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• Introduction 

Outline

‣ Baryon-Baryon interactions in chiral effective field theory ( EFT)χ

‣ Similarity Renormalization Group (SRG)

‣ Jacobi no-core shell model (J-NCSM) for S=-2

• Results for A=4-6 ΛΛ hypernuclei

• Numerical approach:

‣ Few-body techniques for S=-2

• Conclusions & outlook 
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Baryon-Baryon interactions in χEFT

• based on Weinberg power counting as in the NN case
• degrees of freedom: octet baryons , pseudoscalar mesons (N, Λ, Σ, Ξ) (π, K, η)

LO:  H. Polinder et al., NPA 779 (2006). NLO: J. Haidenbauer et al., NPA 915 (2013) 

unresolved short-distance dynamics 
is absorbed into contact terms (LECs) 

BB interaction in chiral effective field theory
Baryon-baryon interaction in SU(3) �EFT à la Weinberg (1990)

Power counting
systematic improvement by going to higher order
Possibility to derive two- and three-baryon forces and external current operators
in a consistent way

• degrees of freedom: octet baryons (N, ⇤, ⌃, ⌅), pseudoscalar mesons (⇡, K , ⌘)
• pseudoscalar-meson exchanges
• contact terms – represent unresolved short-distance dynamics

(involve low-energy constants (LECs) that need to be fixed from data)
(⇤⇤, ⌅N + ⇤p, ⌃N + (broken) SU(3) flavor symmetry)

LO :

NLO :

LO: H. Polinder, J.H., U.-G. Meißner, PLB 653 (2007) 29
NLO: J.H., U.-G. Meißner, S. Petschauer, NPA 954 (2016) 273; EPJA 55 (2019) 23

Johann Haidenbauer Assorted aspects of hyperon physics
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Johann Haidenbauer Assorted aspects of hyperon physics

LO:

NLO:

   number of LECs: 

• exploit  to fix BBM couplings and relate various LECs, allow   breakingSU(3)f SU(3)f
where it seems appropriate 

NN:   2  (LO)         7   (NLO)
YN:  +3 (LO)       +11 (NLO)
YY:  +1 (LO)       +4   (NLO)
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YN interactions at NLO

• use  to fix relative strength of  singlet/triplet interactionBΛ(3
ΛH) ΛN

• most of YN LECs are fitted to 36 YN data points  (Λp → Λp, ΣN → ΣN, ΣN → ΛN )
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• 37 YN data, no YN bound state     no partial wave analysis possible 

Hyperon-Nucleon (YN) interactions are poorly constrained

Motivations

• Chiral EFT approach: based on   symmetry   

• Use  to determine and  relative scattering lengths

SU(3)f

BΛ(3
ΛH) = 0.13 ± 0.05 MeV 1S0

3S1

(Haidenbauer et al 2019)       Can we discriminate between the two potentials?   

BΛ(3
ΛH )3a(Λp)

10 J. Haidenbauer et al.: Hyperon-nucleon interaction
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Fig. 4. Differential cross section for Λp scattering at 500 MeV/c and at 633 MeV/c. Same description of curves as in Fig. 1.
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Fig. 5. 3S1 ΛN phase shift with (left) and without (right) ΣN coupling. Same description of curves as in Fig. 1.
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3S1(Λp)

without ΛN − ΣN

NLO13

NLO19

• Two YN versions at NLO: NLO13 and NLO19 
‣ Almost phase equivalent  
‣ NLO13 predicts a larger   transition potentialΛ − Σ

Λp → Λp

NLO13

NLO19

(Haidenbauer 2019)

• two realisations at NLO: NLO13 and NLO19 
‣ almost phase equivalent
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4

‣ NLO13 leads to a larger transition potential VΛN↔ΣN

NLO13 and NLO19 as a tool to estimate 

 NLO13: J. Haidenbauer et al., NPA 915 (2013), NLO19:  EPJ A 56 (2019) 91 

effects from three-body forces (Haidenbauer et al. EPJA 56 (2019)) 

Λp − Λp
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YN interactions at NLO

• use  to fix relative strength of  singlet/triplet interactionBΛ(3
ΛH) ΛN

• most of YN LECs are fitted to 36 YN data points  (Λp → Λp, ΣN → ΣN, ΣN → ΛN )
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• Use  to determine and  relative scattering lengths
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NLO13

NLO19

• Two YN versions at NLO: NLO13 and NLO19 
‣ Almost phase equivalent  
‣ NLO13 predicts a larger   transition potentialΛ − Σ

Λp → Λp

NLO13

NLO19

(Haidenbauer 2019)

• chiral YN interactions give reasonable predictions

• two realisations at NLO: NLO13 and NLO19 
‣ almost phase equivalent
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where the summations over intermediate states are applied.
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4

‣ NLO13 leads to a larger transition potential VΛN↔ΣN

‣ R. Wirth et al., PRL (2014, 2016) PRC (2019) up to  using LO13
Λ C

‣ H. Le et al., PLB 801 (2020),  EPJ A 56 (2020) up to  using NLO7
ΛLi

NLO13 and NLO19 as a tool to estimate 

 NLO13: J. Haidenbauer et al., NPA 915 (2013), NLO19:  EPJ A 56 (2019) 91 

BΛfor     and energy level splitting up to p-shell hypernuclei

effects from three-body forces (Haidenbauer et al. EPJA 56 (2019)) 

Λp − Λp



M
itg

lie
d 

de
r H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

5

Constraints from S=-2 sector

•  information about S=-2 sector is very limited:

‣ some data/ limits for    (in)elastic cross sections  MeV/c) ΞN (200 < PΞ < 800
J.K. Ahn et al, PLB 633 (2006) 214

‣ some events support  -bound states 

  K. Nakazawa et al., PTEP (2015) 033D02 (KISO), arXiv : 22010.14317 [nucl-ex] (IBUKI) 

  T. Nagae et al., PoS (INPC2016) 038, AIP Conf. Proc 2130 (2019), talk Theia-strong2020  

Ξ
Ξ−−14N
Ξ−−11B

a weakly attractive  MeVUΞ ≈ − 14

‣ Nagara event:   ΔBΛΛ = BΛΛ(  6ΛΛHe) − 2BΛ(5
ΛHe) = 1.01 ± 0.2 MeV

 H. Takahashi et al., PRL 87 (2001) 212502 
 K. Nakazawa et al., NPA 835 (2010) 207

= 0.67 ± 0.17 MeV

⇒ −1.32 < aΛΛ < − 0.73 fm (based on the 2001 value)

⇒

• exploit strict   to relate LECs in S=-2 sector to LECs in S=0,-1 sectorsSU(3)f

5 unknown LECs (2 in s-wave, 3 in p-wave) at NLO ⇒
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YY interactions up to NLO

• two unknown s-wave LECs are determined via a fit to the scarce YY data

     YY
     
  
      

                   
     
    

LO(600)     -1.52        ?

NLO19(600)     -0.66         ?

