to the
direct transitions ⌥ ! ⇡⇡⌥0 [49].

If one introduces spin multiplets for heavy-heavy fields,

J = ⌥ · � + ⌘b,

then the e↵ective Lagrangian for the contact ⌥⌥0⇡⇡ and
⌥⌥0KK̄ coupling, at the lowest order in the chiral and
heavy-quark expansions, reads [39, 49, 50]
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where vµ is the 4-velocity of the heavy quark. The
contribution of the pseudoscalar Goldstone bosons for
the spontaneous breaking of the chiral symmetry can be
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where f is the pseudo-Goldstone boson decay constant,
f⇡ = 92.2 MeV and fK = 113.0 MeV. If one makes an
expansion in the (soft) pion momenta q⇡, both operators
quoted in Eq. (55) scale as O(q2⇡) .

Considering an S-wave contribution for the tree-level
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where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,
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Up to some small corrections, the amplitude (57) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (54). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
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(58)
where M

no-FSI

is given in Eq. (51) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
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Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (59) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

are badly known, in what follows, twice subtracted dis-
persive integrals are considered, and the polynomial in
Eq. (37) takes the form

R
1

(s) = a+ bs, (53)

with real parameters a and b, as was explained above. In
what follows, it will be shown that one of these constants
is mostly redundant at least for production of ⌥(nS) with
n = 2 and 3.

It is important to notice that the polynomial R
1

(s)
parametrises the amplitude for ⌥⌥0⇡⇡ at small values
of s and as such can be matched to chiral perturbation
theory. Specifically, in the limit of switching o↵ the final-
state interactions, �(s) ! 0, g(s) ! 0 in Eq. (32) and
thus setting ⌦

0

(s) ! 1, the subtraction functions must
agree with the chiral amplitudes corresponding to the
direct transitions ⌥ ! ⇡⇡⌥0 [49].

If one introduces spin multiplets for heavy-heavy fields,

J = ⌥ · � + ⌘b,

then the e↵ective Lagrangian for the contact ⌥⌥0⇡⇡ and
⌥⌥0KK̄ coupling, at the lowest order in the chiral and
heavy-quark expansions, reads [39, 49, 50]
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where vµ is the 4-velocity of the heavy quark. The
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the spontaneous breaking of the chiral symmetry can be
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where f is the pseudo-Goldstone boson decay constant,
f⇡ = 92.2 MeV and fK = 113.0 MeV. If one makes an
expansion in the (soft) pion momenta q⇡, both operators
quoted in Eq. (55) scale as O(q2⇡) .

Considering an S-wave contribution for the tree-level
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where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,
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Up to some small corrections, the amplitude (57) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (54). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
no-FSI

(t, u) + ⌦̂
0
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(58)
where M

no-FSI

is given in Eq. (51) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
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Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (59) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

are badly known, in what follows, twice subtracted dis-
persive integrals are considered, and the polynomial in
Eq. (37) takes the form

R
1

(s) = a+ bs, (53)

with real parameters a and b, as was explained above. In
what follows, it will be shown that one of these constants
is mostly redundant at least for production of ⌥(nS) with
n = 2 and 3.

It is important to notice that the polynomial R
1

(s)
parametrises the amplitude for ⌥⌥0⇡⇡ at small values
of s and as such can be matched to chiral perturbation
theory. Specifically, in the limit of switching o↵ the final-
state interactions, �(s) ! 0, g(s) ! 0 in Eq. (32) and
thus setting ⌦

0

(s) ! 1, the subtraction functions must
agree with the chiral amplitudes corresponding to the
direct transitions ⌥ ! ⇡⇡⌥0 [49].

If one introduces spin multiplets for heavy-heavy fields,

J = ⌥ · � + ⌘b,

then the e↵ective Lagrangian for the contact ⌥⌥0⇡⇡ and
⌥⌥0KK̄ coupling, at the lowest order in the chiral and
heavy-quark expansions, reads [39, 49, 50]
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where vµ is the 4-velocity of the heavy quark. The
contribution of the pseudoscalar Goldstone bosons for
the spontaneous breaking of the chiral symmetry can be
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where f is the pseudo-Goldstone boson decay constant,
f⇡ = 92.2 MeV and fK = 113.0 MeV. If one makes an
expansion in the (soft) pion momenta q⇡, both operators
quoted in Eq. (55) scale as O(q2⇡) .

