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Introduction and Motivation

- New era of high precision data from BESIII, Belle II and LHCb Collaborations
~ In our analysis, the recent BESIII data on ete- —m(KK)J/1p and ete- —=mmp(2S) play the central role

> In these channels the discoveries of new resonances have been reported

In 2013, Zc(3900) was discovered by BESIII and Belle Collaborations and later on by CLEO-c
In 2015, the neutral partner of Zc(3900) was observed by BESIII Collaboration

In 2018, ete- =KKIJ/1p cross sections have been measured by BESIII Collaboration

In 2017, indications of new Zc(4030) have been observed in ete- —=mm(2S)
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Z.c(3900)

o Zc as a “smoking gun” for 4-quark meson: decays to J/1 (must contain ccbar pair) and electrically
charged (must contain udbar pair)

>Tetraquark Recent Reviews:

E ito et al. (2017
>DD* molecular state sposito etal. (2017)

_ Olsen et al. (2018)
>Virtual state Brambilla et al. (2019)

>Hadrocharmonium L Liu et al. (2019)
Guo et al. (2020)

—  pole in the unphysical Riemann sheet

>Kinematical effect (Do(2300)D*D or D1(2420)D*D loops)
seems to be excluded: in both cases left-hand cut branch point stays far away from the physical
region and the data at 4.23 GeV 1s more enhanced compared to 4.26 GeV
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Z.c(3900)

o Zc as a “smoking gun” for 4-quark meson: decays to J/1 (must contain ccbar pair) and electrically
charged (must contain udbar pair)

>Tetraquark N
>DD* molecular state _ _
> Virtual state —  pole in the unphysical Riemann sheet
>Hadrocharmonium i
© PDG data: mass 3888.4+2.5 MeV and width 28.3x2.5 MeV . o
In data we see the peak and its kinematic reflection - ot crossed
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Z.c(3900)

o Zc as a “smoking gun” for 4-quark meson: decays to J/1 (must contain ccbar pair) and electrically
charged (must contain udbar pair)

>Tetraquark

>DD* molecular state _ , ,
> Virtual state —  pole in the unphysical Riemann sheet

>Hadrocharmonium L

© One needs to include t(KK) FSI (isospin=0) in a model independent way
>1t serves as a background in J/(pst channel and affects Zc resonance parameters determination
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General scheme + assumptions

© We do not aim at a description of the full ete- —y*—mm(KK)y cross-section and instead apply our
formalism for each value ete- c.m. energy independently

© Perform a simultaneous description of 7rt(KK) and m invariant mass distributions

~ Take Zc(3900) as explicit d.o.f. (i.e. minimum assumptions about its the nature)
>a strange partner of Zc [recently observed Zcs(3985)] cannot be seen as peak in the KJ/4 invariant
mass distribution at 4.23 GeV and 4.26 GeV c.m. energies

~ Consider m(KK) FSI in S and D waves
>Direct interaction of two pions
>Rescattering through Zc as a left-hand cut (so-called crossed-channel 3-body effect)
>(Qther left-hand cuts absorbed in the subtraction constants

m, K
7TK -
e _r
7* d ’\"~§ * ZT’K * 7T/
/ w, K 2 - Y i
‘—’/K /{ 7TK P T
g AGE o
>
J/ s -
I/ ‘ J /¢
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What has been done so far?

