
Exotic Nuclei and Beyond 
- An Ab Initio Theory Perspective -

Robert Roth

Prof. Dr. Marcus Bleicher HIC for FAIR Evaluation, April 2-3, 2014 

1 

6"Years"of"Success"–"
Towards"a"Sustained"Center"of"Excellence"

"



Robert Roth - TU Darmstadt - June 2018 2

Ab Initio Nuclear Structure Theory

H |�ni = En |�ni
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Ab Initio Nuclear Structure Theory

solve nuclear many-body problem  
based on realistic interactions  

using controlled and improvable truncations  
with quantified theoretical uncertainties

H |�ni = En |�ni



Robert Roth - TU Darmstadt - June 2018

Ab Initio Nuclear Structure Theory
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H |�ni = En |�ni

nuclear forces,  
chiral effective field theory, 

three-body interactions, 
consistency and convergence,…

What is the nuclear 
Hamiltonian?

degrees of freedom,  
Hilbert space and truncations, 

single-particle basis,  
bound states vs. continuum,... 

What about these 
many-body states?

large-scale diagonalization, 
decoupling approaches, 

truncations and convergence, 
uncertainty quantification…

How to solve this 
equation?



Hamiltonian

H = T � Tcm + VNN + V3N + · · ·
<latexit sha1_base64="j469td1Rm8YspPBR7FyzXmA0nsI=">AAACR3icbZDLSsNAFIYn9VbjLerSTbAIgrUkKrgoQsFNV71Ab9ApYWYyraGZJMxMS0vIc/kMPoILcadLd+LSNKZoWw+c4ef7/8NwDg5cR0jDeFYya+sbm1vZbXVnd2//QDs8agl/xAltEt/1eQcjQV3Ho03pSJd2Ak4Rwy5t4+H9zG+PKReO7zXkNKA9hgae03cIkjGytDosV3VYvIM6bFQv47ZCKOlEhoRFUWxcwKLemrNKZZVd/zJIbF8KS8sZBSMpfVWYqciBtGqW9gptn4wY9SRxkRBd0whkL0RcOsSlkQpHggaIDNGAdmPpIUZFL0xWj/SzmNh63+dxe1JP6N+JEDEhpgzHSYbkg1j2ZvB/j9Pxwt/hRLiOTRki3M/PtXzIT2ZvQhfjmOUxZpGqqvFFzOX9V0XrqmAaBbN+kyuV0ttkwQk4BefABLegBMqgBpqAgEfwAt7Au/KkfCifytdPNKOkM8dgoTLKN1c/sCQ=</latexit><latexit sha1_base64="j469td1Rm8YspPBR7FyzXmA0nsI=">AAACR3icbZDLSsNAFIYn9VbjLerSTbAIgrUkKrgoQsFNV71Ab9ApYWYyraGZJMxMS0vIc/kMPoILcadLd+LSNKZoWw+c4ef7/8NwDg5cR0jDeFYya+sbm1vZbXVnd2//QDs8agl/xAltEt/1eQcjQV3Ho03pSJd2Ak4Rwy5t4+H9zG+PKReO7zXkNKA9hgae03cIkjGytDosV3VYvIM6bFQv47ZCKOlEhoRFUWxcwKLemrNKZZVd/zJIbF8KS8sZBSMpfVWYqciBtGqW9gptn4wY9SRxkRBd0whkL0RcOsSlkQpHggaIDNGAdmPpIUZFL0xWj/SzmNh63+dxe1JP6N+JEDEhpgzHSYbkg1j2ZvB/j9Pxwt/hRLiOTRki3M/PtXzIT2ZvQhfjmOUxZpGqqvFFzOX9V0XrqmAaBbN+kyuV0ttkwQk4BefABLegBMqgBpqAgEfwAt7Au/KkfCifytdPNKOkM8dgoTLKN1c/sCQ=</latexit><latexit sha1_base64="j469td1Rm8YspPBR7FyzXmA0nsI=">AAACR3icbZDLSsNAFIYn9VbjLerSTbAIgrUkKrgoQsFNV71Ab9ApYWYyraGZJMxMS0vIc/kMPoILcadLd+LSNKZoWw+c4ef7/8NwDg5cR0jDeFYya+sbm1vZbXVnd2//QDs8agl/xAltEt/1eQcjQV3Ho03pSJd2Ak4Rwy5t4+H9zG+PKReO7zXkNKA9hgae03cIkjGytDosV3VYvIM6bFQv47ZCKOlEhoRFUWxcwKLemrNKZZVd/zJIbF8KS8sZBSMpfVWYqciBtGqW9gptn4wY9SRxkRBd0whkL0RcOsSlkQpHggaIDNGAdmPpIUZFL0xWj/SzmNh63+dxe1JP6N+JEDEhpgzHSYbkg1j2ZvB/j9Pxwt/hRLiOTRki3M/PtXzIT2ZvQhfjmOUxZpGqqvFFzOX9V0XrqmAaBbN+kyuV0ttkwQk4BefABLegBMqgBpqAgEfwAt7Au/KkfCifytdPNKOkM8dgoTLKN1c/sCQ=</latexit><latexit sha1_base64="j469td1Rm8YspPBR7FyzXmA0nsI=">AAACR3icbZDLSsNAFIYn9VbjLerSTbAIgrUkKrgoQsFNV71Ab9ApYWYyraGZJMxMS0vIc/kMPoILcadLd+LSNKZoWw+c4ef7/8NwDg5cR0jDeFYya+sbm1vZbXVnd2//QDs8agl/xAltEt/1eQcjQV3Ho03pSJd2Ak4Rwy5t4+H9zG+PKReO7zXkNKA9hgae03cIkjGytDosV3VYvIM6bFQv47ZCKOlEhoRFUWxcwKLemrNKZZVd/zJIbF8KS8sZBSMpfVWYqciBtGqW9gptn4wY9SRxkRBd0whkL0RcOsSlkQpHggaIDNGAdmPpIUZFL0xWj/SzmNh63+dxe1JP6N+JEDEhpgzHSYbkg1j2ZvB/j9Pxwt/hRLiOTRki3M/PtXzIT2ZvQhfjmOUxZpGqqvFFzOX9V0XrqmAaBbN+kyuV0ttkwQk4BefABLegBMqgBpqAgEfwAt7Au/KkfCifytdPNKOkM8dgoTLKN1c/sCQ=</latexit>
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Weinberg, van Kolck, Machleidt, Entem, Meißner, Epelbaum, Krebs, Bernard,...