ESC08c     -5.36    0.97,..,1.37

fss2      0.32  1.27,…, 1.41

Experiment        ?    1.01;  0.67

aΛΛ(1S0) ΔBΛΛ(  6ΛΛHe)

[fm] [MeV]

6 J. Haidenbauer and U.-G. Meißner: In-medium properties of a ΞN interaction

Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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15

U
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eV
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].
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Fig. 1. Ξ−p induced cross sections. The black/red bands rep-
resent results at NLO, based on the new fit with readjusted
LECs C̃10

∗

3S1
and C̃10

3S1
, see text. The hatched bands are results

for the NLO interaction from Ref. [2] while the grey/green
bands are those from a LO calculation [26]. Experiments are
from Ahn et al. [4] and Aoki et al. [5].

for the ΛΛ → ΛΛ and Ξ−p → ΛΛ cross sections remain
unchanged and, therefore, are not reproduced here.

As visible in Fig. 1, the main difference between the
ΞN interaction from Ref. [2] and the new fit is that in the
former the Ξ−p elastic cross section remains strictly be-
low the upper bound while now the limit provided by the
experiment is fulfilled only in average over the given mo-
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Fig. 2. ΞN isospin I = 0 phase shifts from Ref. [2]. The sym-
bols indicate preliminary results from lattice QCD calculations
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mentum range of 200 < plab < 800 MeV/c. Both scenarios
are, of course, consistent with the empirical findings [4].
The phase shifts in the ΞN S-waves are summarized in
Figs. 2 and 3. For completeness we show here all S-waves
though the alternative solution concerns only the 3S1-3D1

partial wave with I = 1. One can see that now the inter-
action in the latter partial wave is moderately attractive
while it was basically repulsive in our previous work [2].
Interestingly, this attraction leads to a much more pro-
nounced cusp effect at the opening of the ΛΣ channel,
comparable to what happens in the ΛN case at the open-
ing of the ΣN channel [1,42].

Table 1 provides a summary of the pertinent S-wave
effective range parameters. Besides the ones of our chiral
EFT interactions we included values for two phenomeno-
logical potential models from the literature, whoseG-matrix
results will serve us as benchmark in the discussion of in-
medium properties below. The models in question are the
Nijmegen ESC08c meson-exchange potential [22] and the
quark-model potential fss2 [43]. Note that the large and
positive value of a3S1

for I = 1 in case of the Nijmegen
ESC08c potential indicates the presence of a bound state
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unchanged and, therefore, are not reproduced here.

As visible in Fig. 1, the main difference between the
ΞN interaction from Ref. [2] and the new fit is that in the
former the Ξ−p elastic cross section remains strictly be-
low the upper bound while now the limit provided by the
experiment is fulfilled only in average over the given mo-
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mentum range of 200 < plab < 800 MeV/c. Both scenarios
are, of course, consistent with the empirical findings [4].
The phase shifts in the ΞN S-waves are summarized in
Figs. 2 and 3. For completeness we show here all S-waves
though the alternative solution concerns only the 3S1-3D1

partial wave with I = 1. One can see that now the inter-
action in the latter partial wave is moderately attractive
while it was basically repulsive in our previous work [2].
Interestingly, this attraction leads to a much more pro-
nounced cusp effect at the opening of the ΛΣ channel,
comparable to what happens in the ΛN case at the open-
ing of the ΣN channel [1,42].

Table 1 provides a summary of the pertinent S-wave
effective range parameters. Besides the ones of our chiral
EFT interactions we included values for two phenomeno-
logical potential models from the literature, whoseG-matrix
results will serve us as benchmark in the discussion of in-
medium properties below. The models in question are the
Nijmegen ESC08c meson-exchange potential [22] and the
quark-model potential fss2 [43]. Note that the large and
positive value of a3S1

for I = 1 in case of the Nijmegen
ESC08c potential indicates the presence of a bound state
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LO: H. Polinder et al., PLB 653 (2007) 29.  
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• additional constraints on YY interactions are expected from 
few-body calculations or lattice simulations
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
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be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].

Haidenbauer(2019)

UΞ(NLO16) ≈
22.4⋯27.7 MeV

UΞ(NLO19) ≈
−5.5⋯ − 3.8 MeV
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].

H. Nemura et al., PTP 103 (1999), PRL 94 (2005)

•  interactions based on soft-core Nijmegen, adjusted to reproduce ΛN A = 3 − 5 BΛ

• central YY potentials, all particle conversions in S=-1, -2 are considered
  6
ΛΛHe,   5

ΛΛH/He               are strongly bound, BΛΛ(  4ΛΛH) ≈ 2 keV

Stochastic variational method  A ≤ 6

L. Contessi et al.,  PLB 797 (2019)

• use pionless EFT interactions at LO 
 fm in order to obtain bound  |aΛΛ | > 1.5   4

ΛΛH

the existence of  is incompatible with the Nagara result for     4
ΛΛH   6

ΛΛHe
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].

H. Nemura et al., PTP 103 (1999), PRL 94 (2005)

•  interactions based on soft-core Nijmegen, adjusted to reproduce ΛN A = 3 − 5 BΛ

• central YY potentials, all particle conversions in S=-1, -2 are considered
  6
ΛΛHe,   5

ΛΛH/He               are strongly bound, BΛΛ(  4ΛΛH) ≈ 2 keV

Stochastic variational method  A ≤ 6

Cluster models:  α′ s + Λ′ s + N′ s

E. Hiyama et al., PTP 97 (1997), PRC 66 (2002),  Ann. RNP Sci. (2018)

• use simulated G-matrix potentials derived from OBE interactions

•  conversions are not treated explicitlyΛN−ΣN, YY − ΞN

Jacobian-coordinate Gaussian expansion method A ≤ 11

may affect the predictions for s-shell  hypernuclei, but not p-shellΛΛ
(E. Hiyama talk LEAP (2013))

L. Contessi et al.,  PLB 797 (2019)

• use pionless EFT interactions at LO 
 fm in order to obtain bound  |aΛΛ | > 1.5   4

ΛΛH

the existence of  is incompatible with the Nagara result for     4
ΛΛH   6

ΛΛHe
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].

Faddeev-Yakubovsky calculations  A ≤ 10

• employ two-range Gaussian , and the simulated  but restrict to s-wave VαΛ, Vαα VYY

Cluster models:  α′ s + Λ′ s + N′ s
Jacobian-coordinate Gaussian expansion method A ≤ 11

I.  Filikhin  A. Gal PRL 89 (2002),  NP A 707 (2002)

E. Hiyama et al., PTP 97 (1997), PRC 66 (2002),  Ann. RNP Sci. (2018)

predictions for  are model sensitive:  4
ΛΛH

‣ no bound state using   modelΛ + Λ + n + p
‣ particle-stable within   model for  fmΛ + Λ + d −aΛΛ ≥ 0.5
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].

Faddeev-Yakubovsky calculations  A ≤ 10

• employ two-range Gaussian , and the simulated  but restrict to s-wave VαΛ, Vαα VYY

Cluster models:  α′ s + Λ′ s + N′ s
Jacobian-coordinate Gaussian expansion method A ≤ 11

I.  Filikhin  A. Gal PRL 89 (2002),  NP A 707 (2002)

Our aim:
• develop Jacobi NCSM for S=-2 hypernuclei

provide useful constraints to improve YY interactions
study predictions of LO and NLO YY  potentials for A=4-6   hypernuclei ΛΛ

E. Hiyama et al., PTP 97 (1997), PRC 66 (2002),  Ann. RNP Sci. (2018)

predictions for  are model sensitive:  4
ΛΛH

‣ no bound state using   modelΛ + Λ + n + p
‣ particle-stable within   model for  fmΛ + Λ + d −aΛΛ ≥ 0.5

‣ based on realistic chiral NN, YN and YY interactions 
‣  conversions are explicitly taken into accountΛN−ΣN, YY − ΞN
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].
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Table 1. ΞN scattering lengths and effective ranges (in fm) for the NLO potential for cutoffs Λ = 500− 650 MeV. Results for
the interaction considered in Ref. [2] are shown in brackets when different. Values for the Nijmegen ESC08c potential [22] and
from the quark-model potential fss2 [43] are included too.