Considering an S-wave contribution for the tree-level
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where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,
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Up to some small corrections, the amplitude (57) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (54). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form

M(s, t, u) = M
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(t, u) + ⌦̂
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where M
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is given in Eq. (51) and the ⇡⇡ component
{11} of the matrix multiplication is implied. The integral
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Figure 3. Diagrams contributing to the full amplitude M(s, t, u) from Eq. (59) for the decay ⌥ ! ⇡⇡⌥0 (⌥ ⌘ ⌥(10860),
⌥0 ⌘ ⌥(nS) with n = 1, 2, 3): (a) the contact diagram; (b) the contact diagram with the ⇡⇡ and KK̄ FSI; (c) signal production
amplitude M

no-FSI

in the t- and u-channel, which contains left-hand cuts from the Zb’s generated in a coupled-channel approach
of Ref. [33]; (d) same as in (c) but with the ⇡⇡ FSI.

are badly known, in what follows, twice subtracted dis-
persive integrals are considered, and the polynomial in
Eq. (37) takes the form

R
1

(s) = a+ bs, (53)

with real parameters a and b, as was explained above. In
what follows, it will be shown that one of these constants
is mostly redundant at least for production of ⌥(nS) with
n = 2 and 3.

It is important to notice that the polynomial R
1

(s)
parametrises the amplitude for ⌥⌥0⇡⇡ at small values
of s and as such can be matched to chiral perturbation
theory. Specifically, in the limit of switching o↵ the final-
state interactions, �(s) ! 0, g(s) ! 0 in Eq. (32) and
thus setting ⌦

0

(s) ! 1, the subtraction functions must
agree with the chiral amplitudes corresponding to the
direct transitions ⌥ ! ⇡⇡⌥0 [49].

If one introduces spin multiplets for heavy-heavy fields,

J = ⌥ · � + ⌘b,

then the e↵ective Lagrangian for the contact ⌥⌥0⇡⇡ and
⌥⌥0KK̄ coupling, at the lowest order in the chiral and
heavy-quark expansions, reads [39, 49, 50]
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where vµ is the 4-velocity of the heavy quark. The
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where f is the pseudo-Goldstone boson decay constant,
f⇡ = 92.2 MeV and fK = 113.0 MeV. If one makes an
expansion in the (soft) pion momenta q⇡, both operators
quoted in Eq. (55) scale as O(q2⇡) .
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where q is the 3-momentum of the final ⌥0 in the rest
frame of the initial ⌥, that is,
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Up to some small corrections, the amplitude (57) behaves
as a linear polynomial in s. Thus the chiral amplitude
at low energies depends on the two low-energy constants
(LECs) c

1

and c
2

which can be treated as fitting param-
eters instead of a and b from Eq. (54). This amplitude
corresponds to the contact diagram depicted in Fig. 3(a).

Then, the amplitude M(s, t, u) from Eq. (24), which
now includes the e↵ects from the ⇡⇡ and KK̄ FSI in the
S-wave, takes the form
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— Matching to chiral expansion
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mental data in the channels

⌥(10860) ! ⇡Z
(0)
b ! ⇡B(⇤)B̄⇤,

(1)
⌥(10860) ! ⇡Z

(0)
b ! ⇡⇡hb(mP ), m = 1, 2.

The information on the branching fractions in the tran-

sitions ⌥(10860) ! ⇡Z
(0)
b ! ⇡⇡⌥(nS) (n = 1, 2, 3) was

also used, but no analysis of the line shapes in these
channels was performed for the reasons explained below.
A fairly good description of the data was achieved in
di↵erent fitting schemes described in detail in Ref. [33].
As expected, the experimental data on the Zb’s are fully
consistent with HQSS, since symmetry violating terms
in the e↵ective hadronic potential are argued to play a
minor role [33]. In Ref. [34], the approach was extended
to predict in a parameter-free way the properties of the
spin partner states of the Zb’s, the WbJ ’s (J = 0, 1, 2).

