
Nuclear and quark matter:  
exploring the QCD phase diagram
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2. The QCD Phase diagram

Before discussing calculations for the η/s ratio for confined matter, let
us present a novel form of displaying the phase diagram of QCD matter,
i.e. matter, where the mean interparticle spacing is of the order of a few
femtometers. In this case the strong interaction is the main player in the
equation of state. Rather than representing the phase diagram in terms of
temperature T and baryo-chemical potential µ we choose to plot pressure
vs. temperature. This has the advantage of a more direct comparison with
other substances such as water or liquid Helium. The results are shown in
Fig. 2.

!"#!

!""

!"!

!"$

!"%

!"&

'(
)*
*+
()

,-.
+-/

01*

21/(34*

5)
*34

*

61(7
34*

8)5')(18+()

.+1(9*:14/:0,+34*

;(3*
*3<

)(
$=>?

> !

;2-(1,:;(7*81,? >"#?
;2-(1,:'21*):8(14*-8-34

$"

;3,3(#*+')(;34/+;8-40:'21*)*

$ !" %" &" %" $" $"" %"" %""

&'(>

!'>

=#=

 )(&

4#
':
*+
')
(*,
+-
/

!+
  
#'
21
*)
*?

+4'27*-;1,:()0-34

!"%$

!"%%

!"%&

!"%%

!"%,

-).
*5%
/#1

-).

0!"!!
!""

!"!$

;2)
5-;

1,:*
())
1):
3+8

,18
8-;
):
2>
3

Fig. 2. Phase diagram of strong-interaction matter in the pressure-temperature
plane [5]. Due to relativistic effects there exists an unphysical region in which
QCD matter cannot exist in equilibrium.

The low-temperature regime is the realm of nucleonic matter, which may
undergo a first-order chiral restoration transition to chirally ordered and
superconducting quark matter at high pressure. These phases could be
realized in the interior of neutron stars. At high temperatures one encoun-
ters quark-gluon matter, whose boundary to the unphysical region (µ = 0)
is quantitatively described by lattice QCD and a free pion gas at low T .
When raising the temperature the first-order chiral transition line ends in a
chiral critical endpoint (CEP) of second order. Current and future heavy-
ion experiments are indicated as well as the chemical freeze out. The latter
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Phase diagrams
• Maps showing the state of a substance in 

equilibrium conditions 

• Phase boundaries:                                                           
phase transitions 

• 1st order: 
• Latent heat 

• 2nd order: 
• Fluctuations 

• Cross over:  
• Smooth transition
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Matter in “unusual conditions”  
Enrico Fermi (1953)
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Phase diagram of QCD

1st order

Cross over
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Fig. 2. Phase diagram of strong-interaction matter in the pressure-temperature
plane [5]. Due to relativistic effects there exists an unphysical region in which
QCD matter cannot exist in equilibrium.

The low-temperature regime is the realm of nucleonic matter, which may
undergo a first-order chiral restoration transition to chirally ordered and
superconducting quark matter at high pressure. These phases could be
realized in the interior of neutron stars. At high temperatures one encoun-
ters quark-gluon matter, whose boundary to the unphysical region (µ = 0)
is quantitatively described by lattice QCD and a free pion gas at low T .
When raising the temperature the first-order chiral transition line ends in a
chiral critical endpoint (CEP) of second order. Current and future heavy-
ion experiments are indicated as well as the chemical freeze out. The latter
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Matter at the extreme 
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Nucleus

• Densest and hottest substances being studied 

• Nuclear/Quark Matter:                                 
interior of nuclei, neutron stars                       
(cold and dense) 

• Quark-Gluon plasma:                                              
ultra-relativistic nucleus-nucleus             
collisions, early universe (hot and dense)

