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Motivation

Work on development of many-body model(s) suitable for description of nuclear and hypernuclear
structure which aim to describe wide range of hypernuclei including medium-size & heavy systems.

This model can be used in calculations of hypernuclear production — especially the hypernuclei
whose production is planned by experimentalists in close future (* K, % K, 2% TI).

Outline of the seminar:

- Electroproduction of Hypernuclei

- Equation of Motion Phonon Method (EMPM) in the Calculations of Nuclei
- Extension of EMPM for the Calculations of Hypernuclei

- Results — EMPM Demonstrated on Calculations of ® He, 7, O, *¢, O, ** N

- Summary and Future Plans



Electroproduction of Hypernuclei

Hypernuclear production: )
Vo Py) + A(Pa) — H(Pu) + K™ (Px)

Elementary process of electroproduction: p (e,e* K') A

Kinematics of the reaction

Information about (many-body) nuclear & hypernuclear structure

Information about the AN(N) interactions

All “ingredients” important for description of hypernuclear production.
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Electroproduction of Hypernuclei

Hypernuclear production:
W(Py) + A(Pa) — H{Py) + K¥ (F)
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Fig. 17. Experimental spectrum of the ®Ofe, &' K+ )} "N reaction obtained at JLab Hall A. Taken
from Ref. 7) 7) F. Cusanno et al., Phys. Rev. Lett. 103 (2009}, 202501.



Equation of Motion Phonon Method

Equation of Motion Phonon Method (EMPM) was developed
to study the structure of nuclei.

Hilbert space — divided into subspaces H="Ho HiDHzB... B H,

HF — Hartree-Fock state (nucleons occupy
lowest single-particle levels) > —00

1p-1h = 1particle — 1hole excitation of HF 0000 0000 0000
2p-2h = 2particle — 2hole excitation of HF

—0-0— 00— _¢g ¢o—
np-nh = nparticle — nhole excitation of HF HF 1p-1h 2p-2h

Instead of multiple particle-hole excitations we can excite multiple TDA phonons

These basis sets are in general overcomplete! Ho = {|HF >}
H, = {O} |HF>)
We need to solve our Eigenvalue problem(s) in the H, = {O} O} |HF >)

linearly independent subsets of basis states.

Linear Algebra methods — e.g. Choleski method

H. = {0L0L..0 |HF >}

I+]

HF - TDA - EMPM



Equation of Motion Phonon Method

Equation of Motion Phonon Method (EMPM)

Ho H Ha
> < ) )
Hy = “”If"' 3‘} Hy + E© Ho1 Hoz 0
H, = {O!|HF =) X E,® 0
Hg = {{}qu{}lTJ_.“fP :?“} H] | H01 Ez(l) le H13
0 E, ®
V ni
: (2)
It At t : A - @) :
H:‘.' — L{jm{ju_-'“{ju,. |'”'EL ‘}} H HZO H21 EZ H23
. l 0 E,®
. L ; E®
the total Hamiltonian mixes o g
. . . H31 H32
configurations from different

Hilbert subspaces

Equation of Motion (EoM) — recursive eg. to solve eigen-energies on each
I-phonon subspace while knowing the (i-1)-phonon solution

< i, Bi|[H.Of)li = Loy >= (B — EL ') < i, Bi|O}i — 1Lay_y >

non-diagonal blocks of Hamiltonian calculated from amplitudes < 410 — Lo, >
we diagonalize the total Hamiltonian
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Experimental values:
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Phys Rev C 95, 024306, B(*°Ca)=342.052 MeV

(2017)
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Nuclear energy spectra (*°°Pb)

2-phonon calculation of “°Pb — see in Phys. Rev. C 92, 054315 (2015),
Chiral NNLOopt + phenomenological density dependent force
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study of the dipole photoabsorption spectrum
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TABLE I. Phonon composition of the lowest twenty 17 states.

Iy @, (MeV) =¥l &’

1y 442780 0.00017 0.90983
1 4.67271 0.00083 0.99917
1, 4.96609 0.00014 0.99986
1, 5.46012 0.95558 0.04442
17 5.93408 0.03132 0.96868
1 6.05979 0.90712 0.09288
1 6.18594 0.05422 0.94578
13 6.25179 0.04936 0.95064
1y 6.26285 0.05409 0.94591
| Bt 627701 0.00310 0.99600)
1; 638860 0.15931 0.84060
1z 6.40474 0.60007 0.30003
1 6.42531 0.03371 0.96629
1 6.43502 0.03215 0.96785
1 6.48971 0.86985 0.13015
1. 6.53002 0.00956 0.99044
17 6.55127 0.00485 0.99515
1 6.64103 0.00346 0.99654
1 6.71925 0.01301 0.98609
1 6.73778 0.00058 0.00042




EMPM for odd-even nuclei

NN interaction - x NNLO__ Phys. Rev. C 97, 034311 (2018)
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EMPM for Hypernuclei

EMPM extended on single-A hypernuclei

1)

hypernuclei with A in even-even nuclear cores
H=Hod HidHzD... B Hn
We couple creation R —
particle of A with the o = {glHE>)
|[HF> and Hi = {q0), [HF >}
(multi)phonon Ha = {cO] Of [HF =}

excitations of |[HF>

We can apply this method to calculate structure
of >, He, ** O, * Ca, * Ca etc.