The one-pion exchange (OPE) in the bottomoniumlike
systems under consideration was a special concern of the
quoted works [33, 34], and it was concluded to play an
important role for the Zb’s and WbJ ’s. Indeed, the poles
of the Zb’s and WbJ ’s that were originally classified as
virtual states in the pionless framework moved above the
nearby elastic thresholds to become resonances, as an
e↵ect of the OPE. Meanwhile, the conclusion that all
these states are hadronic molecules, based on a decent
description of the data, follows already from the scheme
with purely contact interactions in the B(⇤)B̄⇤ system
(Scheme A, in the notation of Ref. [33], yields �2/N

dof

⇡
1.23). Note also that this fitting scheme provides results
identical to those obtained with the help of an analytical
parametrisation for the line shapes derived previously in
Refs. [35, 36].

Not all experimental information used in the aforemen-
tioned combined analysis could be considered on equal
footing. Indeed, while the line shapes in the ⇡hb(mP )
and B(⇤)B̄⇤ channels could be fitted directly, as dis-
cussed above, only the total branchings for the ⇡⌥ final
states were used in the fit. The signal in the latter chan-
nels contains a significant nonresonant contribution that
depends on the invariant mass of the two-pion system,
so that the amplitude analysis has to be multidimen-
sional. This analysis is in the spotlight of the present
work. In particular, we generalise the approach devel-
oped in Ref. [33] to incorporate coupled-channel e↵ects
from the ⇡⇡-KK̄ interactions in the final state using a
model-independent dispersive approach. Then we per-
form maximum likelihood fits to the Dalitz plots of the
reactions ⌥(10860) ! ⇡⇡⌥(nS) (n = 1, 2, 3). To keep
consistency with the data in the ⇡hb(mP ) and B(⇤)B̄⇤

channels, we directly employ the inelastic production am-
plitudes obtained in Ref. [33] for Scheme A as input for
the present research. Since the focus of the present study
is on the development of the dispersive treatment of the
final state interactions (FSI), we resort to a simple pion-
less formulation, as provided by Scheme A, while e↵ects
from the OPE will be included in future studies. Thus
in this study we focus on the following goals:

(a) A development of a dispersive approach to the
⌥(10860) ! ⇡⇡⌥(nS) transitions and a systematic
account for the e↵ects from the ⇡⇡ FSI including
the coupling to the KK̄ channel. While for the
⌥(2S) and, especially, ⌥(3S) in the final state the
⇡⇡-KK̄ coupling is expected to play a marginal
role, it should be important for the ⌥(1S) channel
near the KK̄ threshold. This e↵ect can be included
in a model-independent way using an Omnès ma-
trix constructed from high accuracy determinations
of the ⇡⇡ and KK̄ scattering amplitudes as well as
from the Bs decay data [37, 38].

(b) Our focus is on the inclusion of the FSI while keep-
ing the full complexity of the Zb dynamics, so we
consider two production mechanisms for the tran-
sitions ⌥(10860) ! ⇡⇡⌥(nS), namely (i) through
the contact operators with two real parameters and
(ii) through B-meson production assuming point-
like vertices with the subsequent B-meson inter-
actions in the final state, that is, via the process
⌥(10860) ! B(⇤)B̄⇤⇡ ! ⇡⇡⌥(nS). Both mech-
anisms are supplemented with the ⇡⇡ FSI. Note
that in Ref. [39] also a possible impact of the box-
diagram mechanism was studied, which is not in-
cluded here. The underlying rationale is that in the
⌥(10860) decays the Zb states can go on-shell and
should by far dominate the e↵ects from the B(⇤)B⇤

intermediate states. The corresponding imaginary
parts in the production amplitudes are taken into
account explicitly in this work. As a consequence,
only two real subtraction constants defined in the
mechanism (i) are su�cient to dispersively recon-
struct the amplitude, which is insensitive to the
high-energy integration range. This is unlike to
Ref. [41], where two complex coe�cients were uti-
lized in a related study of the dipion transitions in
the charmonium sector.

