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Abstract. The region of large net-baryon densities in the QCD phase diagram is expected
to exhibit a first-order phase transition. Experimentally, its study will be one of the primary
objectives for the upcoming FAIR accelerator. We model the transition between quarks and
hadrons in a heavy-ion collision using a fluid which is coupled to the explicit dynamics of the
chiral order parameter and a dilaton field. This allows us to investigate signals stemming from
the nonequilibrium evolution during the expansion of the hot plasma. Special emphasis is put
on an event-by-event analysis of baryon number fluctuations which have long since been claimed
to be sensitive to a critical point.

1. Introduction
Although some aspects of the QCD phase structure have been revealed in the past years, still
many things are unknown and require more thorough investigation. Regarding the chiral and
deconfinement transition, we have learned from lattice QCD data that for small baryochemical
potentials, the transition from a hadron gas to a quark-gluon plasma is a smooth crossover
rather than a phase transition [1, 2]. A critical endpoint (CEP) and first-order phase transition
are expected from effective low-energy models [3, 4, 5, 6] and a Dyson-Schwinger approach [7],
though any irrefutable proof is still missing. Experimentally, the dip in the recent measurement
of directed flow as a function of beam energy by STAR [8] is sometimes argued to result from
the presence of a phase transition. The measurement of proton number fluctuations during the
beam energy scan program has revealed some non-monotonic behavior in higher moments such
as the kurtosis [9]. The idea hereby is that moments of fluctuations of conserved quantities are
sensitive to a CEP as they scale with some powers of the correlation length [10]. However,
these predictions rely on the assumption of thermodynamic equilibrium and to understand
the observables we need to develop models which are able to describe the full nonequilibrium
evolution of the hot and dense matter created in a heavy-ion collision. Effects like critical slowing
down near a CEP [11] and spinodal decomposition at a first-order phase transition [12, 13] might
influence the obtained signal. Our ansatz for such a model is to couple an ideal fluid of quarks
and gluons to the explicit propagation of the relevant order parameters and additionally take
into account friction and stochastic fluctuations [14]. We have shown that this model successfully
describes supercooling and critical slowing down [15, 16] as well as domain formation due to



spinodal dynamics [17]. The goal of this work is to estimate the impact of nonequilibrium effects
on an enhancement of net-baryon number fluctuations at a CEP and first-order phase transition
[18].

2. Nonequilibrium chiral fluid dynamics
We derive the coupled dynamics of order parameters and quark-gluon fluid from a linear sigma
model with dilatons [19]
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It describes the chiral dynamics of the light quarks q = (u, d) coupled to the condensate σ ∼ ⟨q̄q⟩
which melts at high temperatures, thus restoring chiral symmetry. Additionally, gluons are
incorporated with a constituent gluon field A whose mass is generated by the glueball condensate
⟨χ⟩ ∼ ⟨AµνA

µν⟩, the so-called dilaton field. The quark-meson coupling gq is fixed to a value of
3.37 to reproduce the vacuum nucleon mass. Fixing the mass of the sigma meson at 900 MeV
results in a phase diagram with a CEP at temperature TCEP = 89 MeV and quark chemical
potential µCEP = 329 MeV, with a first-order phase transition for larger chemical potentials.

The mean-field effective thermodynamic potential is given by

Veff = Ωqq̄ +ΩA + Uσ + Uχ +Ω0 , (3)

with the quark and gluon contributions

Ωqq̄ = −2NfNcT
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√
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√
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A denote the quasiparticle energies of constituent

quarks and gluons, respectively. Note that we use the quark chemical potential µ = µq. The
constant Ω0 is added to set the total energy in vacuum to zero. The pressure of the ideal
quark-gluon fluid is given by p = −Ωqq̄ − ΩA.