Nuclei: HF
Hypernuclei: p-n-A HF

1)

hypernuclei with A in even-odd nuclear cores
H=HoP HiFH:P... B H,

We couple AN TDA

states with |HF> and Ho = {H; HE >}
(multi)phonon Hi = {RlOl HF >}
excitations of |[HF> Hy = {RO} Of |HF >}

We can apply this method to calculate structure
Of 4AH’ 4AHe’ 16AN’ 161\0’ 40AK’ 40ACa, 48AK’ 48ACa
etc.

TDA -
NA TDA

EMPM
-» ext. EMPM



p-n-A Hartree-Fock Method

p-n-A HF = Hartree-Fock method in the proton-neutron-A formalism

s

- diploma thesis of J. Pokorny “Three-body Interactions in Mean-Field Model of Nuclei and
Hypernuclei“, Czech Technical University, (2018)
- Phys. Scr. 94, 014006, (2019); Acta Phys. Pol. B Proc. Suppl. 12, 657, (2019)

We obtain: - single-particle levels of protons, neutrons and A

Single-particle A energies:
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NA Tamm-Dancoff

NA TDA = Nucleon-A Tamm-Dancoff Approximation

s

- diploma thesis of J. Pokorny “Three-body Interactions in Mean-Field Model of Nuclei and
Hypernuclei“, Czech Technical University, (2018)

- Phys. Scr. 94, 014006, (2019); Acta Phys. Pol. B Proc. Suppl. 12, 657, (2019)

Suitable for hypernuclei with A in even-odd nuclear cores

NA TDA Phonon  E}[HF >="r}cla; HF >
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EMPM for Hypernuclei

EMPM extended on single-A hypernuclei

1) hypernuclei with A in even-even nuclear cores
H=TN 4 TA L VNN L JNNN | FAN | [PANN _ j‘-{_” H = HH H] Hj H”
Within this formalism we can study °,He, *, O, # Ca, * Ca, **° Pb ... Ho = {r* HF --.~}
Hi = {q !')LI =}
. . PR— Tt T .
Our theoretical formalism: Ho {q ”ﬂ.”.. HE =}

L We construct the Hamiltonian matrix:
g 1) The diagonal block #, = #, =S.p. A energies
A= 2 Xoner @QplHE > 2) The diagonal block #, = #, = coupling of A to phonon exc. of core
3) The nondiagonal block #. = H: => not difficult to calculate
HI: 'F-f
<«

A
Ho 1 [e@ Ho | Diagonalization of whole matrix leads to correlated states

x E,® 0 - they already cannot be interpreted as purely “single-
H, | ™ B particle” states of A.

Y 0 E @

Also energy spectrum can get much richer by inclusion
configurations from larger Hilbert space.



EMPM for Hypernuclei

EMPM extended on single-A hypernuclei

1) hypernuclei with A in even-odd nuclear cores

T T H=HoPHiBHs P .. B H,
H=TN4TA VNN L PNNN L AN 4 PANN _ T . : . *
It is more important to study such hypernuclei from the point of view Ho = {R|HF >}
of experiment (production of hypernuclei 4 H, ** O, ** N, © K, ¥ K,...) Hi = {;f{,u;“ HF >}

: - , = {ROf O [HF >
Our theoretical formalism: Hy = {R0,,0, }

I om— H.t HF -

1 >=Y XJ,RIQLHF >

I

Hi: Ii‘-i..
-« )
A
Ho | E©@ Hoy
x E® 0
H, | IH, B
Y 0 B,y

—_ N
-BA = Ei+ €

We construct the Hamiltonian matrix:

1) The diagonal block #,x#, = NA TDA energies

2) The diagonal block #, x#, = Equation of Motion

3) The nondiagonal block #q = #: => not difficult to calculate

Equation of Motion:

AX = EX A-matrix A=< 8|[H,Rl)|lt>+E, < 3|Rl |uu >

Eigen-value problem in an overcomplete
non-orthogonal basis...