(c) The Dalitz plots for the ⌥(10860) ! ⇡⇡⌥(nS)
transitions contain nontrivial information about
the Zb’s — these states can be clearly seen in the
⇡⌥(nS) invariant mass distributions and have im-
print also on the ⇡⇡ spectrum. Thus we analyse
the two-dimensional Dalitz plots to check whether
the results for the Zb’s from our previous analyses
are consistent with them.

The paper is organised as follows. In Sect. II we briefly
introduce the coupled-channel approach suggested and
used in Refs. [33, 34]. In Sect. III a dispersive approach to
the decay amplitude is developed to take into account the
⇡⇡ interaction in the final state. Section IV is devoted to
the data analysis for the reactions ⌥(10860) ! ⇡⇡⌥(nS)
(n = 1, 2, 3). Our conclusions are discussed in Sect. V.
Appendices A and B provide some technical details of the
dispersive approach used in this work, including a discus-
sion of the anomalous contributions to the amplitude.

2

mental data in the channels

⌥(10860) ! ⇡Z
(0)
b ! ⇡B(⇤)B̄⇤,

(1)
⌥(10860) ! ⇡Z

(0)
b ! ⇡⇡hb(mP ), m = 1, 2.

The information on the branching fractions in the tran-

sitions ⌥(10860) ! ⇡Z
(0)
b ! ⇡⇡⌥(nS) (n = 1, 2, 3) was

also used, but no analysis of the line shapes in these
channels was performed for the reasons explained below.
A fairly good description of the data was achieved in
di↵erent fitting schemes described in detail in Ref. [33].
As expected, the experimental data on the Zb’s are fully
consistent with HQSS, since symmetry violating terms
in the e↵ective hadronic potential are argued to play a
minor role [33]. In Ref. [34], the approach was extended
to predict in a parameter-free way the properties of the
spin partner states of the Zb’s, the WbJ ’s (J = 0, 1, 2).

The one-pion exchange (OPE) in the bottomoniumlike
systems under consideration was a special concern of the
quoted works [33, 34], and it was concluded to play an
important role for the Zb’s and WbJ ’s. Indeed, the poles
of the Zb’s and WbJ ’s that were originally classified as
virtual states in the pionless framework moved above the
nearby elastic thresholds to become resonances, as an
e↵ect of the OPE. Meanwhile, the conclusion that all
these states are hadronic molecules, based on a decent
description of the data, follows already from the scheme
with purely contact interactions in the B(⇤)B̄⇤ system
(Scheme A, in the notation of Ref. [33], yields �2/N

dof

⇡
1.23). Note also that this fitting scheme provides results
identical to those obtained with the help of an analytical
parametrisation for the line shapes derived previously in
Refs. [35, 36].

Not all experimental information used in the aforemen-
tioned combined analysis could be considered on equal
footing. Indeed, while the line shapes in the ⇡hb(mP )
and B(⇤)B̄⇤ channels could be fitted directly, as dis-
cussed above, only the total branchings for the ⇡⌥ final
states were used in the fit. The signal in the latter chan-
nels contains a significant nonresonant contribution that
depends on the invariant mass of the two-pion system,
so that the amplitude analysis has to be multidimen-
sional. This analysis is in the spotlight of the present
work. In particular, we generalise the approach devel-
oped in Ref. [33] to incorporate coupled-channel e↵ects
from the ⇡⇡-KK̄ interactions in the final state using a
model-independent dispersive approach. Then we per-
form maximum likelihood fits to the Dalitz plots of the
reactions ⌥(10860) ! ⇡⇡⌥(nS) (n = 1, 2, 3). To keep
consistency with the data in the ⇡hb(mP ) and B(⇤)B̄⇤

channels, we directly employ the inelastic production am-
plitudes obtained in Ref. [33] for Scheme A as input for
the present research. Since the focus of the present study
is on the development of the dispersive treatment of the
final state interactions (FSI), we resort to a simple pion-
less formulation, as provided by Scheme A, while e↵ects
from the OPE will be included in future studies. Thus
in this study we focus on the following goals:

(a) A development of a dispersive approach to the
⌥(10860) ! ⇡⇡⌥(nS) transitions and a systematic
account for the e↵ects from the ⇡⇡ FSI including
the coupling to the KK̄ channel. While for the
⌥(2S) and, especially, ⌥(3S) in the final state the
⇡⇡-KK̄ coupling is expected to play a marginal
role, it should be important for the ⌥(1S) channel
near the KK̄ threshold. This e↵ect can be included
in a model-independent way using an Omnès ma-
trix constructed from high accuracy determinations
of the ⇡⇡ and KK̄ scattering amplitudes as well as
from the Bs decay data [37, 38].