For the dynamics of the sigma field we adopt the result from [14] for our model, resulting
in a Langevin equation containing a dissipative term ησ(T )∂tσ due to the possible decay of a
sigma into a quark-antiquark pair and stochastic noise field ξσ resembling the back reaction of
the fluid

∂µ∂
µσ + ησ(T )∂tσ +

δVeff

δσ
= ξσ . (6)

Due to kinematic reasons, no dissipative processes from interactions between quarks and the
dilaton field are possible, therefore we use the classical Euler-Lagrange equation of motion for
the dynamics of χ,

∂µ∂
µχ+

δVeff

δχ
= 0 . (7)

Energy-momentum and net-baryon number are conserved through the equations
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µν = −∂µ
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σ + Tµν

χ

)
, (8)

∂µN
µ
q = 0 , (9)

which together with the equation of state from the mean-field pressure determine the evolution
of the fluid. As can be seen, we allow for a direct transfer of energy-momentum from the order
parameters to the quark-gluon fluid through the stochastic source terms Tσ and Tχ.
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Figure 1. Quark number susceptibility (a) and kurtosis (b) for a nonequilibrium first-order
phase transition at T = 40 MeV. Figure from [18].

3. Baryon number Fluctuations
Fluctuations of conserved quantities play an important role in identifying the location of a phase
transition. They can be studied on several levels. For effective models, we may calculate for
instance quark or baryon number susceptibilities according to the formula

cn =
∂n(p/T 4)

∂(µ/T )n
. (10)

as some derivative of the pressure with respect to the chemical potential. These coefficients are
usually finite and diverge only at a CEP, thus marking a clear signal for a critical structure.
However, as shown in [20, 18], divergences occur also at the spinodal lines of a first-order phase
transition if instabilities are taken into account. Fig. 1 shows the susceptibility and kurtosis
from the linear sigma model with dilatons for a constant temperature of T = 40 MeV as a
function of the net quark density. We see that both quantities diverge around the spinodal
points, with critical indices of 2/3 and 2, respectively. This result is in agreement with what has
been found for the NJL model in [20].

Given this, one may expect a clear enhancement of event-by-event fluctuations in experiment
not only for a CEP but also, and probably even stronger, for a first-order phase transition. Note
that the important aspect here is that the system is allowed to develop spinodal instabilities
after the formation of a supercooled phase. Only in nonequilibrium, enhanced fluctuations can
be observed for a first-order transition. We test this assumption by extracting fluctuations of the
net-baryon number from dynamical simulations of heavy-ion collisions using the nonequilibrium
chiral fluid dynamics model. For this purpose we begin with a spherical droplet of plasma,
defined by an initial temperature and chemical potential. We choose these values such that
the subsequent evolution proceeds through the desired region of the phase diagram, enabling
us to study a crossover, CEP and first-order phase transition. As the total baryon number is
conserved throughout the expansion of the hot and dense matter, we need to define some region
of acceptance, as we are not able to study fluctuations in a grand canonical ensemble as the
susceptibilities would indicate. We rather have to observe some appropriate part of the phase
space in the canonical ensemble. As shown in [21], ratios of cumulants significantly depend on
the ratio of measured to total baryons N/Ntot due to the overall conservation law, making the
choice of a suitable range of acceptance a delicate and nontrivial problem. We show results
for the variance and kurtosis as a function of time in Fig. 2. The baryon number within a



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  1  2  3  4  5  6  7  8

σ2

t (fm)

first-order
CEP

crossover

(a)

-0.2
-0.15
-0.1

-0.05
 0

 0.05
 0.1

 0.15
 0.2

 0.25
 0.3

 0.35

 0  1  2  3  4  5  6  7  8

κ

t (fm)

first-order
CEP

crossover

(b)

Figure 2. Variance (a) and kurtosis (b) of the net-baryon number from the fluid dynamical
evolution as a function of time. Figure from [18].

single event is calculated over all cells with rapidity |y| < 0.5 and transverse momentum density
100 MeV/fm3 < pT < 500 MeV/fm3. In the upper plot we see the variance clearly enhanced for
a CEP and even more for a first-order phase transition in comparison with a crossover scenario.
The same holds for the kurtosis as shown in the lower plot. We see that it also becomes negative
for both a CEP and a first-order phase transition.

We also see that the enhanced fluctuations vanish for larger times, so the signal gets washed
out in the hydrodynamic phase after passing the phase boundary. Therefore it is important to
consider a criterion for a freeze-out to determine if the fluctuations in the density get finally
imprinted in fluctuations of actual particle numbers as measured by a detector. We expect that
due to baryon number conservation the fluctuations remain present even after particlization and
final state interactions. However, this assumption has to be verified in the future.
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