Nuclei and electrons

Nuclei, electrons and free neutrons

Pasta nuclei

OUTER CORE
Free neutrons, protons and electrons

INNER CORE
possibly continuous-

transition to
quark-gluon plasma

CRUST

~12 km

Mountains < 1 mm

⇠
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Quantum Chromo Dynamics
• Describes the interaction between quarks and 

gluons, the strong interaction 

• Quarks and gluons carry color charge  

• Symmetries of QCD 
• Color SU(3): confinement of colored dof's 
• Chiral symmetry: right & left handed light quarks 

do not mix, spontaneously broken in vacuum         
• Expect two transitions @ large T:                                  

deconfinement + chiral restoration



Lattice QCD

LQCD Thermodynamics with Physical Quark Masses 7

FIG. 5: Chiral susceptibility for several volumes for the stout staggered action for N⌧ = 6 with physical quark mass (left), and
the domain wall fermion action for N⌧ = 8 (right) for m⇡ values of 140 and 200 MeV. Comparisons to the HISQ action with
N⌧ = 12 are also shown. There is no evident change in peak height with increasing volume for the same pion mass.

As noted, the presence of a crossover transition for physical quark mass values complicates the definition of a
transition temperature, but many of the thermodynamic observables that develop singularities in the chiral limit may
retain some remnant of the transition in a steep drop or inflection point in the crossover region, corresponding to the
peak in the chiral susceptibility seen in Figure 5. These characteristics are used to define a pseudo-critical temperature
(Tpc).
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FIG. 6: The renormalized chiral condensate (left) and the subtracted renormalized chiral condensate (right) for the stout action
for N⌧ = 8, 10, 12, 16 and the continuum extrapolation with physical quark masses.

When working with the chiral condensate, it is common to remove lattice artifacts through subtraction and nor-

Borsanyi  et al. 2010

QCD on a space-time grid

Christian Schmidt                               Sign2015, Debrecen, Hungary 15

The equation of state at 

chemical potential dependent part:
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Figure 2: Expansion coe�cients of the pressure at non-zero baryon chemical potential. The left hand figure shows the leading
order correction and the right hand figure shows the relative contribution of the leading and next to leading order corrections.
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Figure 3: The ratio of sixth and second order cumulants of net-baryon number fluctuations versus temperature. This ratio
gives the NNLO correction to the Taylor expansion of the pressure. The insertion shows the temperature range in which this
contribution is less than 1% for µB/T = 2.

B. The net baryon number density in (2+1)-flavor QCD for µB > 0, µS = µQ = 0

The Taylor series for the net baryon number density is easily obtained from the pressure series. All expansion
coe�cients are known, once the pressure series has been analyzed. From Eq. 8 we find
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N⌧ = 6 N⌧ = 8

� T[MeV] #conf. � T[MeV] #conf.

6.000 138.22 2920 6.315 144.95 23181

6.025 141.98 15969 6.354 151.00 23206

6.050 145.83 15246 6.390 156.78 20074

6.075 149.79 17105 6.423 162.25 11153

6.100 153.85 15542 6.445 165.98 7690

6.125 158.01 9473 6.460 168.57 8414

6.150 162.28 13652 6.488 173.49 5845

6.175 166.66 11080 6.515 178.36 5529

6.195 170.25 14598 6.550 184.84 5747

6.245 179.52 3000 6.575 189.58 5902

6.341 198.61 3000 6.608 196.01 9539

6.423 216.33 570 6.664 207.32 2450

6.515 237.81 496 6.800 237.07 1676

6.664 276.43 376 6.950 273.88 2470

7.150 330.23 1934

Table I: Ensemble parameters and sizes for N⌧ = 6 and 8.

A. The pressure in (2+1)-flavor QCD for µB > 0, µS = µQ = 0

For µQ = µS = 0 the Taylor series for the pressure simplifies to,

�
�
P/T

4
�
=

P (T, µB)� P (T, 0)

T

4
=

1X

n=1

�

B
2n(T )

(2n)!

⇣
µB

T

⌘2n
(13)

=
1

2
�

B
2 (T )µ̂

2
B

✓
1 +

1

12

�

B
4 (T )

�

B
2 (T )

µ̂

2
B +

1

360

�

B
6 (T )

�

B
2 (T )

µ̂

4
B + ...

◆
. (14)

In Eq. 14 we have factored out the leading O(µ̂2
B) contribution to the µB-dependent part of the pressure. This helps

to develop a feeling for the importance of higher order contributions. Note that all ratios �B
2n/�

B
2 are unity in a HRG

and �

B
4 /�

B
2 = 2/(3⇡2) ' 0.068 is the only non-vanishing higher order coe�cient in a massless, 3-flavor ideal quark gas.