~ Most of the approaches focus on the description of 5J/1p invariant mass projection and use “effective*
parameterizations in the st distribution

BESIII (2013)

> simplistic parameterization a/(t-3.6)>+c+d t Wang et al. (2013)

> polynomial multiplied szt amplitude Albaladejo et al. (2015)
> Breit-Wigner functions (fo(500), {0(980), 12(1270),..) Pilloni et al. (2016)
> sometimes fo(980) described with a Flatte formula BESIII (2017)

- Dispersion theory for mm(KK) rescattering has been first applied in Chen et al. (2019)

> focused only on the sut invariant mass distribution
> similar in spirit but different in details dispersive implementation
(Omnes function for the S-wave, kinematical singularities for the D-wave)
> imply particular dynamics on the contact interaction to get insights into the structure of the Y (4260)
> different outcome



Kinematics

o 2 ag2
/ _ S = (pﬂ'+ +p71'_) — M7T+7'('_
— 1T
t=(py+p.-) =M,

- The double differential cross section is fully determined by the helicity amplitudes of the process
y*(kl)enmp(kz) with 5 independent contributions: ++, +-, +0, 0+, 00

d*c e’
dsdt ~ 25(2m)3¢6 3 [Z ol ]

A1 A2

~ The hadron tensor can be decomposed into a suitable set of Lorentz structures

Hoaine EH" € Py Ar) €4 (Pys A2) = ZFL“” u(Py= A1) €, (py, A2)

/N

identify all the kinematic
constraints/singularities of p.w.
helicity amplitudes

(needed for dispersive mt FSI)

pole contribution of Zc
(immune to the choice of the
field representation)



/¢ exchange: pole contribution

m + crossed

J/

~ The helicity amplitude can be expressed in a general form as follows

H>Z\1c>\2 - (VZCWT)BV Suu(Qz) (Varrz, )M €a(pyr, A1) GZ (Py> A2)

5
— <Z chLé“/) €u(Dyey M) €5 (P, Xo) Roca et al. (2004)
i=1 Lichard Juran (2006)
Invariant amplitudes
2 2
mz mz
oze __ Fynz Caum Y4 @2 +m? . 4+ ¢? +m? Tarrach (1975)
1 = 3 F_m2 U — 12 Drechsel et al. (1998)
Z Z
Colangelo et al. (2015)
2. _ _JrnzCzyn L. Danilkin et al. (2020)
2 8 t— m2Z U — mQZ

- For the considered cases everything can be written in terms of H. . only
similar observation
was also made in

> Mol = 3| Hys|? Chen et al. (2016,2017,2019)
A1A2
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Kinematic constraints of p.w. amplitudes

~ p.w. helicity amplitudes suffers from kinematical constraints/ singularities

Haine = Heu(pye, M) €5 (py, A2) = D (27 + 1) dy ) (0:) b, (5)
J=0

5
— (Z FZ-LQW> €(Dy=s A1) €, (P, A2)
i=1

which can be fully identified using an expansion in a suitable set of Lorentz structures and
invariant amplitudes

(0) (0) 0 Danilkin et al. (2020)
hiy(s) £ hoo' (s) ~ O(s — (g my)”) —

WP (s) £ ... h{") (s) ~ no constraints
2
— WP (s) ~ O(s — 4m2)(s — (¢ — my)?)

Z |H>\1)\2‘2 ~ 3 |H++|2
A1A2
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Final state interaction

~ Unitarity relation

m, K
WLK:- r’,
(T . J A e
Disc hSFJ)r(s) = t()*(5) p(s) h&j(s) Y /, pary
-~ K
~ Split contributions from the left and right-hand cuts T
J J),L J),R
AL (s) = BYH ) + BT ()
J),R
How(s. ) =HE (s, 6) + ) (27 + 1) di(0.) bV (s)
J=0
~ Direct rescattering y m, K
-7 m, K
RO a + ..
++ ( ) _ Q(O) (S){ / } ‘/WV%
kgfjrﬂ(s) d + ..
hard to distinguish these
~ Rescattering through Zc contributions when combined 5
e I -
PG| _ oo >{ H ; 7 ds' Disc (20 ()1 [ RE5 () } 7
p— S -
0),R / r 0),L
BT (s) Lo Tge S T B (s)
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Final state interaction