Nuclear Interactions from Chiral EFT
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§ low-energy effective field theory for 
relevant degrees of freedom (π,N) based 
on symmetries of QCD 

§ explicit long-range pion dynamics 

§ unresolved short-range physics absorbed 
in contact terms, low-energy constants 
fit to experiment 

§ hierarchy of consistent NN, 3N, 4N,... 
interactions and electroweak operators

§ many recent developments 
• improved NN up to N4LO+ 

• 3N interaction up to N3LO 

• 4N interaction at N3LO 

• improved fits and error analysis  

• order-by-order uncertainty quantification 
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H |�ni = En |�ni

nuclear forces,  
chiral effective field theory, 

three-body interactions, 
consistency and convergence,…

What is the nuclear 
Hamiltonian?

degrees of freedom,  
Hilbert space and truncations, 

single-particle basis,  
bound states vs. continuum,... 

What about these 
many-body states?

large-scale diagonalization, 
decoupling approaches, 

truncations and convergence, 
uncertainty quantification…

How to solve this 
equation?



Unitary Transformations
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Text
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Unitary Transformations
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On = h�n|O |�ni
<latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit><latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit><latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit><latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit>

H |�ni = En |�ni
<latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit><latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit><latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit><latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit>

§  eigenvalue problem of H and expectation value of observable O

On = h�n|U U†O U U† |�ni
<latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit><latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit><latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit><latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit>

U†HU U† |�ni = En U† |�ni
<latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit><latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit><latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit><latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit>

§ invent a unitary operator U with U U† = 1 and use it

On = h�̃n| Õ |�̃ni
<latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit><latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit><latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit><latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit>

|�̃ni = U† |�ni , H̃ = U†HU , Õ = U†OU
<latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit><latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit><latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit><latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit>

H̃ |�̃ni = En |�̃ni
<latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit><latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit><latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit><latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit>

§ identify transformed operators and states and rewrite equations



U†HU U† |�ni = En U† |�ni
<latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit><latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit><latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit><latexit sha1_base64="oceJzFYskWlxtsRLpgEMiWHp8ww=">AAACP3icbZDLSsNAFIYn9VbjLerSTbAILkJJRHBRhYIIddUKpi10aphMp+3QzCRkpqUl5Jl8Bh/ChRu7dCdu3ZnGCPZyYIZ/vv8/DOe4gUeFNM03Jbe2vrG5ld9Wd3b39g+0w6O68IchJjb2PT9sukgQj3JiSyo90gxCgpjrkYY7uJ35jREJBfX5o5wEpM1Qj9MuxUgmyNHuoV19imAH9WJYqUIjecLSPzYgMoI1QR0e6zf6ncNhSV9tO1rBLJpp6cvCykQBZFVztCns+HjICJfYQ0K0LDOQ7QiFkmKPxCocChIgPEA90kokR4yIdpSOHOtnCenoXT9MDpd6Sv93RIgJMWFukmRI9sWiN4OrvZCM5v6OxsKjHcIQDn3jT8u+MZ7dKZ2Pu8xwXRarqppsxFqcf1nUL4qWWbQeLgvl62w3eXACTsE5sMAVKIMKqAEbYPAMXsE7mCovyofyqXz9RnNK1nMM5kr5/gEj56/g</latexit>

