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S HADRON SPECTRUM

Mostly excited statesl!]
~ |00 mesons & =50 baryons (****)

Key questions

¥ <“what is the pattern of these states?

&£ “how are they formed?”

o (Quark models
o functional methodsl4]

o Dynamical coupled-channel models

o Chiral EFTI3]

o [attice QCD

[ ] Particle Data Group (Workman et al.) see talk M. Bleicher
Talks: [2] C. Fischer; G. Eichmann [3] E. Epelbaum
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RSAL PARAMETERS

® pole positions on unphysical Riemann Sheets
® central quantity: transition amplitudesl!]
* S-matrix theory
o Unrtarity, Analyticrty, Crossing symmetry; ...
* Constrains

o Experiment
o CHPT
o [attice QCD

5 "7
1

[|] Review: MM/Meil3ner/Urbach " Towards a theory of hadron resonances™ Phys. Rept. 1001 (2023)
MAXIM MAI — ppSIS 100 Wuppertal (2024)




EXAMPLE |
MESON-BARYON RESONANCES
CHPT/UNITARITY/PHENOMENOLOGY

*  J.-X. Ly, L.-S. Geng, MM, M.Déring [Phys.Rev.Lett. 130 (2023) 7]
*  F-K Guo, Y. Kamyia, MM, Ulf-G. Meifdner [Phys.Lett.B 846 (2023) 138264 ]
*  D. Sadasivan et al. Front.Phys. 11 (2023) 1139236




B TRANSITION AMPLITUDE

Chiral unitary approachl!l Fattice QCD

® Chiral Perturbation Theory (#QCD#EFT) dictates the

- -
-----------------------
-

form of the Interaction at low energies T

® Unitary amplitude from the Bethe-Salpeter equation \
* kit free parameters to experimental data / LOQCD

* Record complex pole posritions

* Many states can be explained!!

N*(1535), N*(1650), A(1380), A(1405), ...

S-matrix theory

[ ] Weise/Kaiser/Meil3ner/Lutz/Oset/Oller/Ramos/Hyodo/Borasoy. .. >
[2] Kaiser/Siegel/Weise Phys.Lett.B 362 (1995) Lutz/Soyeur Nucl.Phys.A 773 (2006); MM et al. Phys.Lett.B 697 (201 1); ... MAXIM MAI — ppSIS 100 Wuppertal (2024)



BNUNPHYSICAL QUARK MASSES

0.00|
CHPT encodes quark mass dependence _
__ -0.05}
® SU(3) Iimit provides a simpler resonance structure % 1405
— - = ]330
* | singlet + 2 octet poles E —0.10:- - 1680
o [O/NLO “tracks” differl2] |
-0.15}
o0 Lattice QCD (‘o’) : o o o o :
- TX KN nA K=
1.3 1.4 1.5 1.6 1.7 18

Re W [GeV]

17 Jido et al. Nucl.Phys.A 725 (2003); Bruns/Cieply, SU(3) Nucl. Phys. A 1019 (2022);
2] Guo/Kamyia/MM/MeiBiner Phys.Lett.B 846 (2023) MAXIM MAI — ppSIS100 Wuppertal (2024)



IEUNPHYSICAL QUARK MASSES

CHPT encodes quark mass dependence N .
® Available Lattice spectrum — BaSc setupl3! r e
-0.01F : +
¢ Mﬂ. — 200 MGV _ _0_025_
> [
L O -0.03F |
* compare to prediction of UHPT = ® Latice QCD
— -0.041r
-0.053—
—0.065—
| 11.1’381 | 11.2101 | 11.2121 | 11.1441 | 11.216' | 11.218' ll
Re W [GeV]
[1] Jido et al NuclPhysA 725 (2003); Bruns/Cieply, SUG) Nucl. Phys. A 1019.2022); 7

[3] [BaSc] Bulava et al. 2307.10413;2307.1347/1 MAXIM MAI| — ppSIS100 Wuppertal (2024)