~ Unitarity relation

m, K
WLK:- a2 -
. J * * /7 - = :
Disc hSFJ)r(s) = t()*(5) p(s) hgﬁ(s) Y /, pary
- K
~ Split contributions from the left and right-hand cuts e
J J),L J),R
AL (s) = BYH ) + BT ()
J),R
How(s. ) =HE (s, 6) + ) (27 + 1) di(0.) bV (s)
J=0
~ Direct rescattering y m, K
-7 m, K
RO (s a' +b's
;;-;R( ) :Q(O)(s){ | | } \/WV\‘\%
kT (s) c +ds
one needs to look at
- Rescattering through Zc over-subtracted DR .
and sum rule values o 7
W )] o { [ 0] £ T o D@0 P y T
kf_)gR(s) " +d"s 7T o s'? s’ — s kf_)ﬁL(S/)

~ Other l.h.c. effects — absorb in over-subtracted dispersion relation
13



Overlap of the cuts

~ Triangle singularity condition associated with Zcrt loop 7: -
> 7,¢(3900) can be produced on shell e
> [.h.c branch point located just above two pion threshold -~ / / n
(pinching condition) v,
> proper analytical continuation q2—q2+i0 Bronzan, Kacser (1963) J/Y
Moussallam (2013)
Szczepaniak (2015)
4.0+ Naive way
3.5¢
1 1
: = — T
3.0¢ t—mZ t—mZ+szFZ
g 2 0 : 0.06 0.07 0.08 0.09 0.10 0.11 Spectral representation
Dispersive |
L N — Feynman par. - 'y —Tz(t)
100 0 TN e Disp. Spectral | > g’ Disc BW(t')
: t—mZ / th—t
05 ... ... ! L ! — Mz ten T B

00 02 04 06 08 10 1.2 14
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Omnes function for {mm, KK}

w, K
7T,K Y,’
PR -
/ w, K
-
N~ ', K
J/Y

- Even though the tt— 7t (and to lesser extent tt—KK) amplitudes are known very well from the
Roy (Roy-Steiner) analyses, in practical dispersive applications the Final State Interactions are
implemented with the help of the so-called Omnes function, which does not have left-hand cut

Disc Qqp(s) = thw(s) pe(8) Qep(s), s> st

~ We employ the data-driven N/D formalism, where the Omnes functions come out naturally, as the
inverse of the D-functions

15



p.w. dispersion relation

- Unitarity relation for the p.w. amplitude Disctap(s) = Z tac(s) pe(s)tiy(s)
> guarantees that the p.w. amplitudes behave . ¢ . .
asymptotically no worse than a constant — — < Reti(s) < 5 0<Imtyi(s) < —
P1 P1 P1

~ Based on maximal analyticity principle on can write
p.w. dispersion relation

fon(s) = /SL ds’ Disc tqp(s’) N /OO ds’ Disc tqp(s’)

/ / ' :
oo T s — S g T s — S 0 4l

which we subtract once in accordance with unitarity bound

________________________

S

tab(s) = Uab(S) -+ —/

o th

> ds’ Disc tap(s")
s/ s’ — s

included subtraction constant and left-hand cuts,
asymptotically bounded unknown function

16



N/D method

~ Once-subtracted p.w. dispersion relation

s [°° ds’ Disc tqp(s')
ta = U, —
) = Unlo) + 7 [ 2
can be solved using N/D method with input from U.(s) above threshold Chew, Mandelstam (1960)
Luming (1964)
tab(s) = Z D1 (8) Nep(s) Johnson, Warnock (1981)

Na,b(S) — Uab(S) i % Z/OO i‘sll Nac(sl) pc(s’> (Ucb(sl) . Ucb<3>)

s’ — s

s [ ds’ Ny(s' s’ B
Dab(S) :5a,b B _/ b( )Pb( ) _ Qabl(s)

/ ! __
s n S S S

Gasparyan, Lutz (2010)