On = h�n|U U†O U U† |�ni
<latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit><latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit><latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit><latexit sha1_base64="B8ABioZcoMPTVGuAZIeld7teaas=">AAACPnicbZDNSsNAFIUn/tb4F3XpJlgEF6UkIrhQoeCmu1YwbaGpYWYybYfOJGFmWlpCX8ln8CHcuFB37sStS5MYxbZemMvhO+cy3IsiRqWyrCdtaXlldW29sKFvbm3v7Bp7+w0ZDgUmDg5ZKFoISsJoQBxFFSOtSBDIESNNNLhO/eaICEnD4FZNItLhsBfQLsVQJcgzqjUvMK9MFwkYu3VJvWBquk7NvUj7Xez6sJeAWg7m8ICo3yHPKFplKytzUdi5KIK86p7x6vohHnISKMyglG3bilQnhkJRzMhUd4eSRBAPYI+0ExlATmQnzjaemscJ8c1uKJIXKDOjfydiyKWccJQkOVR9Oe+l8H9PkNHM3/FYMuoTDrEISz9a9UvjtGd0No54CSE+1XU9uYg9v/+iaJyWbats35wVK5f5bQrgEByBE2CDc1ABVVAHDsDgHjyCZ/CiPWhv2rv28R1d0vKZAzBT2ucXcdStyQ==</latexit>

|�̃ni = U† |�ni , H̃ = U†HU , Õ = U†OU
<latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit><latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit><latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit><latexit sha1_base64="S6MsTVLn66MwOxBCeqF/PMMEzqw="></latexit>

§ identify transformed operators and states and rewrite equations

§ invent a unitary operator U with U U† = 1 and use it

§  eigenvalue problem of H and expectation value of observable O
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On = h�̃n| Õ |�̃ni
<latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit><latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit><latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit><latexit sha1_base64="PKPgFcVP3z4H11rgaWl5+NSO2Fw=">AAACMnicbZDLSsNAFIYnXmu8VV26CRbBRSmJCG4qFNy4awV7gaaEmclpO3QmCTPT0hLyMj6DD+FWd7oRcetDmNYUbOsPM3zzn/8wnEMizpS27TdjbX1jc2s7t2Pu7u0fHOaPjhsqHEoKdRryULYIVsBZAHXNNIdWJAELwqFJBrfTenMEUrEweNCTCDoC9wLWZRTr1PLy5aoXWDeWSySOXc24D7FbUyzxgsSav6vVlAegVwJevmCX7JmsVXAyKKBMNS//4fohHQoINOVYqbZjR7oTY6kZ5ZCY7lBBhOkA96CdYoAFqE48mzKxzlPHt7qhTE+grZn7tyPGQqmJIGlSYN1Xy7Wp+X9Nwmjh73isOPNBYCrD4px1vzie3jN3MU5EkRCRmKaZbsRZnn8VGpclxy4591eFSjnbTQ6dojN0gRx0jSroDtVQHVH0iJ7RC3o1nox349P4+o2uGVnPCVqQ8f0DEZ+rgg==</latexit>

On = h�n|O |�ni
<latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit><latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit><latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit><latexit sha1_base64="mw2klQbsjv+L7xm0mdvJzkqP+ZY=">AAACGnicbZDLSgMxFIYzXut4G3XpJlgFF6XMiOBGoeDGXSvYC3TKkKRpG5pkhiQtLcO8gM/gQ7jVpTtx68aVr+K0jmJbDyT8fP9/OJyDI860cd0Pa2l5ZXVtPbdhb25t7+w6e/s1HQ4UoVUS8lA1MNKUM0mrhhlOG5GiSGBO67h/PfHrQ6o0C+WdGUe0JVBXsg4jyKQocI7LgYRX0McKxX5Fs0Am0C+Xod+n5hcETt4tutOCi8LLRB5kVQmcT78dkoGg0hCOtG56bmRaMVKGEU4T2x9oGiHSR13aTKVEgupWPN0mgScpacNOqNInDZzSvx0xElqPBU6TApmenvcm8H9P0eHM7HikOWtTgYgKCz/a9AqjyT+ls3EsChiLxLbt9CLe/P6LonZW9Nyid3ueL11mt8mBQ3AEToEHLkAJ3IAKqAIC7sEjeALP1oP1Yr1ab9/RJSvrOQAzZb1/AdkmoGA=</latexit>

H̃ |�̃ni = En |�̃ni
<latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit><latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit><latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit><latexit sha1_base64="lB7PETmi7b793KFZMj5I29ke8T8=">AAACMXicbZDLSsNAFIYnXmu8RV26CRbBRSmJCC5UKIjQnRXsBZoSZian7dCZJGSmpSXkYXwGH8KtLrtS3PoSprEFezkww8/3/4fDOSTkTCrLGmtr6xubW9u5HX13b//g0Dg6rsmgH1Go0oAHUYNgCZz5UFVMcWiEEWBBONRJ737i1wcQSRb4z2oUQkvgjs/ajGKVIte4cRTjHsRO+TExnR6oeAYqkiWun5h35oPrr7RcI28VrazMZWFPRR5Nq+Ian44X0L4AX1GOpWzaVqhaMY4UoxwS3elLCDHt4Q40U+ljAbIVZ0sm5nlKPLMdROnzlZnR/x0xFlKOBEmTAquuXPQmcLUXwWBudjyUnHkgMI2CwkyrbmE4+TM6HyeiQIhIdF1PL2Iv7r8sapdF2yraT1f50u30Njl0is7QBbLRNSqhMqqgKqLoBb2hd/ShvWpj7Uv7/ouuadOeEzRX2s8vsaurVg==</latexit>