1S0
3S1

I = 0 I = 1 I = 0 I = 1

potential a a r a r a r

NLO (500) −7.71− i 2.03 0.37 −4.80 −0.33 −6.86 −1.17 3.44

(-0.20 35.6)

NLO (550) −7.24− i 20.79 0.39 −4.95 −0.39 −1.77 −1.15 3.80

(-0.04 575)

NLO (600) −10.89 − i 14.91 0.34 −7.20 −0.62 1.00 −1.13 3.95

(0.02 1797)

NLO (650) −8.14− i 2.43 0.31 −9.16 −0.85 1.42 −0.90 4.27

(0.04 450)

ESC08c 0.58 −2.52 −5.36 1.43 4.91 0.53

fss2 0.32 −8.93 −0.21 26.2

Table 2. New values of the LECs in the 3S1 partial wave for
the considered cutoffs Λ, in the notation of Ref. [2]. In addition
C8s

3P0
= −0.5 and C8s

3P2
= −0.15 are used in the alternative

NLO fit. The values for C̃ are in 104 GeV−2, those for the C’s
in 104 GeV−4.

Λ [MeV] 500 550 600 650

C̃10
∗

3S1
0.541 1.49 1.64 2.40

C̃10
3S1

0.011 0.05 0.62 1.20

potentials ESC08c and fss2, for which likewise consistency
with those BNL data is claimed.

As mentioned, for simplicity reasons we have performed
the G-matrix calculation with the gap choice. However, we
expect additional attraction in the order of 3 MeV or more
for the continuous choice, cf. the comments in subsect. 2.2,
which means that our results for UΞ(0) are indeed very
similar to those of the ESC08c potential. Nonetheless it is
important to note that, contrary to that model, our EFT
interaction meets all the available empirical constraints on
the ΛΛ and ΞN interactions, see subsect. 3.1 and Ref. [2].
Specifically, it does not lead to a near-threshold bound
state in the 3S1-3D1 partial wave of the ΞN I = 1 chan-
nel. The existence of such a state is practically excluded
by the mentioned experimental constraints [2], and it is
also not supported by the latest lattice QCD simulations
close to the physical point [20].

It should not be concealed that a considerable uncer-
tainty in the predictions for the Ξ s.p. potential comes
from the contributions of the P -waves. Since there is very
little information on angular-dependent observables for
ΛN andΣN and none for ΞN , the pertinent LECs cannot

be directly adjusted to data. Their values have been fixed
in our works [1,2] essentially by requiring that the contri-
butions of the P -waves to the Λp and ΞN cross sections
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Fig. 4. The Ξ s.p. potential UΞ(pΞ = 0) as a function of the
Fermi momentum kF . The black/red band shows the chiral
EFT results to NLO for variations of the cutoff in the range
Λ = 500, ..., 650 MeV. The outcome at LO is indicated by the
grey/green band. The dotted line is the result for the Nijmegen
potential ESC08c [22], the circles those for the quark-model
potential fss2 [43], taken from Ref. [38].
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Similarity Renormalization Group (SRG)

• BB interactions contain short-range and tensor correlations that couple 

• pre-diagonalize the Hamiltonian via SRG

dVs

ds
= [[∑

p2

2μ
, Vs], Hs], Hs = Trel + Vs = Trel + VNN

s + VYN
s + VYY

s

• restrict to 2-body space              can be evolved separatelyVNN
s , VYN

s , VYY
s

•  :  a measure of the width of V in p-space  (S.K. Bogner et al. PRC 75 (2007))λ = (4μ2 /s)1/4

•  omit SRG-induced 3B, 4B… forces   ⇒ Eb = Eb(λ)
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where the summations over intermediate states are applied.
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4

drives V towards the diagonal

Eq.(1)

⇒

F.J. Wegner NPB 90 (2000).  S.K. Bogner et al., PRC 75 (2007)

low- and high-momentum states          NCSM calculations converge slowly

|pα⟩ ≡ |p(ls)J; t1 mt1S1 t2 mt2
S2⟩• project Eq.(1) on partial-wave momentum basis: 

⇒
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SRG-evolved YY potentials

1S0 partial wave, 
charge Q=0

YY-NLO,  MeVΛYY = 600ΛYY = 600YY-LO,                  MeV

λYY λYY
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SRG-evolved YY potentials

Diagonal matrix elements of  potential.VΛΛ−ΛΛ
Initial potential: YY-NLO,  MeV.ΛYY = 600

Chapter 2 Similarity Renormalization Group (SRG)

(a) �YY = 98 fm-1 (b) �YY = 3 fm-1

(c) �YY = 2.0 fm-1 (d) �YY = 1.6 fm-1

Figure 2.6: Diagonal matrix elements of the ⇤⇤ � ⇤⇤ particle channel for 1S 0 partial wave at four di↵erent
values of �YY . The blue crosses are the SRG-evolved potentials on sparse momentum grid and red line is the
interpolated results. The initial potential is YY at NLO with a chiral cuto↵ of ⇤Y = 600 MeV.
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1S0 partial wave, 
charge Q=0
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Jacobi No-Core Shell Model (J-NCSM)



M
itg

lie
d 

de
r H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

12

Jacobi No-Core Shell Model (J-NCSM)

• an expansion of the wavefunction in a many-body HO basis depending on

APPENDIX C

Jacobi coordinates for an A-body system

The relative motions of an A-body system can generally be described by a set of A � 1 independent
Jacobi vectors. Each of such a Jacobi vector represents the displacement of the c. m. of two di↵erent
subsystems. In general for A > 2 there exists more than one set of the Jacobi coordinates which can
be assigned to the system. One possible set of the Jacobi coordinates r12, r3, · · · , rA�1, rA is shown
in Fig. C.1. These Jacobi vectors are related to the single-particle coordinates via1

r12 = x1 � x2,

r3 = x3 �
m1x1 + m2x2

m1 + m2
,

...

rA = xA �
PA�1

i=1 ximiPA�1
i=1 mi

,

(C.1)

or in momentum space,

p12 =
m2

m1 + m2
k1 �

m1

m1 + m2
k2,

p3 =
m1 + m2

m1 + m2 + m3
k3 �

m3

m1 + m2 + m3
(k1 + k2)

· · ·

pA =

PA�1
i=1 miPA
i=1 mi

kA �
mAPA
i=1 mi

A�1X

i=1

ki.

(C.2)

In general, di↵erent Jacobi-coordinate sets can be conveniently labeled using the Jacobi tree [170],
and related to each other via an orthogonal transformation. An example of such a transformation for
a 3-body system is shown in Appendix C.1.