IEUNPHYSICAL QUARK MASSES

CHPT encodes quark mass dependence

: : 0.00:
® Avallable Lattice spectrum — BaSc setupll ;
~0.01F
® M]Z' — 200 M@V _0_025_ @ Lattice QCD
> : \O UCHPT
L. O, —0.03f | H 0O Lol
* compare to prediction of UHPT = — A Loo
—  _0.04f -
i L <> NLOI
—0.055 o 0O NLO2
—0.065
| 11.1381 | 11.2101 11.2121 11.1441 11.2161 | 11.2181 o
Re W [GeV]
[1] Jido etal NuclPhysA 725 (003) Bruns/Cieply, SUG) Nucl Phys. A 1019. 2022, 8

[3] [BaSc] Bulava et al. 2307.10413;2307.1347/1 MAXIM MAI| — ppSIS100 Wuppertal (2024)



BNUNPHYSICAL QUARK MASSES

CHPT encodes quark mass dependence

: : 0.00:
® Avallable Lattice spectrum — BaSc setupll ;
~0.01F
® M]Z' — 200 M@V _0_025_ @ Lattice QCD
%‘ : UCHPT
L O -0.03f | E 0O Lo
* compare to prediction of UHPT = A ton
= -0.04} _—
: N <> NLO1
® In progress: o0sf H O oz
—0.065—
. LQCD + UCHPT (+ EXPERIMENT?)... S
1.38 1.40 1.42 1.44 1.46 1.48
: Re W [GeV]
2. Hyperons: unified study of §=—-1,-2 - 3(&0,1,...7)
[1] Jido et al NuclPhysA 725 2003) Bruns/Cieply, SUG) Nucl. Phys. A 1019 2022 9

[3] [BaSc] Bulava et al. 2307.10413;2307.1347/1 MAXIM MAI| — ppSIS100 Wuppertal (2024)



EXAMPLE 2
THREE-HADRON STATES

D. Sadasivan et al. Phys.Rev.D 105 (2022) 5

MM et al. Phys.Rev.Lett. 127 (2021) 22

S. Severt, MM, Ulf-G.Meifdiner JHEP 04 (2023) 100
[JBW] MM et al. Eur.Phys.J.A 59 (2023) 12

ZoR S S



SHADRONIC 3-BODY PROBLEM

® Many known states have large 3-body content A(1620) I(J") = 3/2(1/27)} —
A(1600) I(J") = 3/2(3/2")t -
* Roper N(1440) N(1520) I(JT) = 1/2(3/27) 1 I
« X(3872) N(1440) I(J") = 1/2(1/2)F
Xc1(3872) I°(J7C) = 07 (17t ]
* a,(1260)... (1300) 19(JFC) = 17(07)} C—
® Beyond Standard Model searches (T-EDM/...) w782 U5 = 077y -
0 20 40 60 80 100
® Exotic states of mattert!! Relative decay ratio to 3—body states [%]
Ty ”

[2] Figure data Workman et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2022, 083C01 (2022) MAXIM MAI — ppSIS100 Wuppertal (2024)



SNTRANSITION AMPLITUDE

“Infinite Volume Unitarity” — IVU formalism
* [hree-body scattering amplitudel!.2]
* Express 3-body through 2+ system

* Input: C and K

* On-shell configurations fixed through Unitarity

[1] MM/Hu/Déring/Pilloni/Szczepaniak EurPhys).A 53 (2017)
[2] Related approaches: Hansen/Sharpe(2014)....;Wunderlich et al. JHEP 08 (2019); Jackura et al. EurPhys).C 79 (2019);

@:x(@: =©=+=©=)=<

RIOBON |

%b—Unitarity \

MAXIM MAI — ppSIS 100 Wuppertal (2024)




BN FINITE-VOLUME SPECTRUM

Lattice QCD: numerical access to QCD Green's fct.
Euclidean space-time / unphysical pion mass / finite-volume

“Finite Volume Unitarity” — FVU formalism

* On-shell particles “feel” the box-size

* [hree-body quantization condition

FVU

[ 1] LUscher, Gottlieb, Rummukainen, Feng, Li, Doring, Bricefio, Meil3ner, Rusetsky, Hansen, MM, Blanton, ... 13
Reviews: Briceno/Dudek/Young (2017) Rev.Mod.Phys. 90 (2018) 2 Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); MM/Doring/Rusetsky EurPhys.ST 230 (2021); MAXIM MA| opSIS 100 Wuppertal (2024)



INT — a,(1260)

INPUTI!]