We show the leading order coe�cient �B
2 (T ) and the ratio �

B
4 /�

B
2 in Fig. 2. The left hand part of the figure shows

the leading order contribution �

B
2 . Here we used additional data from simulations on 483 ⇥ 12 lattices taken from [3]

to update the continuum extrapolation performed in [26]. As can be seen in the right hand part of this figure, the
ratio �

B
4 /�

B
2 never exceeds unity and becomes small in the region where the leading correction is large. The relative

contribution of the next-to-leading order correction thus is largest in the hadronic phase, where �

B
4 /�

B
2 ' 1. In the

crossover region, T ' 155 MeV, �B
4 /�

B
2 ' 0.8. We thus find that the relative contribution of the NLO correction to

the µB-dependent part of the pressure in the crossover region and below is about 8% at µB/T = 1 and rises to about
30% at µB/T = 2. At temperatures larger than 180 MeV the relative contribution of the NLO correction is less than
7% at µB/T = 2.

In order to estimate the truncation error arising from a Taylor series truncated at O(µ̂4
B) we use the O(µ̂6

B)
correction, �B

6 /�
B
2 . This is shown in Fig. 3. The ideal gas limit for this ratio vanishes. As can be seen from the

insertion in Fig. 3 the ratio is already small for all temperatures T > 180 MeV. In fact, for �

B
6 /�

B
2  0.5 it follows

from Eq. 14 that the correction to the leading order result is less than 0.0014µ̂4
B , i.e. less than 2.2% for µ̂B = 2. At

lower temperatures the statistical errors on current results for �

B
6 /�

B
2 are still large. However, a crude estimate for

the magnitude of this ratio at temperatures larger than 150 MeV suggests,
��
�

B
6 /�

B
2

��  4. This amounts to a 20%
correction to the leading order result or less than 5% to the total pressure in this temperature range......xxx

In Fig. 4 (left) we show results for the contribution of the LO and NLO µB-dependent corrections to the pressure of
(2+1)-flavor QCD. the latter is shown only in the temperature range where NNLO correction of O(µ̂6

B) are estimated
to be smaller than xx%. The right hand panel shows the total pressure of (2+1)-flavor QCD for several values of
µB/T .

LO NLO NNLO

LO NLO

ratios are unity 
in the HRG

µB > 0

µ̂B = µB/Twith

Bazavov et al. 2012

Chiral transition (cross over) Deconfinement (cross over)



Phases of QCD matter?

nB � nB̄Baryon chemical potential: tunes

La
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D

Neutron   stars

Quark-gluon plasma
Chiral symmetry restored

Extrapolate using 
QCD-like models

155 MeV



Phases of QCD matter?

nB � nB̄Baryon chemical potential: tunes

Quark-gluon plasma
Chiral symmetry restored
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Neutron   stars

1st order

Cross over

Focus on chiral transition!

155 MeV



Freeze-out curve

nB � nB̄Baryon chemical potential: tunes

Quark-gluon plasma
Chiral symmetry restored

155 MeV

Neutron   stars

Conditions @ transition should be reflected in observables

LHC RHIC NICA
FAIR



• Explore phase diagram using critical fluctuations 

• Fluctuations diverge @ critical point 

• Smooth cross over           derivatives help!  

Finding a smooth cross over?

Higher derivatives 
reveal criticality 

-1 -0.5 0 0.5 1

µ-µc
-1 -0.5 0 0.5 1

µ-µc

-1 -0.5 0 0.5 1

µ-µc
-1 -0.5 0 0.5 1

µ-µc

nB = @p/@µ @2p/@µ2

@3p/@µ3
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Measuring derivatives?
•   

•   

•   

•   

• Cumulants of baryon number fluctuations        
measure     derivatives              cross over transition!   

Z = Tr e�(Ê�µN̂B)/T

µ

hNBi =
1

Z
Tr N̂B e�(Ê�µN̂B)/T =

@

@µ/T
lnZ

p =
T

V
lnZ

�n
B = h(�NB)

ni � · · · =
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�NB = NB � hNBi



Fluctuations in H2O
• Specific heat near                                                       

critical point of H2O 

• Fluctuation of Entropy                                              
diverges at CP! 