H |�ni = En |�ni
<latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit><latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit><latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit><latexit sha1_base64="U4wiExITR3tyhXwFKqQJSGTLeO0=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAILkpJRHCjUBChOyvYCzSlzExP26GZSZiZlpaQB/AZfAi3unQnbl258lVMYwTTemCGn+//D4dzSOAxpW3708itrK6tb+Q3za3tnd29wv5BQ/ljSaFOfc+XLYIVeExAXTPtQSuQgDnxoElG13O/OQGpmC/u9SyADscDwfqMYh2jbqHoVm8tdwQ6dGuKdUVkXVk3XZFBccou20lZy8JJRRGlVesWvtyeT8cchKYeVqrt2IHuhFhqRj2ITHesIMB0hAfQjqXAHFQnTJaJrJOY9Ky+L+MntJXQvx0h5krNOImTHOuhWvTm8H9PwiQzO5wqj/WAYyr90q/Ww9J0/ic0Gye8RAiPTNOML+Is7r8sGmdlxy47d+fFymV6mzw6QsfoFDnoAlVQFdVQHVH0gJ7QM3oxHo1X4814/4nmjLTnEGXK+PgGdMygNA==</latexit>

design a unitary 
transformation that simplifies the 

solution of the many-body 
problem

unitary transformations 
change the structure of the Hamiltonian 

and the many-body states without 
changing the observables
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Text
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early  
1996



§ explicit ansatz for unitary operator with central and tensor correlations

Robert Roth - TU Darmstadt - June 2018

Feldmeier, Neff, Roth, Schnack,...

Unitary Correlation Operator Method

13

unitary transformation designed to 
imprint central and tensor correlations into nuclear 

many-body states

U = C�Cr = exp
Ä
� �
X

j<k
g�,jk
ä
exp
Ä
� �
X

j<k
gr,jk
ä

<latexit sha1_base64="JwP4QQkX3ACHVFac5r32VO3OY38=">AAACS3icfZDPSsNAEMZ3679aq1Y9egkWoYKWRARRFIq9eKuC0UJTwmY7xm2zSdjdaEvIq/kI3j34Fp7Eg0kNUltxYJdvvvnN4Rsn9JhUuv6KC3PzC4tLxeXSSnl1bb2ysXkrg0hQMGngBaLtEAke88FUTHnQDgUQ7nhw5wya2fzuEYRkgX+jRiF0OXF9ds8oUallV54ss6WVzjWr2bJjq8XBJcl3I5KxD8NQsy6YWztgmiUjbsf9s0GKuD/8fj/rU2Tvf1pMgCW7UtXr+ri0WWHkooryurIrz1YvoBEHX1GPSNkx9FB1YyIUox4kJSuSEBI6IC50UukTDrIbjw+UaLup09PuA5E+X2ljd3IjJlzKEXdSkhP1IKdnmfn3TMBjeqdJayg91oMM3R9mPydUBEkW2JiONyvMw/pJ3bg+qjZO8+RFtI12UA0Z6Bg10CW6Qiai6A3P4TJexS/4HX/gz2+0gPOdLfSrCgtfKe6s4A==</latexit><latexit sha1_base64="JwP4QQkX3ACHVFac5r32VO3OY38=">AAACS3icfZDPSsNAEMZ3679aq1Y9egkWoYKWRARRFIq9eKuC0UJTwmY7xm2zSdjdaEvIq/kI3j34Fp7Eg0kNUltxYJdvvvnN4Rsn9JhUuv6KC3PzC4tLxeXSSnl1bb2ysXkrg0hQMGngBaLtEAke88FUTHnQDgUQ7nhw5wya2fzuEYRkgX+jRiF0OXF9ds8oUallV54ss6WVzjWr2bJjq8XBJcl3I5KxD8NQsy6YWztgmiUjbsf9s0GKuD/8fj/rU2Tvf1pMgCW7UtXr+ri0WWHkooryurIrz1YvoBEHX1GPSNkx9FB1YyIUox4kJSuSEBI6IC50UukTDrIbjw+UaLup09PuA5E+X2ljd3IjJlzKEXdSkhP1IKdnmfn3TMBjeqdJayg91oMM3R9mPydUBEkW2JiONyvMw/pJ3bg+qjZO8+RFtI12UA0Z6Bg10CW6Qiai6A3P4TJexS/4HX/gz2+0gPOdLfSrCgtfKe6s4A==</latexit><latexit sha1_base64="JwP4QQkX3ACHVFac5r32VO3OY38=">AAACS3icfZDPSsNAEMZ3679aq1Y9egkWoYKWRARRFIq9eKuC0UJTwmY7xm2zSdjdaEvIq/kI3j34Fp7Eg0kNUltxYJdvvvnN4Rsn9JhUuv6KC3PzC4tLxeXSSnl1bb2ysXkrg0hQMGngBaLtEAke88FUTHnQDgUQ7nhw5wya2fzuEYRkgX+jRiF0OXF9ds8oUallV54ss6WVzjWr2bJjq8XBJcl3I5KxD8NQsy6YWztgmiUjbsf9s0GKuD/8fj/rU2Tvf1pMgCW7UtXr+ri0WWHkooryurIrz1YvoBEHX1GPSNkx9FB1YyIUox4kJSuSEBI6IC50UukTDrIbjw+UaLup09PuA5E+X2ljd3IjJlzKEXdSkhP1IKdnmfn3TMBjeqdJayg91oMM3R9mPydUBEkW2JiONyvMw/pJ3bg+qjZO8+RFtI12UA0Z6Bg10CW6Qiai6A3P4TJexS/4HX/gz2+0gPOdLfSrCgtfKe6s4A==</latexit><latexit sha1_base64="JwP4QQkX3ACHVFac5r32VO3OY38=">AAACS3icfZDPSsNAEMZ3679aq1Y9egkWoYKWRARRFIq9eKuC0UJTwmY7xm2zSdjdaEvIq/kI3j34Fp7Eg0kNUltxYJdvvvnN4Rsn9JhUuv6KC3PzC4tLxeXSSnl1bb2ysXkrg0hQMGngBaLtEAke88FUTHnQDgUQ7nhw5wya2fzuEYRkgX+jRiF0OXF9ds8oUallV54ss6WVzjWr2bJjq8XBJcl3I5KxD8NQsy6YWztgmiUjbsf9s0GKuD/8fj/rU2Tvf1pMgCW7UtXr+ri0WWHkooryurIrz1YvoBEHX1GPSNkx9FB1YyIUox4kJSuSEBI6IC50UukTDrIbjw+UaLup09PuA5E+X2ljd3IjJlzKEXdSkhP1IKdnmfn3TMBjeqdJayg91oMM3R9mPydUBEkW2JiONyvMw/pJ3bg+qjZO8+RFtI12UA0Z6Bg10CW6Qiai6A3P4TJexS/4HX/gz2+0gPOdLfSrCgtfKe6s4A==</latexit>