TRANSITION AMPLITUDES OUTPUTI2]

0.25f
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[ 1] Schael [ALEPH] Phys.Rept. 421 (2005); Nucl.Phys.B 79; Phys.Rev.D /; [GWQCD] PRD94(2016) PRD98 (2018) PRD 100(2019)
[2] Sadasivan/MM/Doring/Alexandru/Culver/Lee Phys.Rev.D 101 (2020); MM/Culver/Sadasivan/Brett/Doring/Alexandru/Lee [GWQCD] PRL 127 (2021)
other phenomenological determinations: JPAC/....



INPUTI!]

150

100 [

50_

INT — a,(1260)

TRANSITION AMPLITUDES

nrr-spectrum

| | B
1 |
1 B .
2N 3.0 E/M,
nrr-spectrum
_ i EIM,
4.0 4.5

LATTICE QCD
[M_ = 315MeV]

[17 Schael [ALEPH] Phys.Rept. 42| (2005); Nucl.Phys.B 79; Phys.Rev.D 7: [GWQCD] PRD94(2016) PRD98 (2018) PRD 100(2019)
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013 [G8V2]
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o’ o0 4.'
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[2] Sadasivan/MM/Déring/Alexandru/Culver/Lee Phys.Rev.D 101 (2020); MM/Culver/Sadasivan/Brett/Doring/Alexandru/Lee [GWQCD] PRL 127 (2021)

|5




Simplified pilot studyl!]

* self-energy formalism from a particle-dimer Lagrangian

-----
’’’’’

+ ATy + +
. no particle-exchange diagrams T— — — — T—
Predict finite-volume spectrum for fixed parameters
Nr/An Nrn/No
* energy shifts very small st "’“"0-0--0-?-0.@_6_9_‘ e-@..o.g_ﬁf_@_e_g_e_
- 14F
* opposing effects of No and A channels — | |
8 3‘ o_o_o_.o__o_i_o._o._o._o.A ___________ _} __________ .
E‘ ) 2:_ O 0O 0O 0O 0Oo 0 0 0O
22 23 24 22 23 24
M, L M, L
115 Severt, MM UG Melfiner JHEP 04 2023) 100 6

[2] Lattice values (black dots) Lang et al. Phys.Rev.D 95 (2017) | MAXIM MAI — ppSIS100 Wuppertal (2024)



SN ROPER N¥(1440)

Global analysis (bird’s view)

® many experimental data & ongoing experiments

« @QMAMIQELSAQ)LAB,...

 yp—TN, TN, KA, ..

® |Ulich-Bonn-Washingtonl!21 DCC  jbw.phys.gwu.edu/

PRELIMINARY  ReA,,@Q3[10°Gev ™"
» Roper has very unusual Q* dependence: ZzN effect R L U L S AL B
100 N(1535) 1/2 _ N(1650) 1/2 N(1440) 1/2 _
* |n progress: transition form factorsl-] S0
OF
50EF
0

[17BW] MM et al. PhysRev.C 103 (2021) 6; Phys.Rev.C 106 (2022) 015201; EurPhysJ.A 59 (2023) 12 17

R A MAXIM MAI — ppSIS|00 Wuppertal (2024)


https://jbw.phys.gwu.edu/

SUMMARY

Synergetic approaches to universal parameters

® Chiral unitary models & LQCD

* deep Insights Into strangeness resonances

Outlook: unified scenarios across strangeness sectors [Hyperons]

® 3-body methodology has matured

— Bridge from lattice QCD to phenomenology of complex states

Outlook: Roper resonance

... helicity amplitudes

... 3-body dynamics

THANK YOU






SNTRANSITION AMPLITUDE

“Infinite Volume Unitarity” — IVU formalism
* [hree-body scattering amplitudel!2]

* Express 3-body through 2+ system

* Input: C and K /\

* On-shell configurations are fixed by Unitarity

“Finite Volume Unitarity” — FVU formalism

* [hree-body quantization condition

e Finite volume lattice QC

[I] MM et al. EurPhys).A 53 (2017);
[2] MM/Doring Eur.Phys.JA 53 (2017) 12, Phys.Rev.Lett. 122 (2019) 6
Related approaches: Hansen/Sharpe Phys.Rev.D 90 (2014) | I;Wunderlich et al. JHEP 08 (2019); Jackura et al. EurPhys.].C 79 (2019);Meng/Epelbaum JHEP 10 (2021) O51; ...