• Fluctuations peaked                                                
at cross over trans. 

• Explore fluctuations to                                                            
localize continuous                                                                    
phase transitions   

Thermophysical Properties at Critical and Supercritical Conditions   
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Fig. 6d. Kinematic viscosity vs. Temperature: Water. 
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Cp = hS2i � hSi2



Where is the snag?
• Higher cumulants probe the tail of the distribution 

• Need high statistics both                                             
in experiment & theory 

• Experiments don’t measure                                           
neutrons  

• Finite size & time effects: no diverg.                                      
Need to understand all other                                   
(non-critical) sources of fluctuations! 

• Other complications: momentum space cuts,            
non-equilibrium effects …..

200 GeV corresponding to baryon chemical potentials (!B) between 200 and 20 MeV. Our measurements

of the products "#2 and S#, which can be related to theoretical calculations sensitive to baryon number

susceptibilities and long-range correlations, are constant as functions of collision centrality. We compare

these products with results from lattice QCD and various models without a critical point and study theffiffiffiffiffiffiffiffi
sNN

p
dependence of "#2. From the measurements at the three beam energies, we find no evidence for a

critical point in the QCD phase diagram for !B below 200 MeV.

DOI: 10.1103/PhysRevLett.105.022302 PACS numbers: 25.75.Gz, 12.38.Mh, 21.65.Qr

One of the major goals of the heavy-ion collision pro-
gram is to explore the QCD phase diagram [1]. Finite
temperature lattice QCD calculations [2] at baryon chemi-
cal potential !B ¼ 0 suggest a crossover above a critical
temperature ðTcÞ $ 170–190 MeV [3] from a system with
hadronic degrees of freedom to a system where the relevant
degrees of freedom are quarks and gluons. Several QCD-
based calculations (see, e.g., [4]) find the quark-hadron
phase transition to be first order at large !B. The point in
the QCD phase plane (T vs !B) where the first order phase
transition ends is the QCD critical point (CP) [5,6].
Attempts are being made to locate the CP both experimen-
tally and theoretically [7]. Current theoretical calculations
are highly uncertain about the location of the CP. Lattice
QCD calculations at finite!B face numerical challenges in
computing. The experimental plan is to vary the center of
mass energy (

ffiffiffiffiffiffiffiffi
sNN

p
) of heavy-ion collisions to scan the

phase plane [8] and, at each energy, search for signatures
of the CP that could survive the time evolution of the
system [9].

In a static, infinite medium, the correlation length ($)
diverges at the CP. $ is related to various moments of the
distributions of conserved quantities such as net baryons,
net charge, and net strangeness [10]. Typically variances
(#2 % hð!NÞ2i; !N ¼ N &M; M is the mean) of these
distributions are related to $ as #2 $ $2 [11]. Finite size
and time effects in heavy-ion collisions put constraints on
the values of $. A theoretical calculation suggests $ '
2–3 fm for heavy-ion collisions [12]. It was recently shown
that higher moments of distributions of conserved quanti-
ties, measuring deviations from a Gaussian, have a sensi-
tivity to CP fluctuations that is better than that of#2, due to
a stronger dependence on $ [13]. The numerators in skew-
ness (S ¼ hð!NÞ3i=#3) go as $4:5 and kurtosis (" ¼
½hð!NÞ4i=#4) & 3) go as $7. A crossing of the phase
boundary can manifest itself by a change of sign of S as
a function of energy density [13,14].

Lattice calculations and QCD-based models show that
moments of net-baryon distributions are related to baryon

number (!NB) susceptibilities (%B ¼ hð!NBÞ2i
VT ; V is the

volume) [15]. The product "#2, related to the ratio of

fourth order (%ð4Þ
B ) to second order (%ð2Þ

B ) susceptibilities,
shows a large deviation from unity near the CP [15].
Experimentally measuring event-by-event net-baryon
numbers is difficult. However, the net-proton multiplicity
(Np & N "p ¼ !Np) distribution is measurable. Theoretical