(b) Our focus is on the inclusion of the FSI while keep-
ing the full complexity of the Zb dynamics, so we
consider two production mechanisms for the tran-
sitions ⌥(10860) ! ⇡⇡⌥(nS), namely (i) through
the contact operators with two real parameters and
(ii) through B-meson production assuming point-
like vertices with the subsequent B-meson inter-
actions in the final state, that is, via the process
⌥(10860) ! B(⇤)B̄⇤⇡ ! ⇡⇡⌥(nS). Both mech-
anisms are supplemented with the ⇡⇡ FSI. Note
that in Ref. [39] also a possible impact of the box-
diagram mechanism was studied, which is not in-
cluded here. The underlying rationale is that in the
⌥(10860) decays the Zb states can go on-shell and
should by far dominate the e↵ects from the B(⇤)B⇤

intermediate states. The corresponding imaginary
parts in the production amplitudes are taken into
account explicitly in this work. As a consequence,
only two real subtraction constants defined in the
mechanism (i) are su�cient to dispersively recon-
struct the amplitude, which is insensitive to the
high-energy integration range. This is unlike to
Ref. [41], where two complex coe�cients were uti-
lized in a related study of the dipion transitions in
the charmonium sector.

(c) The Dalitz plots for the ⌥(10860) ! ⇡⇡⌥(nS)
transitions contain nontrivial information about
the Zb’s — these states can be clearly seen in the
⇡⌥(nS) invariant mass distributions and have im-
print also on the ⇡⇡ spectrum. Thus we analyse
the two-dimensional Dalitz plots to check whether
the results for the Zb’s from our previous analyses
are consistent with them.

The paper is organised as follows. In Sect. II we briefly
introduce the coupled-channel approach suggested and
used in Refs. [33, 34]. In Sect. III a dispersive approach to
the decay amplitude is developed to take into account the
⇡⇡ interaction in the final state. Section IV is devoted to
the data analysis for the reactions ⌥(10860) ! ⇡⇡⌥(nS)
(n = 1, 2, 3). Our conclusions are discussed in Sect. V.
Appendices A and B provide some technical details of the
dispersive approach used in this work, including a discus-
sion of the anomalous contributions to the amplitude.

and

● All the parameters from a coupled-channel approach in ML(t,u) fixed from data to the decays 

● Parameters in the fits: overall normalization N  and chiral LECs c1 and c2

anomalous
contributiontwice-subtracted unsubtracted 
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+ dispersive integral 

+ chiral CT’s

𝝪(10860)→𝝪(1S) 𝜋+𝜋-



��� ��� ��� ��� ��� ��� ��� ����

��

��

��

��

��

��(Υ(��)π)��� [����/��]

��
��
��
/
(�
��
�
�
��

� /
��
) (�)

��� ��� ��� ��� ����

��

��

��

��

��

��(π+π-) [����/��]

��
��
��
/
(�
��
��
�
��

� /
��
) (�) ��(π+π-) > ��� ����/��

��� ��� ��� ��� ��� ����
��
��
��
��
���
���
���

���(θ)

��
��
��
/
��
�

(�)

Dalitz plot projections:  Individual Contrib’s.