1 Note that one may employ di↵erent prefactors for the Jacobi coodinates.

155

Appendix C Jacobi coordinates for an A-body system

A

A � 1

6

5

4

3

2

1

r12 r3

r4 r5

r6

rA�1

rA

(C.3)

Figure C.1: A possible set of Jacobi coordinates for an A-body system

4

3

2

1

p12 p3

p4

(C.4)

Figure C.2: A possible set of Jacobi coordinates for an A-body system

C.1 Orthogonal transformation between two sets of
three-cluster Jacobi coordinates

Generally, for describing a system of three clusters, for example 1,2 and 3, one can use di↵erent sets
of Jacobi coordinates in which either cluster 1 or 2 or 3 is the outer spectator. These three di↵erent
sets of intrinsic Jacobi coordinates are illustrated in Fig. C.3

156

‣ explicit removal of c.m. motion         significantly reduce dimensionality as compared to⇒

• all particles are active (no inert core)        employ microscopic BB interactions⇒
‣ antisymmetrization of basis states is demanding (A ≤ 9)

⇒• converge slowly      require soft interactions (use techniques e.g., Vlow_k, SRG)

other realisations (e.g., m-scheme NCSM) 

Jacobi coordinates

‣ inclusion of higher-body forces is straightforward
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Jacobi Basis States for S=-2

• diagonalize the hypernuclear Hamiltonian,

H = Trel + VS=0
NN + VS=−1

YN + VS=−2
YY + ΔM + ⋯

in a finite A-particle harmonic oscillator (HO) basis

• allow all possible particle conversions:

‣   in    sectorΛN ↔ ΣN S = − 1
‣ and   in    sectorY1Y2 ↔ ΞN Y1Y2 ↔ Y1Y2; Y1, Y2 = Λ, Σ S = − 2

split basis functions into two orthogonal sets ⇒

Chapter 5 Jacobi NCSM for S = �2 systems

states describing a system of two hyperons, |Y1Y2i

| iY1Y2
⌘ |↵⇤(Y1Y2)i = |↵(A�2)Ni ⌦ |Y1Y2i
= |N JT,↵(A�2)N ↵Y1Y2

n��;

(((lY1Y2
(sY1

sY2
)S Y1Y2

)JY1Y2
(�JA�2)I�)J, ((tY1

tY2
)TY1Y2

TA�2)T i

⌘
����

Y1

Y2

E
,

(5.1)

with Y1,Y2 = ⇤,⌃ and Y1  Y2. The latter inequality Y1  Y2 expresses the fact that we only
distinguish the |⇤⇤i, |⇤⌃i and |⌃⌃i states but do not explicitly consider the |⌃⇤i state. Here, we
have adopted the same notations as those used in Eq. (3.16). For example, the symbol ↵(A�2)N stands
for all quantum numbers characterizing the antisymmetrized states of A � 2 nucleons: the total
number of oscillator quanta NA�2, total angular momentum JA�2, isospin TA�2 and state index ⇣A�2
as well. Similarly, ↵Y1Y2

stands for all quantum numbers describing the subcluster of two hyperons Y1
and Y2: the total number of oscillator energyNY1Y2

, total angular momentum JY1Y2
, isospin TY1Y2

and
the state index ⇣Y1Y2

. Finally, the HO energy number n� together with the orbital angular � describe
the relative motion of the (A�2)N core with respect to the C.M. of the Y1Y2 subcluster. The orders, in
which these quantum numbers are coupled, are explicitly shown after the semicolon. Note that, when
the two hyperons Y1 and Y2 are identical, only the antisymmetrized states of |Y1Y2i, i.e. those states
with the quantum numbers satisfying the condition (�1)TY1Y2

�tY1
�tY2 (�1)S Y1Y2

�sY1
�sY2 (�1)lY1Y2 = �1,

are taken into account.
Analogously, the basis functions | i⌅ are obtained when one combines the antisymmetrized states

of an (A � 1)-nucleon system, |↵(A�1)Ni, with the HO states, |⌅i, describing the relative motion of a
⌅ hyperon with respect to the C.M. of the (A-1)N subcluster

| i⌅ ⌘ |↵⇤(⌅)i = |↵(A�1)Ni ⌦ |⌅i
= |N JT,↵(A�1)N n⌅ I⌅ t⌅; (JA�1(l⌅ s⌅) I⌅)J, (TA�1 t⌅)T i
⌘
���� ⌅

E
.

(5.2)

The notation used in Eq. (5.2) follow exactly as the one of Eq. (3.2). Thus, ↵(A�1)N denotes a set
of quantum numbers describing an antisymmetrized state of A � 1 nucleons: the total oscillator
energy number NA�1, total angular momentum JA�1, isospin TA�1 and state index ⇣A�1. Likewise,
the relative motion of a ⌅ hyperon is labeled by the HO energy number n⌅, the orbital angular
momentum l⌅ and spin s⌅ =

1
2 which combine together to form the total angular momentum I⌅

as well as the isospin t⌅ =
1
2 . Finally, the last lines in Eqs. (5.1) and (5.2) show the graphical

representations of the states.
Having defined the basis states, we can now expand the S = �2 hypernuclear wavefunction
| (⇡, J,T )i,

��� (⇡JT )
↵
=
X

↵⇤(Y1Y2)

C↵⇤(Y1Y2)

���↵⇤(Y1Y2)(N JT )
↵
+
X

↵⇤(⌅)

C↵⇤(⌅)

���↵⇤(⌅)(N JT )
↵
, (5.3)

where the expansion coe�cients are obtained when diagonalizing the A-body Hamiltonians in the
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= |𝒩JT, αA−2 αY1Y2
⏟

nλλ; ((lY1Y2
SY1Y2

)JY1Y2
(λJA−2)Iλ)J, ((tY1

tY2
)TY1Y2

TA−2)T ⟩ ≡ |α*(Y1Y2)⟩
|ΛΛ⟩, |ΛΣ⟩, |ΣΣ⟩

= |𝒩JT, αA−1 nΞ lΞ tΞ; (JA−1(lΞ s)IΞ) J, (TA−1tΞ)T⟩ ≡ |α*(Ξ)⟩
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⌘
���� ⌅

E
.

(5.2)

The notation used in Eq. (5.2) follow exactly as the one of Eq. (3.2). Thus, ↵(A�1)N denotes a set
of quantum numbers describing an antisymmetrized state of A � 1 nucleons: the total oscillator
energy number NA�1, total angular momentum JA�1, isospin TA�1 and state index ⇣A�1. Likewise,
the relative motion of a ⌅ hyperon is labeled by the HO energy number n⌅, the orbital angular
momentum l⌅ and spin s⌅ =

1
2 which combine together to form the total angular momentum I⌅

as well as the isospin t⌅ =
1
2 . Finally, the last lines in Eqs. (5.1) and (5.2) show the graphical

representations of the states.
Having defined the basis states, we can now expand the S = �2 hypernuclear wavefunction

| (⇡, J,T )i,

��� (⇡JT )
↵
=
X

↵⇤(Y1Y2)

C↵⇤(Y1Y2)

���↵⇤(Y1Y2)(N JT )
↵
+
X

↵⇤(⌅)
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���↵⇤(⌅)(N JT )
↵
, (5.3)

where the expansion coe�cients are obtained when diagonalizing the A-body Hamiltonians in the
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with Y1,Y2 = ⇤,⌃ and Y1  Y2. The latter inequality Y1  Y2 expresses the fact that we only
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and
the state index ⇣Y1Y2