- In general scattering problem, little 1s known about left-hand cuts, except their analytical structure in
the complex plane. We approximate them as an expansion in a conformal mapping variable &(s)

co physical region
Uar(s) = Z Cab,n (Ean(s))"  — -6};1, Sth ng
n=0 | (o

\ {(sp) =1

unknown coefficients fitted to data
17



single-channel {m}

wi =
250 8 BN ﬁ%ﬂ% E
200¢ % ] L0
1B 1500 N+ Roy %ﬁ & Z.:
----- N/D + Data ] Or
100: _ [
| o — { od
50 [
[ 0.2r
T 0t
02 04 06 08 10 12 14 ' ' 02 04 06 08 10 12
s [GeV?2] Vs [GeV]
Our results Roy-like analyses
pole position, MeV coupling, GeV pole position, MeV coupling, GeV
o/ fo(500) | 458(7)F], —i245(6)17, mr : 3.15(5) 7050 449172 — i275(15) m o 3.4570%0
Caprini et al. (2006)
> ds’" §(s’ Garcia-Martin et al. (2011)
Q(S) — D_l(S) = exp (i\/ S/ /(S ) )
T J)s, S s —s

~ Similar results for single-channel st phase-shift and Omnes function can obtained by using mIAM

with the ChPT input for the left-hand cuts and subtraction constants
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coupled-channel {7, KK}

" 0 NA482

L ¢ Grayer et al. Sol. B

- A Kaminski et al.
250} @ Garcia—Martin et al.

300

200¢

01(s)
Q(s)

150k /D + Roy
— N/D + Data
100}

50!

| — Re Oy |
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| O Cohen et al. 1
41 ¢ Etkin et al. : ]
I A Longacre et al. ! 1
| m Peldez et al. CFDb
+ & Pelaez et al. CFDc
e Biittiker et al.

98]

[£12(s)]
Q(s)

2 —— N/D + Roy : 1
[ =mme- N/D + Data 1

-

250}

200

150

012(8)

100}

50f Marti tli 2

L [m} mnetal. ] L
r E/g +gozl & Cohen et al.
I ] o /D + Data @ Peldezetal. | —4L ]
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coupled-channel {7, KK}

98]

[£12(s)]

[\

0 NA482 | |

L ¢ Grayer et al. Sol. B

- A Kaminski et al.

- @ Garcia—Martin et al.

- —— N/D + Roy
P----- N/D + Data

12

| O Cohen et al.

I ¢ Etkin et al.

I A Longacre et al.

| m Peldez et al. CFDb
+ & Pelaez et al. CFDc

e Biittiker et al. /
| —— N/D + Roy *ﬁ ;
[ ===-- N/D + Data

-

Q(s)

Q(s)

0.8

pole position, MeV

04 06 08" o 02 04 06 08 10
Vs [GeV] Vs [GeV]
Our results Roy-like analyses

couplings, GeV

pole position, MeV

couplings, GeV

o/ fo(500)

458(10) 7. — i 256(

9)+3

m: 3.33(8) 1052
KK :2.11(17)10-27

449122 _ j275(15)

, 10.25
T 3.45°7 55

KK —

f0(980)

993(2)*2 —i21(3)*3

mr: 1.93(15) 1097
KK :5.31(24)705%

99677, — 2574}

o 2.3(2)
KK : —

20



d-wave It

© In the N/D formalism f2(1270) could be implemented as a CDD pole
> predominantly decays to 7t and therefor can be easily implemented using

o0 2
90 (2 [ 5
), § s —s

th

> input: Madrid-Krakow fit [Garcia-Martin et al. (2011)] which 1s smoothly continued to180°

C© T T T T T T T T T T T T T T 7T o
- 0) _ - — ReQ ]
125 | =  Protopopescu et al. (Tab. VI) 0, (s) ] i
I e  Hyamsetal (Sol ---) i 6 — ImQ
| Estabrooks & Martin ]
100 + ° Protopopescu et al. (Tab.XIII) _
[ | 4 Hyamsetal (73) i 4 i
i Constrained Fit to Data (CFD) ] s
75 | - s
E = 2
50 - I
: 0
25 | _ >
) E—SOVITT T 11 LA ———— D
400 600 800 1000 1200 1400 02 04 06 08 10 12 14 1.6