MAXIM MAI — ppSIS 100 Wuppertal (2024)



INPUTII]
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TRANSITION AMPLITUDES
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L] l ’

2.0

30 E/IM

Tt Spectrum
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LATTICE QCD
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FVU

[ 1] Schael [ALEPH] Phys.Rept. 421 (2005); Nucl.Phys.B 79; Phys.Rev.D 7; [GWQCD] PRD94(2016) PRD98 (2018) PRD [00(2019)
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[2] Sadasivan/MM/Déring/ Alexandru/Culver/Lee Phys.Rev.D 101 (2020); MM/Culver/Sadasivan/Brett/Doring/Alexandru/Lee [GWQCD] PRL 127 (2022)




THE ENIGMA OF THE
A(1405)

® Long history of experimental and theoretical effortsl']

® Second state predicted from UCHPT A(1380)

* no direct experimental verification

* confirmed by many critical tests

[1T MM EPJST 230 (2021) “Review of the A(1405) A curious case of a strangeness resonance’’;

NNLO UCHPT

Lattice QCD

Production
amplitudes

UCHPT

Baryon ChPT

ChPT

Quark model

THEORY

2023 Bulava et al. [LQCD]

2022 Sadasivan et al.
2022 Lu et al.

2019 Anisovich et al.

2018 Bayar et al.
2018 Revai et al.

2018 Sadasivan et al

2016 Cieply et al.
2015 Hall et al. (LQCD)

2014 Mai/MeiBBner
2013 Roca/Oset
2013 Guo/Oller

2012 Mai/MeiBBner
2012 lkeda/Hyodo/Weise

2002 Lutz, Kolomeitsev
2001 Oller/MeiBBner

1998 Oset/Ramos
1995 Kaiser et al.

1985 Veitand et al.

1978 Isgur Karl

1960 Dalitz/Tuan
1959 Dalitz/Tuan

Klong 20xx
SIDDHARTA2 20xx

AMADEUS 2022

AMADEUS 2018

CLAS 2015

HADES 2013
SIDDHARTA 2011

COSY 2008

Hemingway 1985

Rutherford Lab 1980s

LNL 1960s

Kaon beam
Kaonic Deuterium

K- absorption

in-flight capture on He4

Photoproduction

pp collisions

Kaonic Hydrogen

Sequential decays

Bubble chamber

EXPERIMENT



THE ENIGMA OF THE
A(1405)

-50

® [heory frontier: NNLO UCHPT determinationl!]

Im ‘V(*.\]_g [M(’V]

® Consistently two poles, but the second pole is less well
known o
* second pole below KbarlN thresholad

* line-shape only through yp—Km2 12 130

[T Lu/Geng/Doring/MM Phys.Rev.Lett. |30 (2023)
[2] [CLAS] Moriya et al (2013)

1340
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DL O
o
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\ 4
e
oV
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\ 4
1360 1380

Re ‘VC\IS [M(’ V]

1400

véo 4> P n

PD®C 0A >0

Mai:2014xna(2)
Mai:2014xna(4)
lkeda:2011pi
Sadasivan:2018jig
Guo:2012vv
Feijoo:2018den

Borasoy:2005ie
Oller:2000fj
Jido:2003cb
Morimatsu:2019wvk(B)
Morimatsu:2019wvk(C)
Oset:2001cn
Roca:2013av(1)
Roca:2013av(2)

Anisovich:2020lec(1)
Anisovich:2020lec(2)
Fernandez-Ramirez:2015tfa
Zhang:2013sva
Haidenbauer:2010ch

Cieply:2011nq
Revai:2019ipq
Hassanvand:2012dn
Shevchenko:2011ce
Shevchenko:2011ce



_0.10— v 1 | I 1 1
APPLICATION: a,(1260) . |
i e Pole prediction (Dispersive fit)
: 100:— _0'15__ o Pole prediction (no B)
» _ e Resampled pole positions
>0¢ = _0.20-_ 1 PDG average
£ JPAC2019
% [ Statistical confidence region
0_35% — _0.25:_ . #(; ' Systematic confidence region
g :1:' _0'30-_
® 1o dynamics dominates the 1-(1*) system o
0.00} T 13 140
® Integral equation solved Re Vs [GeV
* Helicity formalism
* complex momentum mapping — c+[ ¢ (B+C)
- 2n)3  2E
® Ttpo/mo/T(Tm), extended...