. Finally, the HO energy number n� together with the orbital angular � describe
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 hypernuclear wavefunction

|Ψ(π, J, T )⟩ = ∑
α*(Y1Y2)

Cα*(Y1Y2) |α*(Y1Y2)(𝒩JT )⟩ + ∑
α*(Ξ)

Cα*(Ξ) |α*(Ξ)(𝒩JT )⟩

⇒
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S=-2 Hamiltonian in Jacobi Coordinates

we distinguish three parts of the Hamiltonian:⇒

⟨Ψ(πJT ) | H | Ψ(πJT )⟩ = ∑
α*(Y1Y2)

α′ *(Y1Y2)

Cα*(Y1Y2)Cα′ *(Y1Y2) ⟨α*(Y1Y2) | H | α′ *(Y1Y2)⟩

+ ∑
α*(Y1Y2)

α′ *(Ξ)

2 Cα*(Y1Y2)Cα′ *(Ξ) ⟨α*(Y1Y2) | H | α′ *(Ξ)⟩

+ ∑
α*(Ξ))

α′ *(Ξ)

Cα*(Ξ)Cα′ *(Ξ) ⟨α(Ξ)⟩ | H | α′ *(Ξ)⟩

HY1Y2
=

A−2

∑
i<j=1

(
2p2

ij

M(tY1
, tY2

)
+ Vs=0

ij )

+
A−2

∑
i=1

(
mN + m(tY1

)
M(tY1

, tY2
)

p2
iY1

2μiY1

+ Vs=−1
iY1

+
mN + m(tY2

)
M(tY1

, tY2
)

p2
iY2

2μiY2

+ Vs=−1
iY2 )

+
mtY1

+ mtY2

M(tY1
, tY2)

p2
Y1Y2

2μY1Y2

+ Vs=−2
Y1Y2

+ (m(tY1
) + m(tY2

) − 2mΛ)

system of (A-2)N + 2Y

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)

|
�
↵⇤(Y1N)

�⇤(Y2)i = |↵⇤(Y1N)i ⌦ |Y2i

= |NJT,↵⇤(Y1N)
A�1 ñY2 ĨY2 t̃Y2 ; (J

⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T

⇤(Y1N)
A�1 t̃Y2)T i

⌘

N

N

Y1Y2

(4.8)

⇡(X) = N4

8
>><

>>:

0

BB@

1

2

1

3

1

CCA ,

0

BB@

2 1 2 3

1 2 1 3

2 1 3 3

3 3 3 7

1

CCA

9
>>=

>>;

41
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S=-2 Hamiltonian in Jacobi Coordinates

we distinguish three parts of the Hamiltonian:⇒

HY1Y2
=

A−2

∑
i<j=1

(
2p2

ij

M(tY1
, tY2

)
+ Vs=0

ij )

+
A−2

∑
i=1

(
mN + m(tY1

)
M(tY1

, tY2
)

p2
iY1

2μiY1

+ Vs=−1
iY1

+
mN + m(tY2

)
M(tY1

, tY2
)

p2
iY2

2μiY2

+ Vs=−1
iY2 )

+
mtY1

+ mtY2

M(tY1
, tY2)

p2
Y1Y2

2μY1Y2

+ Vs=−2
Y1Y2

+ (m(tY1
) + m(tY2

) − 2mΛ)

HΞ =
A−1

∑
i<j=1

(
2p2

ij

M(Ξ)
+ Vs=0

ij )

+
A−1

∑
i=1

(mN + mΞ

M(Ξ)
p2

Ξi

2μΞi
+ Vs=−2

Ξi ) + (mΞ + mN − 2mΛ)

HS=−2
Y1Y2−ΞN =

A−1

∑
i=1

Vs=−2
Y1Y2−Ξi

system of (A-2)N + 2Y

system of (A-1)N + Ξ

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)

|
�
↵⇤(Y1N)

�⇤(Y2)i = |↵⇤(Y1N)i ⌦ |Y2i
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⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T

⇤(Y1N)
A�1 t̃Y2)T i

⌘

N

N
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(4.8)
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A�1 ñY2 ĨY2 t̃Y2 ; (J

⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T
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transition Hamiltonian
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Evaluating Hamiltonian Matrix Elements

• all bases states + trans. coefficients are independent of interactions and HO-  ω
  enable a series of calculations with different interactions, a range of HO-  and ⇒ ω 𝒩max

  study chiral forces

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00↵00

12|V12|p000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00↵00

12|V12|p000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i,

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00↵00

12|V12|p000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000↵0000
12 |V12|p00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00↵00

12|V12|p000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000↵0000
12 |V12|p00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o
,

(20)

where the summations over intermediate states are applied.

aaaaaaaaaaaaaa| {z } aaaaaaaaaaaaaaaaaaa (21)

4

extract converged Eb
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where the summations over intermediate states are applied.
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• for evaluating, e.g.                                     we need to  transform to other bases⟨α*(Y1Y2) | HY1Y2
| α′ *(Y1Y2)⟩

Chapter 5 Jacobi NCSM for S = �2 systems

states describing a system of two hyperons, |Y1Y2i

| iY1Y2
⌘ |↵⇤(Y1Y2)i = |↵(A�2)Ni ⌦ |Y1Y2i
= |N JT,↵(A�2)N ↵Y1Y2

n��;

(((lY1Y2
(sY1

sY2
)S Y1Y2

)JY1Y2
(�JA�2)I�)J, ((tY1

tY2
)TY1Y2

TA�2)T i

⌘
����

Y1

Y2

E
,

(5.1)

with Y1,Y2 = ⇤,⌃ and Y1  Y2. The latter inequality Y1  Y2 expresses the fact that we only
distinguish the |⇤⇤i, |⇤⌃i and |⌃⌃i states but do not explicitly consider the |⌃⇤i state. Here, we
have adopted the same notations as those used in Eq. (3.16). For example, the symbol ↵(A�2)N stands
for all quantum numbers characterizing the antisymmetrized states of A � 2 nucleons: the total
number of oscillator quanta NA�2, total angular momentum JA�2, isospin TA�2 and state index ⇣A�2
as well. Similarly, ↵Y1Y2

stands for all quantum numbers describing the subcluster of two hyperons Y1
and Y2: the total number of oscillator energyNY1Y2

, total angular momentum JY1Y2
, isospin TY1Y2

and
the state index ⇣Y1Y2

. Finally, the HO energy number n� together with the orbital angular � describe
the relative motion of the (A�2)N core with respect to the C.M. of the Y1Y2 subcluster. The orders, in
which these quantum numbers are coupled, are explicitly shown after the semicolon. Note that, when
the two hyperons Y1 and Y2 are identical, only the antisymmetrized states of |Y1Y2i, i.e. those states
with the quantum numbers satisfying the condition (�1)TY1Y2

�tY1
�tY2 (�1)S Y1Y2

�sY1
�sY2 (�1)lY1Y2 = �1,

are taken into account.
Analogously, the basis functions | i⌅ are obtained when one combines the antisymmetrized states

of an (A � 1)-nucleon system, |↵(A�1)Ni, with the HO states, |⌅i, describing the relative motion of a
⌅ hyperon with respect to the C.M. of the (A-1)N subcluster

| i⌅ ⌘ |↵⇤(⌅)i = |↵(A�1)Ni ⌦ |⌅i
= |N JT,↵(A�1)N n⌅ I⌅ t⌅; (JA�1(l⌅ s⌅) I⌅)J, (TA�1 t⌅)T i
⌘
���� ⌅

E
.