“Zb”ML(t, u) = U(t) + U(u)
<latexit sha1_base64="VZHtFtzk/bebpFaIrPvMR4DYx50="></latexit>

+ dispersive integral 

+ chiral CT’s

+ D-wave 𝜋𝜋 FSI
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Results for M(𝜋Υ(nS))2 and M(𝜋𝜋)2 projections

☛ 𝜋𝜋-KK FSI very important 
Key contribution to:

— left shoulder in M(𝜋Υ(nS))2  n=1,2   

— dip region ~1 GeV in M(𝜋𝜋)2   

☛ Completely dominated by  
ML(t,u) = U(t)+U(u)

☛ 𝜋𝜋 FSI is not important

Υ(1S) and Υ(2S) 

Υ(3S)

— right shoulder in M(𝜋𝜋)2

Υ(1S)

Υ(2S)

Υ(3S)
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Results for M(𝜋Υ(nS))2 and M(𝜋𝜋)2 projections

☛ Peaks of the Zb’s, consistent with B(⇤)B⇤ and ⇡⇡hb(mP )
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, are not exactly in accord with 𝜋𝝪(nS)

—Very reasonable overall 
description

—

☛ 𝜋𝜋-KK FSI very important 
Key contribution to:

— left shoulder in M(𝜋Υ(nS))2  n=1,2   

— dip region ~1 GeV in M(𝜋𝜋)2   

☛ Completely dominated by  
ML(t,u) = U(t)+U(u)
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Summary
● A chiral EFT based analysis of ⌥(10860) ! ⇡Z(0)

b
<latexit sha1_base64="tE7iLLlrx9y1Ip3qMbv8+ZI+cOo="></latexit>

An analysis of the Dalitz plots for

⟹

⟹ poles and residues of the Zb(10610) and Zb(10650) are extracted

⌥(10860) ! ⇡Z(0)
b ! ⇡⇡⌥(nS)

<latexit sha1_base64="488VY3V98CGar/mXW/qWjomIcTw="></latexit>

Next steps:

! ⇡⇡hb(mP )
<latexit sha1_base64="OkCnz2FncwgeVYfGxR+Mopg30Yc="></latexit>

! ⇡B(⇤)B⇤
<latexit sha1_base64="sOaZqKCsohnvce/VLXrxa8OvH4s="></latexit>

●

— A dispersive approach to deal with crossed channels is employed: the 𝜋𝜋-KK FSI is 
calculated with the minimal number of parameters and Im parts being under control  

— The production amplitude w/o 𝜋𝜋 FSI is taken from the EFT approach parameter free

 A very reasonable description of the 𝜋𝜋 and 𝜋𝝪 spectra

serves as a good consistency check for the whole approach

— A dispersive analysis including the OPEP

— A combined analysis of data in all channels within the same framework

—

—
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Left-hand cut production amplitude 
7
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Figure 2. Left-hand cuts in the production amplitude U coming from the BB̄⇤ and B⇤B̄⇤ scattering in the t- (left) and
u-channel (right). T↵j denotes the coupled-channel amplitude for the transitions B(⇤)B̄⇤ ! ⇡⌥(nS).
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where � is the triangle function from Eq. (8).
In the regime

(mf +m⇡)
2 < m2

z <
1

2
(m2

f +m2

i )�m2

⇡, (44)

s
+
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the branch point s
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becomes complex and the dispersive
integral defined in Eq. (36) acquires an additional anoma-
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.
A crucial point of the coupled-channel approach devel-

oped in Ref. [33] is that the resonances Zb are not intro-
duced as asymptotic states of the theory but appear as
near-threshold poles of the amplitude fitted to the data.
This implies that, instead of the stable Zb propagator
used in Eq. (39), the inelastic amplitude Ui (i = ⇡⌥(nS)
with n = 1, 2, 3) from Ref [33], generated through the B-
meson loops and evaluated as given in Eq. (14), provides
the input for building M
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— see Fig. 2 for
its diagrammatic representation. To proceed, we employ
a dispersive representation for the production amplitude
U (to simplify notations we omit the inelastic index i and
thus consider a particular inelastic final state),
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Figure 2. Left-hand cuts in the production amplitude U coming from the BB̄⇤ and B⇤B̄⇤ scattering in the t- (left) and
u-channel (right). T↵j denotes the coupled-channel amplitude for the transitions B(⇤)B̄⇤ ! ⇡⌥(nS).
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duced as asymptotic states of the theory but appear as
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with n = 1, 2, 3) from Ref [33], generated through the B-
meson loops and evaluated as given in Eq. (14), provides
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— see Fig. 2 for
its diagrammatic representation. To proceed, we employ
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thus consider a particular inelastic final state),
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