" MeV) Vs [GeV]
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Results for ete-—mml/

~ Are these the main ingredients?

w, K
7T,K Y,’
AT T~ -~
/ w, K
-
N~ ', K
J/Y

>Take Z.c(3900) as explicit d.o.f. (i.e. minimum assumptions about its the nature)
>at 4.23 GeV and 4.26 GeV c.m. energies can not see Zc¢s as a peak
>(Consider rescattering between pions (kaons) in the final state only in S and D waves

1 ds’ Disc (Q©) \
Hoit(s,t) = /3 Hospr (s:1) +Q§(i) q a+bs — — / ¥ Disc 7 _i i hoL T (s) ¢
4m2 g
ds’ Disc (2O (s \
n Qg(;) Jet ds s / 8;92 1SC (S _ES ))21 h(()o—)i_i (S/) >
4m2 /
7 ds' Disc (@) ()1 h82) 2o (s)

P 0@}, _ % / -t

+ 5 2(’2) ’}/(8) {6 - s/ s’ — g ﬁy(s/)

4m?2

(s) = (s —4mz)(s — (g — my)?)
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Results for ete-—mml/

> Economic fits: S-wave a, b, (¢), d real, D-wave no subtractions (4 parameters)

fit, ¥2=1.6 post-diction

. 9=4.23GeV ———— _ q=4.23 GeV ————
300} 350 |
< 250 < 300}
= i < 250¢
-\‘é 200¢ -8_ :
s ~ 200¢F
S 150 f i
& - k= 150}
[ = i
% 100 2 ;
o) S 100¢
© © [

&)
()

50}
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Results for ete-—mml/

> Economic fits: S-wave a, b, (¢), d real, D-wave no subtractions (4 parameters)

, X7=U. ost-diction
fit, ¥2=0.8 post-dict
_q=4.26 GeV L—— — _ q=4.26 GeV —— —
200 200
= | = |
O 150} o 150
c g |
= - | -
> 100 5100
K [ s !
= =
2 _ o _
3 50| 3 50

= Framework has the correct ingredients in the simultaneous description of the st and m
mass distributions
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Results for ete-—mml/

> Economic fits: S-wave a, b, (¢), d real, D-wave no subtractions (4 parameters)

combined fit & o(ete- —=KKI/})

Time ez
300t — 4.26 GeV : — 4.26 GeV
= | - ~ 300}
S 250} > 7
9 O 250}
s _ s 200
190 & 150}
= % ;
2 100¢F = s
o [ S 100¢
© : © :
O - f " ] ) . ; ] ; , , ] , . . | . 0 _ ) .
3.4 3.6 3.8 4.0
: : + -
> the obtained fit parameters do not ¢’ e cm energy 4.23 GeV | 4.26 GeV
vary much between q=4.23 and 4.26 GeV o(J/YKTK™)®P [pb] | 5.3(1.0) 3.1(6)
+ 7-—\Th
> serve as starting values of our best fit o(J/HETK™)"" [pb] 4.4(5) 2.9(4)
Xot 3.4 2.5
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Results for ete-—mml/

> Best fits: S-wave a, b, ¢, d real/complex, D-wave e real (7 parameters)

_ 9=423GeV . 9=4.23CeV
300f 350} ete” cm energy 4.23 GeV
S 250} < 300f o(J/YKTK™)EP [pb] | 5.3(1.0)
o 8 ool
g a0 g o(J/PKTK )™ [pb] | 5.2(2)
> s I 200-
S 150 < : 2
'k I3 1505_ Xtot 1.7
3 100} s |
3 | 5 100¢
505- s0f
0} ok
200} 200} eTe” cm energy 4.26 GeV
= | = o(J/OKTK-)B® [pb] | 3.1(6)
8 150} $ 150}
: | 2 (/UK K )™ [pb] | 3.0(3)
5 100y £ 100 X2 1.3
s | 2
S sof S sof _
| > D-wave contribution is small
0l ok

different from
Chen et al. (2019)