(5.2)

The notation used in Eq. (5.2) follow exactly as the one of Eq. (3.2). Thus, ↵(A�1)N denotes a set
of quantum numbers describing an antisymmetrized state of A � 1 nucleons: the total oscillator
energy number NA�1, total angular momentum JA�1, isospin TA�1 and state index ⇣A�1. Likewise,
the relative motion of a ⌅ hyperon is labeled by the HO energy number n⌅, the orbital angular
momentum l⌅ and spin s⌅ =

1
2 which combine together to form the total angular momentum I⌅

as well as the isospin t⌅ =
1
2 . Finally, the last lines in Eqs. (5.1) and (5.2) show the graphical

representations of the states.
Having defined the basis states, we can now expand the S = �2 hypernuclear wavefunction

| (⇡, J,T )i,

��� (⇡JT )
↵
=
X

↵⇤(Y1Y2)

C↵⇤(Y1Y2)

���↵⇤(Y1Y2)(N JT )
↵
+
X

↵⇤(⌅)

C↵⇤(⌅)

���↵⇤(⌅)(N JT )
↵
, (5.3)

where the expansion coe�cients are obtained when diagonalizing the A-body Hamiltonians in the
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Chapter 5 Jacobi NCSM for S = �2 systems

hyperons have been interchanged (Y2 is now the active particle). The construction of these bases
is straightforward. For example, the first set can be formed by combining the hyperon states |Y2i,
depending on the Jacobi coordinate of the Y2 hyperon relative with the C.M. of the ((A� 3)N + Y1N)
subsystem, with the |↵⇤(Y1N)i states constructed in Eq. (3.16). Thus,
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It is obvious that the two sets Eqs. (5.13) and (5.14) are orthogonal to each other when the two Y1
and Y2 hyperons are distinguishable. Furthermore, each of the intermediate sets is complete with
respect to the basis states |↵⇤(Y1Y2)i, which in turn allows for the following expansions
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Clearly, when Y1 and Y2 are identical, the two sets of intermediate states are the same, and there is
no need to distinguish the two expansions in Eqs. (5.15) and (5.16). In any cases, the expansion
coe�cients in Eqs. (5.15) and (5.16) are very similar to each other and can be calculated in the
same way. In the following, we shall focus on the transition coe�cients of the first expansion.
For calculating this overlap, h(↵⇤(Y1N))⇤(Y2)|↵⇤(Y1Y2)i, one will need to exploit another set of auxiliary
states |(↵⇤(Y1))⇤(Y2)i which are obtained by coupling the hyperon states |Y2i to the basis states of the
((A � 2)N + Y1) system, |↵⇤(Y1)iA�1, defined in Eq. (3.2)
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4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)

|
�
↵⇤(Y1N)

�⇤(Y2)i = |↵⇤(Y1N)i ⌦ |Y2i

= |NJT,↵⇤(Y1N)
A�1 ñY2 ĨY2 t̃Y2 ; (J

⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T

⇤(Y1N)
A�1 t̃Y2)T i
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N

N

Y1Y2

(4.8)
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⇤(Y1N)
A�1 t̃Y2)T i

⌘

N

N

Y1Y2

(4.8)

⇡(X) = N4

8
>><

>>:

0

BB@

1

2

1

3

1

CCA ,

0

BB@

2 1 2 3

1 2 1 3

2 1 3 3

3 3 3 7

1

CCA

9
>>=

>>;

41

• basis truncation: 
           𝒩 = 𝒩A−2 + NY1Y2

+ 2nλ + λ ≤ 𝒩max ⇒ Eb = Eb(ω, 𝒩max)
require  extrapolation  𝒩max → ∞
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Results for   6ΛΛHe,   5
ΛΛHe,   4

ΛΛH
(H. Le, J. Haidenbauer, U.-G. Meißner, A. Nogga in preparation) 
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  6
ΛΛHe(0+,0)

•    for all calculations use:

‣                                                             (P. Reinert et al. EPJA 54 (2018)) NN : N4LO+(450), λNN = 1.6 fm−1

‣                                           YN : NLO19(650), λYN = 0.87 fm−1

reproduce separation energies of  , but slightly underbind   4
ΛHe(1+), 5

ΛHe, 7
ΛLi 4

ΛHe(0+)
  H. Le et al.,  EPJA 56 (2020)

‣                                                       YY : LO(600), NLO19(600) 1.4 ≤ λYY ≤ 3.0 fm−1 study effects of SRG-YY evolution

•    separation-energy difference: ΔBΛΛ(  6ΛΛHe) = BΛΛ(  6ΛΛHe) − 2BΛ(5
ΛHe)

= 2E(5
ΛHe) − E(4He) − EΛΛ(  6ΛΛHe)

ΛΛ contains information about        interaction strength, spin-dependent part  

M. Danysz et al., NP 49 (1963). E. Hiyama et al., PRC 66 (2002)

Λof   -core interactions, core distortions
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  6
ΛΛHe(0+,0)

6.2 5
⇤⇤He( 1

2
+
, 1

2 )

�YY NLO(600) LO(600)
fm-1 P⇤⌃ P⌃⌃ P⌅ P⇤⌃ P⌃⌃ P⌅
1.4 0.13 0.11 0.02 0.17 0.04 0.5
2.0 0.13 0.11 0.07 0.17 0.05 0.84
3.0 0.12 0.13 0.12 0.18 0.08 1.08

Table 6.1: Probabilities (in percentage) of finding single and double ⌃, and a ⌅ hyperons in the ground-state
wavefunction of 6

⇤⇤He. Note that the corresponding P⌃ in the wavefunction of the parent hypernucleus is
P⌃(5

⇤He) = 0.07%.

with the NLO stays very close to the experiment.
It is also exciting to notice that both B⇤⇤( 6

⇤⇤He) and �B⇤⇤( 6
⇤⇤He) exhibit very weak dependence

on the SRG cuto↵ �YY , of order of 100 keV only, that is at least one order of magnitude smaller than
the variation of, say, B⇤(5

⇤He) with respect to the SRG YN flow parameter �YN , see also Fig. 4.13.
The insensitivity of the ⇤⇤-separation energy on the SRG evolution probably indicates that the
SRG-induced (and possibly the chiral) YYN forces are negligibly small. This, again supports the
common believe that the ⇤⇤ interaction strength is also relatively weak.