calculations have shown that !Np fluctuations reflect the
singularity of the charge and baryon number susceptibility
as expected at the CP [16]. Non-CP model calculations
(discussed later in the Letter) show that the inclusion of
other baryons does not add to the sensitivity of the observ-
able. This Letter reports the first measurement of higher
moments of the !Np distributions from Auþ Au colli-
sions to search for signatures of the CP.
The data presented in the Letter are obtained using the

time projection chamber (TPC) of the Solenoidal Tracker
at RHIC (STAR) [17]. The event-by-event proton (Np) and
antiproton (N "p) multiplicities are measured for Auþ Au
minimum bias events at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 19:6, 62.4, and 200 GeV
for collisions occurring within 30 cm of the TPC center
along the beam line. The numbers of events analyzed are
4+ 104, 5+ 106, and 8+ 106 for

ffiffiffiffiffiffiffiffi
sNN

p ¼ 19:6, 62.4, and
200 GeV, respectively. Centrality selection utilized the
uncorrected charged particle multiplicity within pseudo-
rapidity j&j< 0:5, measured by the TPC. For each central-
ity, the average numbers of participants (hNparti) are ob-
tained by Glauber model calculations. The !Np

measurements are carried out at midrapidity (jyj< 0:5)
in the range 0:4< pT < 0:8 GeV=c. Ionization energy
loss (dE=dx) of charged particles in the TPC was used to
identify the inclusive pð "pÞ [18]. To suppress the contami-
nation from secondary protons, we required each pð "pÞ
track to have a minimum pT of 0:4 GeV=c and a distance
of closest approach to the primary vertex of less than 1 cm
[18]. The pT range used includes approximately 35%–40%
of the total pþ "pmultiplicity at midrapidity. !Np was not
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FIG. 1 (color online). !Np multiplicity distribution in Auþ
Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV for various collision central-
ities at midrapidity (jyj< 0:5). The statistical errors are shown.
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Model calculation

Critical point
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Dependence on freeze-out line

Critical point
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STAR data on fluctuations

Nov. 2-6 17 / 29          Xiaofeng Luo,  EMMI Workshop 2015��GSI, Germany�

Net-proton as proxy for net-baryon. �

Ø  Non-monotonic trend is observed  
for the 0-5% most central Au+Au 
collisions. Dip structure is observed 
around 19.6 GeV.  
 
Ø  Separation and flipping for the  
results of 0-5% and 5-10% centrality 
are observed at 14.5 and 19.6 GeV. 
( Oscillation Pattern observed �) 

Ø  UrQMD (no CP) results show 
suppression at low energies& 
Consistent with the effects of baryon 
number conservation.�
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• Transport theory                                                           
(no criticality) yields                                             
only suppression! 

• Can enhancement at low                                           
energies be due to the                                                  
chiral critical point? 

• Are other cumulants                                       
consistent?
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Self consistent freeze-out
• Freeze-out line determined by fitting            to data 

• Yields good description of             and 

•  Enhancement of            not reproduced!
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FIG. 2. Cumulant ratios plotted on the line fitted to χ3
B/χ

1
B and µB/T data. On the left χ1

B/χ
2
B

(red) and χ3
B/χ

2
B (blue) are compared to preliminary STAR data[39, 55]. The curves follow the

experimental datapoints very well. On the right χ3
B/χ

1
B (red) and χ4

B/χ
2
B (blue) are compared.

It is again found that χ4
B/χ

2
B behaves the opposite way compared to the experimental data. The

differently dotted lines again correspond to different setups described in Appendix B.

limit will not be recovered for the cumulants and the results strongly contradict lattice

data. A further candidate to change the behavior of the χ4
B/χ

2
B data is the non-vanishing

vector-coupling. The effect of such an interaction is studied in the next subsection.

B. Effect of a nonzero vector coupling on the cumulant ratios

To study the influence of a non-zero vector coupling on the cumulant data we plotted the

cumulant ratios on the pseudo-critical line for different vector couplings. This is depicted

on Fig. 3. It is found that all cumulant ratios except χ1
B/χ

2
B decrease in absolute value

under the introduction of the vector-interaction. This can be understood the following way:

by introducing the vector interaction, the CEP is shifting to lower temperatures and higher

chemical potentials [58]. This has the consequence, that the region, where the cumulants

are enhanced, is pushed further away from the region in which we plot. This will in turn

mean, that the critical increase in the cumulants is suppressed. Since the increase is getting

stronger with increasing cumulant order, this suppression effect is getting stronger as well.