3.4 3.6 3.8 4.0
M+ 5, (GeV)




Sum rule values / rescattering mechanism

> We use over subtracted DR

1 ds' Disc (20 (s \
%—F—I-(S)t) — ﬁ H()Z’c_|_+(87t) + Q(O) Ja+bs— — / ” ISC s/ _i ))11 h(()o—)ki (S/) ‘
4m2 g
ds’ Disc (Q©) \
+ QQ < c—|—ds -2 / o (S, _f Doy o5 (s') ¢
4m2 /
[ ds' Disc (@) (s") 1 hé2) e “(s)

5P 02 / i

+ Z(Z) ’Y(S) {6 T s/ s/ — g ,Y(S/)

4m?2

¥(s) = (s —4mz)(s — (¢ — my)”)
> One can compare fitted values with sum rule values

sn_ [ d¢'Disc(QONT 02, q=4.23 GeV
= 7 s'2 ho,£5°(87) b9 % 1073 = —0.6 €Y
ma pEit 5 1073 = —11.2 02

> Rescattering of it mainly goes through the contact interaction (direct rescattering) and not
through Zc(3900)

different from
Chen et al. (2019)
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Prediction for ete-—KKJ/

- KJ/1p mass distribution is a pure phase space in the absence of Zcs
© KK mass distribution comes naturally from the coupled-channel analysis

0O ( ds' Disc (2 (s
Kot (s, 1) ‘Sl <”’+b8__ / o s —(s i ng
4m2
Qg%) dS Disc (Q(O)( ))21 (0),Z.
+T<C+d8__ g2 s’ — g hO_H_

4m?2

> We observe a rapid rise just above threshold due to fo(980) resonance
> Expect to see it in future experimental results (BESIII already collected data)
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Results for ete-—mmp(2S)

> single-channel st rescattering in S-wave

25F

> Qverlap of left and right-hand cuts leads to
an additional anomalous piece in the dispersive
integral

> One can describe 4.226 GeV and 4.258 GeV
under an assumption of dominant Zc(3900)

> Heavier Zc is required at 4.416 GeV

(mass 4.016(10), width 52(10))

-
a
o
————

100}

doldM2,,. (pb/GeV?)
do/dM2. - (pb/GeV?)

s0f |

200}

>For all ete- c.m. energies an overlap of
Z.c(3900) and higher Zc is possible

— more detailed analyses (combined with e+e-
—quthe data) 1s being performed

150

100}

dofdM2, . (pb/GeV?)
do/dM2. _ (pb/GeV?)

50(

0.08 -

vvvvvvvvvvvvvvvvvvvvvvvv

2505 q=4.416 GeV T
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Summary and outlook

Summary

- We provided a quantitative and simultaneous description of the mst and 7J/4p mass distributions of the
recent BESIII data on ete- —mmt)/1p together with the total cross sections o(ete- =KKIJ/p) at 4.23 GeV
and 4.26 GeV ete- c.m. energies

~ Crucial elements in our analysis:
> explicit inclusion of Zc(3900) as a pole contribution in #- and u-channels
(Mass and Width fixed to PDG)
> dispersive treatment of the st (KK) final state interaction
(employed N/D method for Omnes function)

- For ete- =KKJ/1p we provided the first theoretical prediction for the two kaon invariant mass
distribution, which is significantly different from the pure phase space

Outlook

- Proposed method is currently being used to analyse BESIII data (such as e*e- —mthe, ...) and can be
applied to future Belle II data
- Will allow to extract Zc parameters more precisely
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