Finally, we think that it is also interesting to compare the probabilities of finding one ⌃ (P⇤⌃) or
two ⌃ (P⌃⌃), and a ⌅ (P⌅) hyperons in the ground-state wavefunction of 6

⇤⇤He obtained for the two
chiral potentials. Such probabilities for several cuto↵s �YY are summarised in Table 6.1. Overall,
the P⇤⌃ and P⌃⌃ probabilities are fairly small, but rather stable with respect to the SRG evolution.
Also, their dependence on the two interaction models is practically negligible. We remark that
the probability of finding a ⌃ in 5

⇤He for the same NN and a YN interactions is also very small,
P⌃(5

⇤He) = 0.07%. In contrast, P⌅ is more sensitive to the evolution and also strongly influenced by
the interactions. Surprisingly, the NLO potential, that yields a more attractive ⌅-nuclear interaction
[156], predicts considerably smaller ⌅ probability (less than 0.2 % for �YY = 3.0 fm-1) compared
to the value of P⌅ = 1.1% obtained for the LO at the same �YY cuto↵. This again reflects the
observation in the S = �1 sector that there is no one-to-one connection between the probabilities of
finding a hyperon particle (⌃,⌅) and the interaction strength.

6.2 5
⇤⇤

He(1
2
+
, 1

2)

The next system, we want to investigate is the 5
⇤⇤He hypernucleus. Although the existence of 5

⇤⇤He
has not been experimentally confirmed yet, most of the many-body calculations employing e↵ective
potentials that reproduce the separation energy B⇤⇤( 6

⇤⇤He) predict a particle-stable bound state of
5
⇤⇤He [159, 163, 165, 166]. However, there are visible discrepancies among the values of B⇤⇤( 5

⇤⇤He)
predicted by di↵erent numerical approaches and di↵erent interaction models. Additionally, it is also
found, using the Faddeev-Yakubovsky cluster approach, that there is an almost linear correlation
between the calculated values of B⇤⇤ for the 5

⇤⇤He ( 5
⇤⇤H) and 6

⇤⇤He hypernuclei [166]. It will be
very interesting to see whether one observes a similar correlation for chiral interactions. At this
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0.67 ± 0.17

1.01 ± 0.2

• NLO lead to smaller  and ΔBΛΛ PΞ

• Effect of SRG-induced YYN forces is negligible
• NLO results are comparable to the Nagara

PΣ(5
ΛHe) = 0.07 %

•  (no simple one-to-one connection between   and )ΔBΛΛ PΞ

ΔBΛΛ(  6ΛΛHe) = 2E(5
ΛHe) − E(4He) − EΛΛ(  6ΛΛHe)•    separation-energy difference:

6.1 6
⇤⇤He(0+, 0)

(a) E( 6
⇤⇤He) as a function of ! (b) E( 6

⇤⇤He) as a function of N

(c) B⇤⇤( 6
⇤⇤He) as a function of N (d) �B⇤⇤( 6

⇤⇤He) as a function of N

Figure 6.1: Binding energy E, ⇤⇤-separation energy B⇤⇤ and separation-energy di↵erence �B⇤⇤ for 6
⇤⇤He

computed using the YY LO(600) interaction that is SRG evolved to a flow parameter of �YY = 2.4 fm-1. The
SMS N4LO+(450) with �NN = 1.6 fm-1 and YN NLO19(650) with �YN = 0.868 fm-1 are employed for the
NN and YN interactions.
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Figure 6.1: Binding energy E, ⇤⇤-separation energy B⇤⇤ and separation-energy di↵erence �B⇤⇤ for 6
⇤⇤He

computed using the YY LO(600) interaction that is SRG evolved to a flow parameter of �YY = 2.4 fm-1. The
SMS N4LO+(450) with �NN = 1.6 fm-1 and YN NLO19(650) with �YN = 0.868 fm-1 are employed for the
NN and YN interactions.
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LO(600), λYY = 2.4 fm−1

                 Eb(ω, 𝒩) = E𝒩 + κ(log(ω) − log(ωopt))2

E𝒩

extrapolation𝒩−

PΣ(5
ΛHe, YN-NLO19) = 0.07 %
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  5
ΛΛHe(1

2

+
,

1
2 )

3He(1/2) + Λ(1/2)

4
ΛHe(1+)

4
ΛHe(0+)

Chapter 6 Results for ⇤⇤ s-shell hypernuclei

(a) E( 5
⇤⇤He) as a function of ! (b) E( 5

⇤⇤He) as a function of N

(c) B⇤⇤( 5
⇤⇤He) as a function of N (d) �B⇤⇤( 5

⇤⇤He) as a function of N

Figure 6.3: Binding energy E, ⇤⇤ separation energy B⇤⇤ and separation-energy di↵erence �B⇤⇤ for 5
⇤⇤He

computed using the YY LO(600) interaction that is SRG evolved to a flow parameter of �YY = 2.4 fm-1. Same
NN and YN interactions as in Fig. 6.1.

exploratory stage, we need to postpone this question to a future study and focus on the di↵erent
e↵ects of the LO and NLO potentials on B⇤⇤( 5

⇤⇤He) instead.

The !- and N-extrapolation of the binding energy E, ⇤⇤-separation energy B⇤⇤ and the
separation-energy di↵erence �B⇤⇤ of 5

⇤⇤He are illustrated in Fig. 6.3. The calculations are also
based on the LO potentials with a flow parameter of �YY = 2.4 fm-1 and for all model spaces up to
Nmax = 16. It is noted that in case of 4

⇤He, the calculations were performed for model spaces up to
Nmax(4

⇤He) = 22 in order to achieve a good convergence. Calculations with such large model spaces
are currently not feasible for 5

⇤⇤He because of memory constraints. Nonetheless, our illustrative
results in Figs. 6.3(b) to 6.3(d) clearly indicate that well-converged results are achieved for this
double-⇤ hypernucleus already for model spaces up to Nmax = 16. Moreover, the employed extra-
polation procedure from Section 4.1 also allows for a reliable estimate of the truncation uncertainty.

122

ΔBΛΛ(  5ΛΛHe) = BΛΛ(  5ΛΛHe) − 2BΛ(4
ΛHe)

𝒩max(4
ΛHe) = 22

𝒩max(  5ΛΛHe) = 16

LO(600), λYY = 2.4 fm−1

  5
ΛΛHe, NLO

  5
ΛΛHe, LO

• effect of SRG-induced YYN forces on 
  is minorΔBΛΛ

BΛ(4
ΛHe) =

1
4

BΛ(4
ΛHe,0+) +

3
4

BΛ(4
ΛHe,1+)

     use spin-averaged  (Danysz, Hiyama)BΛ
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4
ΛHe(1+)

4
ΛHe(0+)
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Nmax = 16. It is noted that in case of 4

⇤He, the calculations were performed for model spaces up to
Nmax(4

⇤He) = 22 in order to achieve a good convergence. Calculations with such large model spaces
are currently not feasible for 5

⇤⇤He because of memory constraints. Nonetheless, our illustrative
results in Figs. 6.3(b) to 6.3(d) clearly indicate that well-converged results are achieved for this
double-⇤ hypernucleus already for model spaces up to Nmax = 16. Moreover, the employed extra-
polation procedure from Section 4.1 also allows for a reliable estimate of the truncation uncertainty.
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ΔBΛΛ(  5ΛΛHe) = BΛΛ(  5ΛΛHe) − 2BΛ(4
ΛHe)

𝒩max(4
ΛHe) = 22

𝒩max(  5ΛΛHe) = 16

LO(600), λYY = 2.4 fm−1

  6
ΛΛHe, NLO

  6
ΛΛHe, LO

0.5 MeV

0.23 MeV

  5
ΛΛHe, NLO

  5
ΛΛHe, LO

• FY calculations:   ΔBΛΛ(  5ΛΛHe) < ΔBΛΛ(  6ΛΛHe)
(I. Filikhin, A. Gal NPA 707 (2002)