g� = 3
2�(r)
⇥
(~�1 · ~q�)(~�2 · ~r) + (~q�$ ~r)

⇤
~q� = ~q � ~rr qr

<latexit sha1_base64="uUJZ9vIo2kqvEygLFHHNqiP933g="></latexit><latexit sha1_base64="uUJZ9vIo2kqvEygLFHHNqiP933g="></latexit><latexit sha1_base64="uUJZ9vIo2kqvEygLFHHNqiP933g="></latexit><latexit sha1_base64="uUJZ9vIo2kqvEygLFHHNqiP933g="></latexit>

gr = 1
2

⇥
s(r) qr + qr s(r)

⇤
qr = 1

2

⇥ ~r
r · ~q + ~q ·

~r
r

⇤
<latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="xxIXno1CIDSVTiJGcuGfWHgMwh4=">AAABxHicbZDPSsNAEMYn9V+NVePZS7AIHiQkXsSb4MVjhcYW2lI2m2ldupsNu9vSGgLi0avv43v4Nm5qD7b1gxk+ft8s7EySc6ZNGH47tZ3dvf2D+qF71HCPT069xrOWU0UxppJL1U2IRs4yjA0zHLu5QiISjp1k8lDlnRkqzWTWNoscB4KMMzZilBiLWkOvGQbhUv62iVamCSsNva9+KulUYGYoJ1r3ojA3g4IowyjH0u1PNeaETsgYe9ZmRKAeFMtvlv6lJak/kspWZvwl/fuiIELrhUjspCDmRW9mFfw/Uzgr/TU015ylWI1ez6suCFWydO2+0eZ22ya+Ce6C6CmEOpzDBVxBBLdwD4/QghgopPABn07beXXefs9Sc1b3OYM1Oe8/Gp6Ckg==</latexit><latexit sha1_base64="cQxrSrPrnijH3vPZYjn7M7dNysc="></latexit><latexit sha1_base64="cQxrSrPrnijH3vPZYjn7M7dNysc="></latexit><latexit sha1_base64="KQrvGo9V1oei668gWNDCPCPkUf4="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit><latexit sha1_base64="pbeiuzXq3w3nki7omQfEjoEbtcs="></latexit>

§ central correlations: generated by distance-dependent shift in the relative 
coordinate of a nucleon pair

§ tensor correlations: alignment of spatial orientation of nucleon pair 
depending on spin direction and orientation



§ consistent unitary transformation of Hamiltonian and observables 

§ evolution equations for Hα and Uα  with continuous flow parameter α 

§ physics-guided choice dynamic generator ηα, e.g. for momentum pre-
diagonalization

Glazek, Wilson, Wegner, Perry, Bogner, Furnstahl, Hergert, Roth,...

Similarity Renormalization Group

14

continuous unitary transformation of 
Hamiltonian towards diagonal form with respect to 

uncorrelated basis

H� = U�
†H U� O� = U�

†O U�

d

d�
H� = [��,H�]

d

d�
O� = [��,O�]

d

d�
U� = �U���

�� = (2�)2 [Tint,H�]

Robert Roth - TU Darmstadt - June 2018
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SRG Evolution in Two-Body SpaceSRG Evolution in Two-Body Space

Argonne V18
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SRG Evolution in Two-Body SpaceSRG Evolution in Two-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1
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SRG Evolution in Two-Body SpaceSRG Evolution in Two-Body Space

chiral NN
Entem & Machleidt. N3LO, 500 MeV
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SRG Evolution in Two-Body SpaceSRG Evolution in Two-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1
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SRG Evolution in Three-Body Space