Data: Schael [ALEPH] Phys.Rept. 421 (2005); Nucl.Phys.B 79; Phys.Rev.D 7;
Pole extraction: Sadasivan/MM/Daéring/ Alexandru/Culver/Lee Phys.Rev.D 101 (2020)



3-BODY QUANTIZATION
CONDITION (FVU)

reminder

@ “Cl= )"
1 EIQRON |

® Finite-volume unitarity (FVUI!) / ab-Unitarty \
* heavily simplified: B\ N/ zl+$
o on-shell particle-configurations: AE~mL
o off-shell particle-configurations: AE~emt /
* Unitary 3-body amplitude separates these effects 0 = det lz I3F ( [Z;l _ 2) — B — Cl oD

* unknown volume independent quantities (K, C)

[I] MM/Déring Phys.Rev.Lett. 122 (2019) 6
Reviews: Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); MM/Doring/Rusetsky EurPhys).ST 230 (2021);



APPLICATION: a;(1260)

Input:
* /- and 3-body lattice results with multi-hadron
operators| | |
* Unphysical pion mass
Determine infinite-volume quantities

* Pole position of the a;(1260)123]

* Chiral trajectory

[T [GWQCD] PRD94(2016) PRD98 (2018) PRD 100(2019)
[2] MM/Culver/Sadasivan/Brett/Doring/Alexandru/Lee [GWQCD] PRL 127 (2022)

0 = det | 2L°F, (K;' = 34)-B = C |

FVU
Tt Spectrum
i : i
. -
1 1 ,
2.0 3.0 E/Mﬂ
Tt Spectrum
_ | EIM,
4.0 4.5

Im Vs [MeV]

—50}
—100}
—150}
—200}

_250L

PDG

1100
Re Vs [MeV]

1200

1300




CUTOFF DEPENDENCEI!]

Consider fixed C, K then increase hard cutoff

_2_ inwx,l — 2» imax,2 =3 _
EJ; _4_ A imax,l — 39 ima.\’,Z =4 _
® 3-body amplitude = genuine Integral equation L :
* spectator can carry arpbitrary momentum away o 8 8]
o !
- ~-10}
* cutoff required (form factors, hard cutoff,...) |
- 45 50 55 60 65 70
O — det [2L3E (K;l — Z)—B — C] p/p my L

* energy eigenvalues change slower than AE~emL

/85— \/Son + i€ * one-particle exchange falls off not rapidly enough

[ '] paper in preparation



CUTOFF DEPENDENCEI!]

Consider fixed C, K then increase hard cutoff

... over-subtract OPE

® 3-body amplitude = genuine Integral equation

. —5— im.ax,l — 29 im.a.x,Z =3 -

* spectator can carry arpbitrary momentum away 6k _:
T A imax,l — 33 imax,2 =4

* cutoff required (form factors, hard cutoff,...) Nhlf -t ';
- —8f f

0 = det [2L°E (K;' = £)-B - C|, ol _z

pPp = -9

o0 i i

= -10f :

1 S :
B(V/s) = 45 50 55 60 65 70

* energy eigenvalues change as Af~emL

[ '] paper in preparation



CUTOFF DEPENDENCEI!]

® 3-body amplitude = genuine Integral equation
* spectator can carry arpbitrary momentum away

* cutoff required (form factors, hard cutoff,...)

0 = det [2L°E (K1 = 2)-B = C|,,

[ ] paper in preparation

C [fit to Ep]

Consider fixed ground-state finite-volume level (Eo)
* change cutoff & refit C
* To/T(TT), repulsiv system

* C(A) shows cyclic bghaviourt?]