• large -separation energy difference: 
      

ΛΛ
ΔBΛΛ(  5ΛΛHe) > ΔBΛΛ(  6ΛΛHe)

• effect of SRG-induced YYN forces on 
  is minorΔBΛΛ

BΛ(4
ΛHe) =

1
4

BΛ(4
ΛHe,0+) +

3
4

BΛ(4
ΛHe,1+)

     use spin-averaged  (Danysz, Hiyama)BΛ
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�Y Y YY-NLO(600) YY-LO(600)
fm-1 P⇤⌃ P⌃⌃ P⌅ P⇤⌃ P⌃⌃ P⌅

1.4 0.61 0.07 0.4 0.53 0.02 1.25
2.0 0.6 0.08 0.38 0.51 0.03 1.36
3.0 0.57 0.08 0.23 0.51 0.05 1.35

Table 4.1: Probabilities (in percentage) of finding a ⌃ (P⇤⌃), double ⌃ (P⌃⌃)and a ⌅ (P⌅) hyperons
in 5

⇤⇤He, P⌃(
4
⇤He) = 0.43

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)

|
�
↵⇤(Y1N)

�⇤(Y2)i = |↵⇤(Y1N)i ⌦ |Y2i

= |NJT,↵⇤(Y1N)
A�1 ñY2 ĨY2 t̃Y2 ; (J

⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T

⇤(Y1N)
A�1 t̃Y2)T i

⌘

N

N

Y1Y2

(4.8)
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probabilities  (%) of finding Σ, ΣΣ, Ξ in   5
ΛΛHe

mΣΣ − mΛΛ ≈ 150 MeV

•   are not very sensitive to SRG YY PΛΣ, PΣΣ, PΞ

• LO predicts significantly larger  PΞ

PΣ(4
ΛHe, YN-NLO19) = 0.43 %

probabilities  (%) of finding  Σ, Ξ and BΛΛ (MeV) in   5
ΛΛHe,   6

ΛΛHe
 H. Nemura et al., PRL 94 (2005)*

•   transition is suppressed in             PΞ(  6ΛΛHe) < PΞ(  5ΛΛHe) ⇒ ΛΛ − ΞN   6
ΛΛHe

B. F. Gibson PTPS 117, 339 (1994), E. Hiyama talk LEAP (2013)

mΛΛ − mΞN ≈ 25 MeV

PΣ(5
ΛHe, YN-NLO19) = 0.07 %

5
⇤⇤He 6

⇤⇤He

P⇤⌃ P⌅ B⇤⇤ P⇤⌃ P⌅ B⇤⇤

NLO(�Y Y = 2.0) 0.6 0.38 3.67± 0.03 0.13 0.07 7.62± 0.02

LO(�Y Y = 2.0) 0.51 1.36 4.53± 0.01 0.17 0.84 8.40± 0.02

mNDs* 3.66 1.17 0.28 7.54

Table 4.1: Probabilities (in percentage) of finding a ⌃ (P⇤⌃), double ⌃ (P⌃⌃)and a ⌅ (P⌅) hyperons
in 5

⇤⇤He, P⌃(
4
⇤He) = 0.43

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)
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|
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A�1 ñY2 ĨY2 t̃Y2 ; (J
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(4.8)

41

  5
ΛΛHe(1

2

+
,

1
2 )



M
itg

lie
d 

de
r H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

21

  4
ΛΛH(1+,0) 6.3 4

⇤⇤H(1+, 0)

(a) E( 4
⇤⇤H) as a function of ! (b) E( 4

⇤⇤H) as a function of N

(c) E(3
⇤H) as a function of N (d) E( 4

⇤⇤H) as a function SRG flow parameter �YY

Figure 6.5: (a): Binding energies of 4
⇤⇤He as functions of ! for model space N = 10 � 32. Calculations are

performed with the YY NLO(600) potential evolved to a flow parameter of �YY = 2.4 fm-1. (b): model space
extrapolation of E( 4

⇤⇤H) with the same YY interaction as in (a). (c): model space extrapolation of E(3
⇤H).

(d): Converged binding energy of E( 4
⇤⇤H) as functions of flow parameter for the LO(600) (blue triangles)

and NLO(600) (red circles) potentials. The dashed line with grey band is the calculated hypertriton binding
energy and the theoretical uncertainty, respectively. Same NN and YN interactions as in Fig. 6.1

hypertriton and of 4
⇤⇤H are crucial.

In Figs. 6.5(a) and 6.5(b), we illustrate the convergence of E( 4
⇤⇤H) in!- andN-space, respectively,

using model space up sizes toNmax = 32. The results are shown for for the NLO(600) potential with
a flow parameter of �YY = 2.4 fm-1. For a better comparison, the model-space extrapolation of the
hypertrition binding energy computed with model space up toN = 36 is also presented in Fig. 6.5(c).
As we expected, due to the weak binding of hypertriton, the binding energy calculations for both
hypernuclei, 4

⇤⇤H and 3
⇤H hypernuclei converge very slowly when using HO bases. It also clearly

sticks out that the optimal HO frequencies ! for large model space sizes are around !opt ⇡ 6 MeV
which is much smaller than the value of !opt ⇡ 16 MeV for the A = 4, 5 systems. This again reflects
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3
ΛH(1/2+)

E(FY) = − 2.333 ± 0.002

E(𝒩 = 36) = − 2.314 ± 0.009

  4
ΛΛH(1+)

−2.307 ± 0.012

LO(600), λYY = 1.4 fm−1

−2.146 ± 0.065

  4
ΛΛH(1+)

NLO(600), λYY = 1.4 fm−1

• Is  stable against the breakup to ?   4
ΛΛH 3

ΛH + Λ

NLO leads to a particle unstable . LO results do not allow for a definite conclusion  4
ΛΛH
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Conclusions & outlook

• developed ab-initio Jacobi NCSM for  hypernuclei up to p-shellΛΛ

• studied the predictions of  YY LO and NLO for  χ   6
ΛΛHe,   5

ΛΛHe,   4
ΛΛH

‣ SRG YY evolution has minor effects on  and ΔBΛΛ PΛΣ, PΣΣ

‣ LO strongly overbinds ;  NLO results are comparable to experiment   6
ΛΛHe

‣ both interactions result in BΛΛ(  6ΛΛHe) < BΛΛ(  5ΛΛHe)

• need to investigate impacts of  NN and YN interactions on  χ BΛΛ

• inclusion of   and SRG-induced 3N forces, SRG-induced YNN forces is in progressχ
provide meaningful constraints to improve YY interactions

‣ NLO predicts a particle unstable , LO results do not allow for a clear conclusion yet   4
ΛΛH
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                    Thank You!
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 Phase shift   Λp

BΛ(3
ΛH)3a(Λp)

10 J. Haidenbauer et al.: Hyperon-nucleon interaction
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Fig. 4. Differential cross section for Λp scattering at 500 MeV/c and at 633 MeV/c. Same description of curves as in Fig. 1.
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Fig. 5. 3S1 ΛN phase shift with (left) and without (right) ΣN coupling. Same description of curves as in Fig. 1.
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