19

SRG Evolution in Three-Body Space

chiral NN+3N
N3LO + N2LO, triton-fit, 500 MeV
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SRG Evolution in Three-Body Space

20

SRG Evolution in Three-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements

0 → E → 18 20 22 24 26 28
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Text

21
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Hamiltonian in A-Body Space 

§ evolution induces n-body contributions Hα[n] to Hamiltonian 

§ truncation of cluster series formally destroys unitarity and invariance of 
observables (independence of α)  

§ flow-parameter variation provides diagnostic tool to assess neglected 
contributions of higher particle ranks

22

H� = H[1]� +H[2]� +H[3]� +H[4]� + · · ·

 SRG-Evolved Hamiltonians

NNonly : use initial NN, keep evolved NN

NN+3Nind : use initial NN, keep evolved NN+3N

NN+3Nfull : use initial NN+3N, keep evolved NN+3N

NN+3Nfull+4Nind : use initial NN+3N, keep evolved NN+3N+4N



Many-Body Problem
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Barrett, Vary, Navrátil, Maris, Nogga, Roth,... 

No-Core Shell Model

24

no-core shell model is the 
most universal and powerful ab initio approach for  

light nuclei (up to A≈25) 

§ idea: solve eigenvalue problem of Hamiltonian represented in model space 
of HO Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

H |�ni = En |�ni

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

...

C(n)�0

...

1
CCCCCCCCCCCCCCA

= En

0
BBBBBBBBBBBBBB@

...

C(n)�

...

1
CCCCCCCCCCCCCCA
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Barrett, Vary, Navrátil, Maris, Nogga, Roth,... 

No-Core Shell Model

§ idea: solve eigenvalue problem of Hamiltonian represented in model space 
of HO Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ 
• convergence of observables w.r.t. Nmax is the only limitation and source of uncertainty 

§ importance truncation: reduce NCSM model space to physically relevant 
basis states and extrapolate to full space a posteriori 
• increases the range of applicability of NCSM significantly  

§ alternative basis: optimize basis to enhance model-space convergence or 
to include continuum physics 
• single-particle basis: natural orbitals, Gamow states 
• many-body basis: resonating group method with binary clusters

25

no-core shell model is the 
most universal and powerful ab initio approach for  

light nuclei (up to A≈25) 
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J. Müller, A. Tichai, K. Vobig, R. Roth, in prep.

26

NCSM: Convergence - Natural Orbitals

NAT basis, NN+3N(500), α=0.08 fm4, emax=12
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J. Müller, A. Tichai, K. Vobig, R. Roth, in prep.
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NCSM: Oxygen Isotopes

Nmax

E
[M
eV

]

2 4 6 8 10 12 14
-170

-160

-150

-140

-130

-120

-110

-100

-90

-80

14O

15O

16O

..
.

24O

§ excellent convergence with 
natural-orbital basis for all 
oxygen isotopes

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12
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J. Müller, A. Tichai, K. Vobig, R. Roth, in prep.
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NCSM: Oxygen Isotopes

§ excellent convergence with 
natural-orbital basis for all 
oxygen isotopes 

§ very good agreement with 
experimental systematics 
and dripline  

§ NO2B instead of explicit 3N 
causes ~1% overbinding

A

E
[M
eV

]

14 16 18 20 22 24 26

-170

-160

-150

-140

-130

-120

-110

-100

-90

AO

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12

⦁ NCSM, explicit 3N

⦁ NCSM, NO2B

parameter-free ab initio 
calculations with explicit chiral  

3N interactions

highlights predictive 
power of chiral NN+3N 

interactions
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Spectra of Oxygen IsotopesOxygen Spectroscopy
Bogner et al., PRL 113, 142501 (2014) & Roth et al., in prep.
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Hergert et al., PRL 110, 242501 (2013) & in prep. 
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Decoupling Methods

30

advent of novel ab initio approaches  
 targeting the ground state of medium-mass nuclei  

very efficiently

§ idea: decouple reference state from particle-hole excitations by a unitary or 
similarity transformation of Hamiltonian

0
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Decoupling Methods

31

§ idea: decouple reference state from particle-hole excitations by a unitary or 
similarity transformation of Hamiltonian 

§ In-Medium Similarity Renormalisation Group: decouple many-body 
reference state from particle-hole excitations by SRG transformation 
• normal-ordered A-body Hamiltonian truncated at the two-body level 
• open and closed-shell nuclei can be targeted directly 

§ Coupled-Cluster Theory: ground-state is parametrised by exponential 
wave operator acting on single-determinant reference state 

• truncation at doubles level (CCSD) with corrections for triples contributions 
• directly applicable for closed-shell nuclei, equations-of-motion methods for open-shell

Hagen, Papenbrock, Dean, Piecuch, Binder,…

Tsukiyama, Bogner, Schwenk, Hergert,…

advent of novel ab initio approaches  
 targeting the ground state of medium-mass nuclei  

very efficiently
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Tsukiyama, Bogner, Schwenk, Hergert,…

In-Medium SRG

§ Hamiltonian and generator in normal order with respect to single or multi-
determinant reference state, omit residual three-body piece