2 3

0
40l

20
o)
o

_20}+

—40+
8 9 1011121314 151617

[2] Bedague/Hammer/van Kolck, Phys. Rev. Lett. 82 (1999) 463; Bedague/Hammer/van Kolck, Nucl.Phys. A 646 (1999) 444



U-CHANNEL IN THE A(1405)

73(I = 0) KN(I = 0)
3 |
Z| O.OT AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA A
. . >m 0.2
® New insightsl!] from LOQCD [next talk] ° %\\]
* confirming two-pole scenario ﬂ
® Chiral extrapolations (through UCHPT)[ ' ' ' /Gy ' _'
7x(I = 0) KN = 0)
. 05| | '
* u-channel baryon exchange may complicate the
: - 0.0_— AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
picture (3-body) ) / |
| \
* sub-leading effect > s
I1I15I II I1I20I o I1I25I o I'I.I30I o I1i\35| o I’II40I o I’II45I III
Vs/GeV

[I] [BaSc] Bulava et al. 2307.10413;2307.1347|
[2] Guo/Kamyia/MM/Meif3ner Phys.Lett.B 846 (2023)
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Im[pole]/MeV
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Sadasivan
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KN)
nA)
\ |KE)

(1,8s,8,, 10, 10,27}

\ (
1
V40
/ \
(6 0 O
0O 3 0
O 0 3
.0 0 O
(3bo + Thp)m,
0
0
0
—3d, + 3d3 +d4
0
0
0

VI5 —v24 0 -1 /1) )
-vV10 -2 V20 -+6 || I8)
-V5 —-v8 0 3v3 || I8) |
vio 2 2v5 6 J\I27) )
0 )
0 /
0 for a,B€{l,8,8,27}.
-2 )
0 0 0 \
2(6bo + bp)ym,  —\20bpm, 0
—~V20brm,  2(2by + 3bp)m, 0
0 0 4(by + bp)m,, )
0 0 0 \
L(=3dy + ds + 2d3) ~ Y4, 0
-¥y, 1(9d, — ds +2dy) 0
0 0 1(2d, +ds + 2dy)

NLO breaks accidental octet symmetry



RESULTS

W = 1230 MeV
Re M?? [mfm] | *°F
60

40l

20}

Im Mf’f [mfm]

of

Delta(1232):

® Large multipoles well determinead

® simple Q4 dependence

[JBW] MM et al. Phys.Rev.C 103 (2021) &; Phys.Rev.C 106 (2022) 01520




HADRONIC 3-BODY
PROBLEM: IMPACT B N |

| Intricate kinematics/dynamics

® 8 variables

® 2-body sub-channel dynamics

Hadron spectroscopy riddles

® Beyond Standard Model: T-EDM
® Roper(1440) = N [first FV evaluations']

® X(3872) = DbarDmr

e /T_(:(-ll,"_]_)

® 21(1260) = wnw

r— - - - .- T (qy) '

® ..

® Precision physics: rare hadronic W-decays?

1) Severt/MM/MeiB3ner JHEPO4(2023) >>> PHD talk on Friday '
2) Sierfnyan et al.e[CMeS@CERN] PRLI22 ® Exotic states of matter?

3) Experimental programs: GlueX@JLAB; COMPASS@CERN;




LATTICE HADRON
SPECTROSCOPY

® Experimentally inaccessible scenarios:

* Unconventional quantum numbers

* Three-body scattering o\

2_

* Unphysical pion mass (chiral trajectories-)oz-

' Ipclot 500‘ [GeV]

":65\

MM/Culver/Brett/Alexandru/Doring/Lee Phys.Rev.D 100 (2019)
Review: MM/Doring/Rusetsky EP] ST (2021)



HADRONS IN A

-\\\boundal;y

iti \discretized
/conditions /

momenta

X 27/L Ip/ N\ & A unitary "TFmatrix"

accounts for all O(mL)

@) Heavily simplified: |
| >/ p effeCtS!

on-shell particle-configurations: AE~mL

off-shell particle-configurations: AE~e"mk

1) Luscher, Gottlieb, Rummukainen, Feng, Li, Doring, Bricefo, Meil3ner, Rusetsky, Hansen, MM, Blanton, ...
2) Reviews: Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); MM/Doring/Rusetsky Eur.Phys.).ST 230 (2021);