The effect of the vector interaction on the kurtosis is also showed on Fig. 4. It is clearly

visible that the valley, where χ4
B/χ

2
B is negative, is pushed to higher chemical potentials.
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limit will not be recovered for the cumulants and the results strongly contradict lattice

data. A further candidate to change the behavior of the χ4
B/χ

2
B data is the non-vanishing

vector-coupling. The effect of such an interaction is studied in the next subsection.

B. Effect of a nonzero vector coupling on the cumulant ratios

To study the influence of a non-zero vector coupling on the cumulant data we plotted the

cumulant ratios on the pseudo-critical line for different vector couplings. This is depicted

on Fig. 3. It is found that all cumulant ratios except χ1
B/χ

2
B decrease in absolute value

under the introduction of the vector-interaction. This can be understood the following way:

by introducing the vector interaction, the CEP is shifting to lower temperatures and higher

chemical potentials [58]. This has the consequence, that the region, where the cumulants

are enhanced, is pushed further away from the region in which we plot. This will in turn

mean, that the critical increase in the cumulants is suppressed. Since the increase is getting

stronger with increasing cumulant order, this suppression effect is getting stronger as well.

The effect of the vector interaction on the kurtosis is also showed on Fig. 4. It is clearly

visible that the valley, where χ4
B/χ

2
B is negative, is pushed to higher chemical potentials.
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Lattice extrapolation 
• Freeze-out line determined by fitting            to data 

• Yields good description of             and 

•  Enhancement of            not reproduced!
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limit will not be recovered for the cumulants and the results strongly contradict lattice

data. A further candidate to change the behavior of the χ4
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B data is the non-vanishing

vector-coupling. The effect of such an interaction is studied in the next subsection.
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on Fig. 3. It is found that all cumulant ratios except χ1
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B decrease in absolute value

under the introduction of the vector-interaction. This can be understood the following way:

by introducing the vector interaction, the CEP is shifting to lower temperatures and higher

chemical potentials [58]. This has the consequence, that the region, where the cumulants

are enhanced, is pushed further away from the region in which we plot. This will in turn

mean, that the critical increase in the cumulants is suppressed. Since the increase is getting

stronger with increasing cumulant order, this suppression effect is getting stronger as well.

The effect of the vector interaction on the kurtosis is also showed on Fig. 4. It is clearly

visible that the valley, where χ4
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B is negative, is pushed to higher chemical potentials.
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Figure 5. Skewness and kurtosis ratios of net proton-number fluctuations measured by the
STAR collaboration in transverse momentum intervals 0.4 GeV < pt > 0.8 GeV (left) and
0.4 GeV < pt > 2.0 GeV (right), respectively. Data are plotted versus the ratio of mean
(MP ) over variance (�2

P ) of the net proton-number distribution, which also is measured at
various beam energies. Curves show combined fits to the data for MP /�2

P < 0.9 or equivalentlyp
sNN  19.6 GeV/fm3. They are constraint by demanding SP�3/MP = P�2

P at MP /�2
P = 0.

in equilibrium thermodynamics of QCD. The ratios (i) are smaller than unity, (ii) they seem to
coincide in the limit µB ! 0, (iii) they have a negative slope with increasing µB and (iv) the
kurtosis ratio drops faster than the skewness ratio. In fact, a combined quadratic fit to these
ratios, performed for all data obtained at beam energies

p
sNN � 19.6 GeV/fm3 and imposing

the constraint rB,0
42 /rB,0

31 , yields for the ratio of slope parameters rB,f
42 /rB,f

31 ⇠ 4± 2, which is in
good agreement with the NLO QCD result shown in Fig. 4 (left). These fits are shown in Fig. 5.
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• Prospects for exploring the phase diagram of QCD 
in nuclear collisions with fluctuations  

• Low cumulants described by model/lattice 

•            cannot be reproduced in model  

• Numerous effects not yet understood: 
• Non-critical sources of fluctuations (e.g. volume) 
• Non-equilibrium effects? 
• Momentum cuts  
• Protons vs. baryons?

Summary

(n  3)
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