ADC = EDC Eigen-value problem in the reduced space (linearly
independent subset of states)

D-matrix = overlap matrix of the basis states
(A.D) — must be hermitian



Description of Hypernuclei

Hypernuclei with single-A particle:
Hamiltonian

Example: NN(+NNN) potential

phenomenological NN potential
Brink-Boeker
Nucl. Phys. A91, 1, (1967)

realistic chiral NN potential
NNLO

opt

Phys. Rev. Lett. 110, 192502, (2013)

realistic chiral NN+NNN potential
NNLO__

Phys. Rev. C91, 051301(R), (2015)

j.“ _ f"‘ n iﬁ b NN L f NNN f AN f ANN -f-{__”
AN potential

- phenomenological Gaussian AN potential
Prog. Theor. Phys. 70, 189, (1983)

van ¥ )= Van E?_[I'-E 2 :i“."' bl PR # X ),

vav=—38.19MeV , Buw=1034{m, »=-01.

- G-matrix effective AN potential derived
from Juelich-A YN
Prog. Theor. Phys. Suppl. 117, 361 (1994)

VAH{T:]:I_:EI(&. + bike+ cobs)expl — /85

Aifm) 1.25 0.70 0.45
—25.82 —389.4 8540

£~

R B -12.51 401.2  —303.2
€ 2.437  —136.0 188.8
a —45.01 —296.6 1094,
'E B 4,620 218.3 —504.6
e JTED0 —52.50 230.0
a ~14.54 144.7 7.6
‘0 b 3.615 27.50 76.37
¢ —. 8750 —5.000 3.1
a —25.91 248.1 615.3
0 B 5.410 210.9  —1260.
& 5000 —123.1 734.8




Description of Hypernuclei
EMPM extended on single-A hypernuclei

1) hypernuclei with A in even-even nuclear cores

-3.0

-3.5

E [MeV]

-4.0
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chiral
NN+NNN
potential
NNLO__,

E’.d.'.-{ J"] = Pan

vav=—38.19 MeV ,

=(riFa)d

I I
5
1He

N|—

NI

N

HF EMPM

exp

H=TN 4 TM f UNN L PNNN 4 AN | JANN _ T

Effect of
correlations
- down
shift in
energy

“."‘ bl P « I }',

-0.5

-1.0

-3.5

-4.0

-4.5

Ban=1.034 fm ,

we tune the strength of AN

H=Hod HipHz & ... & Hn
Hy = {r'j,i) HE =}
Hi = {0} |HF >}
7=-0.1. Hy = {0 Of [HF =}
= I 5H | I =]
= AT S = =
= EMPM Nr - =
E 1 E
[ 2 T
E e 1+ E
[= 2 2 o
il =
— 2 —]
B | | | | =
-38.19 34.0 -26.0 exp



Description of Hypernuclei
EMPM extended on single-A hypernuclei

1) hypernuclei with A in even-even nuclear cores
ﬁ _ f\ I j‘\ I 'I.ﬁ‘“‘ I i?-_x'_x'_\: I i?-_x_\: I .[j._x_x'_x' - ]T‘-f__” H T HH ar H] H! H;-.-
realistic % i -
chiral van ()= vine™ " |:1"' HeTa® Ow ), Ho = {c/HE }
Hi = A{q LO), [HF =)
NN+NNN = i
potential }m\/‘ﬁev Ban=10341fm, 7=-01. Hy = {r;r:);,u;, HF =)}
NNLO_, we tune the strength of AN
V =-34.0 MeV
AN
'"A0 N =12
max
Oi ................. = - Down shift in energy for the whole spectrum
p— due to the coupling of A with phonon
572 7/2 excitations of the nuclear core
E & - More complex energy spectrum in EMPM
) (there is multiplet of negative energy states
instead of 1/2" and 3/2" only)
B - No direct “experimental” binding B of ** O.
~107 1/2* Usualy exper. value taken from experiment on
16
O.
A




E [MeV]

Description of Hypernuclei
EMPM extended on single-A hypernuclei

1)) hypernuclei with A in even-odd nuclear cores
e e e smain H=HodHibHzB... 2 Hn
H =TV 4 TA 4 UNN | PNNN | AN | DANN _F u - = T
realistic i —
chiral vanl ¥ )= vix mhe |:1"' H¥as On ), Ho = {f|HF >}
N+NNN M1 = {RLOf |HF >}
NN-+NI M‘wev Aw=1034fm, »=—-01. Hy, = (BOF O [HF )
potential 2 vy Uy
N =g NNLO, we tune the strength of AN
0 V =-34.0 MeV
= AN
. - 0" 1"
--~.~.\'\H -.» ——= there will be rich multiplet
15 O “S~.._—— Of positive parity states experimental energies of ** O
: A ~~ 0 0"1"2"3
o~
1 6784
G176 .- 6.561
=€§Q~H 4
-104 \'::H""-..\
\\\:\HH*"M 1 ol
e exper. B, =-13 MeV
\\ 0 0 /3. 1 QD2E
> explanatlon for too big I Lo
_15 _ splitting (?) 0 f0