32

use SRG flow equations for 
normal-ordered Hamiltonian to 

decouple many-body reference state 
from excitations

0p-0h 1p-1h 2p-2h 3p-3h

3p
-3
h

2p
-2
h

1p
-1
h

0p
-0
h

0p-0h 1p-1h 2p-2h 3p-3h

3p
-3
h

2p
-2
h

1p
-1
h

0p
-0
h

§ define generator to suppress off-diagonal contributions that couple reference 
state to ph excitations

�(s) =
⇥
H(s), Hd(s)
⇤
=
⇥
Hod(s), Hd(s)

⇤

H(s) = E(s) +
X

�j
ƒ �j (s) Ã

�
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X
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�j
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1

36

X

�jk�mn
W�jk

�mn(s) Ã
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ds
H(s) =
⇥
�(s), H(s)
⇤
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• use in-medium evolved Hamiltonian for a 
subsequent NCSM calculation 

• access to ground and excited states and full 
suite of observables

• IM-SRG evolution of multi-reference normal-
ordered Hamiltonian (and other operators) 

• decoupling of particle-hole excitations, i.e., 
pre-diagonalization in A-body space

In-Medium NCSM

33

• ground-state from NCSM at small Nmax as 
reference state for multi-reference IM-SRG 

• access to all open-shell nuclei and 
systematically improvable

NCSM 
Reference State

IM-SRG  
Many-Body Decoupling

NCSM 
Observables

Gebrerufael, Vobig, Hergert, Roth,...
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Gebrerufael, et al.; PRL 118, 152503 (2017)
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In-Medium NCSM

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-95

-90

-85

-80

-75

-70

-65

-60 12C 
chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

Nmax=0 reference 
HF basis

E(s)

Hamilton 
matrix in 
Nmax=2 
space

IT-NCSM, Nmax extrapolated



Robert Roth - TU Darmstadt - June 2018

Gebrerufael, et al.; PRL 118, 152503 (2017)

35

In-Medium NCSM

Hamilton 
matrix in 
Nmax=2 
space

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-95

-90

-85

-80

-75

-70

-65

-60 12C 
chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

Nmax=0 reference 
HF basis

Nmax=0

Nmax=2

Nmax=4

Nmax=6

Nmax=8
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In-Medium NCSM

36

E
[M
eV

]

-95

-90

-85

-80

-75

-70

-65

-60

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-160

-150

-140

-130

-120

-110

12C

20O

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference state 
Nmax=0,2,4,6,8 

§ NCSM convergence is 
drastically improved 

§ Nmax=0 eigenvalues 
deviated from E(s) 

§ identify plateau in s 
before induced terms 
blow up

Robert Roth - TU Darmstadt - June 2018
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Gebrerufael, et al.; PRL 118, 152503 (2017)

In-Medium NCSM

§ NCSM convergence is 
drastically improved 

§ Nmax=0 eigenvalues 
deviated from E(s) 

§ identify plateau in s 
before induced terms 
blow up
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E
[M
eV

]

-95

-90

-85

-80

-75

-70

-65

-60

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-160

-150

-140

-130

-120

-110

12C

20O

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference state 
Nmax=0,2,4,6,8 
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Gebrerufael, et al.; PRL 118, 152503 (2017)
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IM-NCSM: Oxygen Isotopes

A

E
[M
eV

]

14 16 18 20 22 24 26

-170

-160

-150

-140

-130

-120

-110

-100

-90

AO

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference

§ excellent agreement with 
direct NCSM 

§ IM-SRG evolution limited to 
J=0 reference states and 
thus even-mass isotopes

◆ IM-NCSM

⦁ NCSM, explicit 3N

⦁ NCSM, NO2B
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Vobig, Gebrerufael, Roth; in prep.
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IM-NCSM: Oxygen Isotopes

A

E
[M
eV

]

14 16 18 20 22 24 26

-170

-160

-150

-140

-130

-120

-110

-100

-90

AO
§ excellent agreement with 

direct NCSM 

§ IM-SRG evolution limited to 
J=0 reference states and 
thus even-mass isotopes 

§ odd-mass nuclei via simple 
particle attachment or 
removal in final NCSM run

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=20 MeV 
emax=12 

HF basis 
Nmax=0 reference

IM-NCSM attached
▼ IM-NCSM removed

◆ IM-NCSM

⦁ NCSM, explicit 3N

⦁ NCSM, NO2B
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Gebrerufael, et al.; PRL 118, 152503 (2017)
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IM-NCSM: Excitation Spectra 
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12C 16C

18O 20O

chiral NN+3N 
Λ3N=400 MeV 
α=0.08 fm4

ħΩ=16 MeV 
emax=12 
HF basis 

§ IM-NCSM and direct NCSM 
in excellent agreement for 
converged states 

§ first excited 0+ states in 
12C and 16C differ



Hypernuclei



Ab Initio Hypernuclear Structure

42

§ precise data on ground 
states & spectroscopy of 
hypernuclei  

§ ab initio few-body and 
phenomen. shell-model, 
mean-field or cluster-model 
calculations done so far  

§ chiral YN & YY interactions 
at (N)LO are available

time to transfer  
ab initio toolbox to  

hypernuclei

constrain YN 
interactions with 

hypernuclear 
spectroscopy

Robert Roth - TU Darmstadt - June 2018
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Ab Initio Toolbox for HypernucleiAb Initio Toolbox