3-BODY QUANTISATION

@ “Cl= )"

| EOROn |

E ;Z z_l+=:z}

Finite-volume unitarity (FVYU)!.2 e
® separates volume dependent terms
® volume independent terms connect infinrte/finite- 0 = det l2L3E (K_l _ 2)_3 _ Cl ,

n PP

volume spectra

1) Luscher, Gottlieb, Rummukainen, Feng, Li, Doring, Bricefo, Meil3ner, Rusetsky, Hansen, MM, Blanton, ...
2) Reviews: Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); MM/Doring/Rusetsky Eur.Phys.).ST 230 (2021);



“"Heavier Universe"

[GWQCD] (2019) [GWQCD] Phys.Rev.Lett. 127

3.0:-
25! o

_ 200

St [rad

L0} :

05, /
0.0=—""

1

1111111111111111111111

42 44 46 48

Vs [my]
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HADRONS IN A

Finite-volume spectrum is real and discrete!

.. requires mapping: Quantization condition!2
&) Heavily simplified:
on-shell particle-configurations: AE~mL

off-shell particle-configurations: AE~emt

& A unitary "T-matrix" accounts for all O(mL) effects!

1) LUscher, Gottlieb, Rummukainen, Feng, Li, Doring, Briceno, Meil3ner, Rusetsky, Hansen, MM, Blanton, ...
2) Reviews: Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); MM/Déring/Rusetsky EurPhys).ST 230
(2021);




1.0

1.0

Im

o

o

1k

01
3.0

4.0

0.0



Current frontier: 3-body dynamics from LQCD

?e  ESRNRIE WM 1

= 3-body Quantization Conditions! 0 = det (L3 (F/g F(K;'+F+ G) 1F)

w RFT/ FVU / NREFT

many perturbatively interacting systems are 0 — det ( Bo n Co By (KY/(32m) + 51)) oy,
studied?
| | | | 3-body force e 2-pody interaction
|) Rusetsky, Bedaque, Griel3hammer, Sharpe, Meif3ner, Doring, Hansen, Davoudi, Guo....
Reviews: |
Hansen/Sharpe Ann.Rev.Nucl.Part.5ci. 69 (2019); === __One-particle exchange e 2-bOdy Self'energy

MM/Daoring/Rusetsky EurPhys).ST 230 (2021);
2) MM/Déring PRLI22(2019); Blanton et al. PRL 124 (2020); Hansen et al. PRL 126 (2021); ...



AVOIDED LEVEL CROS!

g “ a 0 oma co c1 mi o ]
FVU || —0.1512(9) (| 3.0220(1)  —0.0188(35) - - - _
. | RFT || —0.1522(12) - - - 3.0232(2)  31.6(8.4) -
FVU || —0.1569(12) [ 3.0233(2)  —0.0297(57)  2.29(38) — — —
RFT || —0.1571(10) : - - - 3.0237(2)  37.6(9.0)  2789(540) ||
FVU ', _0.1521(11) | 3.0205(2)  —0.0475(66) _ - - _
o | RET | —0.1531(13) w - - - 3.0212(3)  80(14) -
- . FVU || —0.1549(16) [§ 3.0205(2)  —0.0595(99)  0.93(41) _ _ _
Variate g(§0|—>§0o§0o§0o) COUP|Iﬂg. RFT || —0.1563(27) (I — - - 3.0213(3)  97(16)  1773(980)
FVU § -0.1444(11) | 30184(2) —0.1136(77) -~ - - -
| | | b0 | RET § —0.1450017) [ - - 3.0199(2)  178(17) -
e volided |level Crossing becomes wider FVU || ~0.1464(14) 30183(2) ~0.1363(148)  0.84(39) - - -
RFT |} —0.1484(16) |} - - 3.0200(2)  210(23)  2227(600) |!
| £
—
e RFI and FVU =
1 Co
q* coto = C —_ Cl
CZMO Eg — m12

. same fit quality

>‘< >‘< ... Observables determined consistently



Pole positions
 FVU: complex energy-plane analysis’
-- resonance width grows ~ g2

-- avoided level crossing gap >> width
o Similarly from RFT with Breit-Wigner like

approximation

1) Sadasivan/MM/.. Phys.Rev.D 101 (2020)
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