NA TDA EMPM



Description of Hypernuclei

- G-matrix effective AN potential derived from Juelich-A YN

Prog. Theor. Phys. Suppl. 117, 361 (1994)

Gaussian-like form — easy to implement, interaction is effective (we can take just AN-AN part)

but dependent on a parameter k_

Vaw(r)= ;El(cz. + bikr+ coks®)expl = r* /8]

100 200
0 T T T T T T T
- 3
g =3
== -10} §
]
=
= -20F 2
i
w
5]
= ~30F .
o
=
“
o 401 "
=
m -
< i 1 o | e 1 L 1
N—p8 1. 12 1.4
ke (fm7)
oy : | | - Fig. 1. The A single-particle potentials calculated
0 50 100 150 200 B as a function of fe. The different interaction

MASS NUMBER A
Fig. 2. The A single-particle energies ea(nl; A), #l

Dependence of the A single-
particle energies on k_

k_ as a parameter to tune the

proper effective AN
interaction. But tuning should
be done at the level of the
beyond mean-field calculation.

=0z, 0p and 04, calculated in DDHF with five Prog. Theor. PhyS Suppl 117’ 361 (1994)

effective interactions. The experimental data



Description of Hypernuclei
EMPM extended on single-A hypernuclei

1) hypernuclei with A in even-odd nuclear cores
- e H=HoFHiEBH2F...EH
H =T + T VNN VNN 4 PAN 4 VAN — Ty, ; "
rehgllsltlc . 2 o Hy = {R!|HF .}_
chira Van(r)= 2 (a:+ beke+ ciks")expl — * /8] My = {RLOI |HF >}
NN+NNN ) H, = {;fo;TIfJT HF =}
potential YNG Juelich-A ] '
NNLO__,
preliminary
0+ 09
i 16/\0 | = S~
j _ 0* 1* | 16,0 T T experimental energies of ** O
5] . —— =54
[ﬂ.«
,;, ;- e R ]
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Description of Hypernuclei

EMPM extended on single-A hypernuclei

1) hypernuclei with A in even-odd nuclear cores
PR . . ~ H=HodHipH:B..PH
I =J'“—|—I"“—|—l\‘-\—I—'Ir""‘“‘—i-l“—kl“‘ — Ty - B
re;z_;lllsltlc 3 o Ho = {R|HF >}
chira Van(r)=] 1(cz.+b.-ép+cfkpa}ﬂxpl— 28] Hi = (RO}, HF >}
NN+NNN e o
: , = {RO! Of |HF >
potential YNG Juelich-A e = UROL O :
NNLOsat
preliminary
0 0+
{ [1%,0 16,N
0" 1" I | Ll L 0 (e, &' K+)EN £ = 3.66 GeV (Hall A)
_5 —_ “w Mmhﬁhhb’”‘:?‘:m - _5 : | ‘ﬁﬁhhhﬁﬂ_y,h o -'_ﬂ:E‘- [ .I:‘
5 - = r.? 1
%
] = "
-10 4 i—']Of -EIH:
i _E'-_. w =“h‘:-... E"
"“‘-::___. M L H‘“‘:::“""“*h-..___ i =
-8 \h‘s\ﬁ 15 *\.““'*-..H\h o -Binding Energy (MeV)
"‘-,‘.‘ | My,
o 7) F. Cusanno et al., Phys. Rev. Lett. 103 (2009}, 202501.
k =1.0 fm™ k=1.0 fm™
-20 T T T T ] =20 T T T T 1
NA TDA EMPM NA TDA EMPM



Summary

- EMPM was originally introduced for the calculation of energy spectra of medium and heavy nuclei
- Extensions of EMPM to calculate single-A hypernuclei (with even-even & odd-even cores)
- Both nuclear & hypernuclear calcs. useful to study production of hypernuclei

- Proof of principles calculations of ° He, * O, *¢ O, **, N with EMPM — phenom. AN interaction

- Tasks to be addressed:

- various effective AN potentials can be used (important to tune them in the beyond
mean-field level)

- study of ¥, K, ¢ K, 2% TI (their exper. measurement is planned in close future)

- formalism to study directly cross section of electroproduction

- formalism to study isospin dependence of ANN interaction (**,K & “, K)
- More long-term tasks:

- further development of EMPM itself (coupling to 2-phonon states)

- formulation of whole method in deformed HF basis

Many thanks to all my collaborators!!
P. BydZovsky, G. De Gregorio, D. Denisova, F. Knapp, N. Lo ludice, D. Petrellis, J. Pokorny, D. Skoupil
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Thank you for attention!
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