3

■ Hamiltonian from chiral EFT

● NN+3N: standard chiral Hamiltonian (Entem&Machleidt, Navrátil)

● YN: LO chiral interaction (Haidenbauer et al.), NLO in progress

■ Similarity Renormalization Group

● consistent SRG-evolution of NN, 3N, YN interactions

● using particle basis and including Λ-coupling (larger matrices)

● Λ- mass difference and p± Coulomb included consistently

■ Importance Truncated No-Core Shell Model

● include explicit (p, n,Λ,+,0,−) with physical masses

● larger model spaces easily tractable with importance truncation

● all p-shell single-Λ hypernuclei are accessible

3

Wirth et al.; PRL 113, 192502 (2014); PRL 117, 182501 (2016)



Robert Roth - TU Darmstadt - June 2018 44

Application:  Λ7Li

NCSM 
chiral NN+3N 

standard  
N3LO+N2LO 
Λ3N=500 MeV 
α=0.08 fm4

chiral YN 
LO 

ΛYN=700 MeV 
α=0.08 fm4

ħΩ=20 MeV 
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Application:  Λ7Li
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Application:  Λ9Be
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Application:  Λ13C
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Wirth et al.; PLB 779, 336 (2018)
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Light Neutron-Rich Hypernuclei

◀  experiment         ⁃ ⁃ ⁃  ΛYN = 600 MeV        ⎯⎯⎯  ΛYN = 700 MeV
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Light Neutron-Rich Hypernuclei

◀  experiment         ⁃ ⁃ ⁃  ΛYN = 600 MeV        ⎯⎯⎯  ΛYN = 700 MeV
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Light Neutron-Rich Hypernuclei

◀  experiment         ⁃ ⁃ ⁃  ΛYN = 600 MeV        ⎯⎯⎯  ΛYN = 700 MeV
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Application:  Λ7Li
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Λ binding energy and 
induced ΛNN interaction  

are of similar size
WHY ? 

…something to do with  

Λ-Σ conversion ?



Suppression of Λ-Σ Conversion
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§ design SRG-generator that suppresses the Λ-Σ conversion exclusively 

§ Σ admixture in the wave functions eliminated or “integrated out” 

§ same large induced YNN interactions as in standard SRG

Wirth et al.; PRL 117, 182501 (2016)
Origin of the Induced Terms — Wegner SRG
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Origin of the Induced Terms — Wegner SRG
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Suppression of Λ-Σ Conversion
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Origin of the Induced Terms

Two-body evolution suppresses ⇤-⌃ conversion
Mechanism for inducing YNN?

N ⇤ N

N ⇤ N

⌃ =

N ⇤

N ⌃

⌦

N ⌃

N ⇤

) Induced YNN terms driven by suppression of ⇤-⌃
conversion?

R. Wirth – 2/2016 – 11

full theory with 
explicit Σ degrees  

of freedom

no initial YNN 
interaction included

Origin of the Induced Terms

Two-body evolution suppresses ⇤-⌃ conversion
Mechanism for inducing YNN?
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N ⇤

) Induced YNN terms driven by suppression of ⇤-⌃
conversion?

R. Wirth – 2/2016 – 11

effective Λ-only 
theory, Σ fully 

decoupled

strong repulsive 
ΛNN interaction is 

induced

SRG evolves full 
coupled-channel theory to 

effective Λ-only theory 

Wirth et al.; PRL 117, 182501 (2016)
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Implications for the Hyperon Puzzle

§ neutron stars reach densities, where hyperon 
production should be energetically favorable 

§ including explicit Λs with ΛN interaction softens EOS - 
does not support 2M  neutron star 

§ phenomenological fix: introduce strongly repulsive  
ΛNN interaction

54

Lonardoni et al.; PRL 114, 092301 (2014)

a theory with  
explicit Σs and Λ-Σ 
conversion does not  

need strong YNN

strong repulsive ΛNN 
interactions in a Λ-only model are 
naturally explained by our SRG 

analysis 



Conclusions
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A Look Back…

§ past 20 years have seen dramatic progress in ab initio many-body 
methods for nuclear structure and reactions 

...extensions of NCSM, coupled-cluster theory, in-medium SRG,  
self-consistent Green's function, many-body perturbation theory 

§ a number of important developments are in progress 
...spectroscopy of open-shell nuclei, merging NCSM and IM-SRG, 

derivation of valence-space interactions, broad range of observables 

§ the reach of ab initio methods has grown tremendously 
...medium-mass and heavy nuclei,  

low-lying and collective excitations,  
continuum effects and reaction observables,  

resonances, hypernuclei 

56
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A Look Ahead…

57

§ for the next few years the focus will move towards improvements 
of the chiral interactions 

...consistent higher orders, systematic study of order-by-order convergence, 
inclusion of consistent currents, improved fitting strategies 

§ rigorous quantification of theoretical uncertainties will play an 
important role 

...propagation of uncertainties from chiral EFT inputs to nuclear structure 
observables, full quantification of many-body uncertainties 

§ lots of relevant physics predictions...



All My Best Wishes to...
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... and special thanks       
for so many things
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