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One channel scattering

1 Im k1
> S(k) = Sy = €28, |S(k)| = 1 ° °
> D(—k) = (—k — k) fe X,
> D(k) = (k — k)
> But |S(k)| # 1so x %
> D(—k) = (—k — kj)(—k + k") P P
> D(k) = (k- K)(k + k")
» then |S(k)| =1
» andd=(—a—B+v+w)/2

—Imk;
angle = ArcTan( ;— Ref(,‘ )

Phases (degs)




Pion electromagnetic form factor in the P wave

Parameter PDG MeV G.S. MeV U&A MeV
m, 775.26 £ 0.25 774.81 £ 0.01 763.88 + 0.04
my 1465.00 + 25.00 | 1497.70 £1.07 | 1326.35 + 3.46
my 1720.00 + 20.00 | 1848.40 +0.09 | 1770.54 £ 5.49
I, 149.10 £ 0.80 149.22 £+ 0.01 144.28 £+ 0.01
My 400.00 + 60.00 442,15+ 0.54 | 324.13 £ 12.01
P 250.00 £ 100.00 | 322.48 +0.69 | 268.98 & 11.40

X2 pdf 0.98 1.84
14 param. 11 param.

(G.S. - Gounaris-Sakurai form factor)
(U& A - unitary and analytic model)
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One channel with more than one resonances

Adding resonances (for simplicity two resonances, both with S = &2/%):

> [sobar model: adding amplitudes (even unitary ones) violates unitarity:

T172 = T1 + T2 = 812;1 =+ 83;1 — S1 -+ 32 = 92151 + 62i52
of course |S; + Sz| # 1,

> Product of S matrices: |S1Sz| = 1 in elastic case and |S; Sp| < 1 in inelastic
case (S = ne?9)
_ (Ck—k)(—k+k{ ) (—k—ko)(—k+k3)
For example Sy » = (k7k1)(k+k:*)(k—k2)(k+k2*) 2

Sy p—1
Of course Ty p = =120

> Sum of K matrices: S =14 2iT = (1 + iK)/(1 — iK) does noit violate unitarity,

_ 1 Ki+K
for example Ty > = Eﬁ



More channels: k, = i\/k12 +mZ — mj

(Im(ky), Im(k2)): (+,4), (-,+) ... 1 pole — 2("=1) poles (n-number of channels)

Im E




Multiplication and displacement of S matrix poles

» Multiplication:
1 pole — 2"~ poles due to (+k)? ambiguity and
2" Riemann sheets

» Displacement:

_ Di(—Kk1)Ds(k2)
Syt = W <— for decoupled channels

S— Dy(—k1)Da(ko)+C(—ki,k2)

B (k) Dol k) T O ) +— for coupled channels




Example for two channels: J/ = SO wave

Pole | ReEpoe MeV | ImEpoe MeV R. sheet
1 639.6 -323.9 (= =)
1 511.4 -230.6 (=)
2 982.0 -36.9 (=, 4+): 1
2 432.4 -8.4 (=,=):
3 1431.7 -79.3 (—,—):
3 1394.9 -120.6 (= +): 1l

Im(z)
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2" Riemann sheets for n channels

channel c=0 Cc=1 sign sheet
ReE ImE ReE ImE Imkx , Imky, Imks
564 | -279 R Vi
518 | -261 — 4+, + Il |k f(500)
e 658 | -607 | 211 0 -4, = Vil
532 | -315 — =+ Il
235 0 +,+,— Vil
1405 | -74 I VI | £(1370)
e 1346 | -275 | 1445 | -116 -+, + I
1424 | -94 — 4, = Vil
1456 | -47 - =+ N | f(1500)
170 0 +, -, - v
159 0 S VI
KK 881 -498 | 418 -10 ,— + Il
1038 | -204 vt — Vil
988 -31 — +,+ I (980)
4741 | -4688 ., Vi
3687 | -2875 ,+, Vil
oo 118 | -2227 | 3626 | -3456 +,— = %
3533 | -579 +,+,— VIl




Dispersion relations with imposed crossing symmetry
condition for 7r7r interactions theory <— experiment

™ T
crossing symmetry: S>>< — Ts(s, t) = Cq Ti(t, 5)
|
t
T "
T(s, t) + crossing symmetry — dispersion relations for 4m2 < s < ~ (1150 MeV)?
Im(s)
Once subtracted DR:
Re F(s,t) = ReF(sp,t)+ >0
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Dispersion relations with imposed crossing symmetry
condition for 7r7r interactions theory <— experiment

™ T

crossing symmetry: S>>< — 7_';(5, t) = éstft(t, s)
I
t

™ T

T(s, t) + crossing symmetry — dispersion relations for 4m2 < s < ~ (1150 MeV)?

Once subtracted dispersion relations ("GKPY" for the S and P waves):

Re té(OUT)(s) C”' ’+ Z Z ][ dSIKZZ/(S’ s')Im t,_f/“N)

=0¢'=0

(s")

2
ame

ag - subtraction constant = Ts(s = 4m2, t = 0) - scattering lengths from only S wave

due to Re t!(k) = k2‘(a), + b}Kk2 + O(k*)) Re t°YT(s) = Re /™ (s) - 0




GKPY equations and == amplitudes
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GKPY equations and == amplitudes

partial waves: J/

experiment + theory (GKPY)
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Experimental data for the =7 in the SO wave (JI)

In PWA (CERN-Munich group’74) A(s, t) ~ Cos(fs — 0p)
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precise determination of £(500) (¢) meson and

threshold parameters
16(500) (o)

> PDG 2010:
M = 400 — 1200 MeV -100
I =2 x (250 — 500) MeV

> PDG 2012:

M = 400 — 550 MeV =200

I =2 x (200 — 350) MeV

> GKPY:
E, = 457 + 14 — i279+11 MeV

|
(]
(=
o

-400

Im(E)) (MeV)

threshold parameters, e.g. agz

> ChPT + Roy egs (Bern group): —-500
0.220 + 0.005 m; '

> GKPY:
0.220 + 0.008 m; '
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what forces GKPY eqs to pull up-left the sigma pole?
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Two things: trigonometry and crossing symmetry

algebra lead to narrower and lighter o.
Modified == amplitude with o pole PRD 90, 116005 (2014) P. Bydzovsky, 1, R.
Kaminski, V. Nazari

Nothing more and nothing instead of it is needed.
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Resonance near the threshold

Flatté (1976):
Mg~/Tol;
A AV_0 i=1,2.

"M EZ ZiMp(Ty + 1)

THREE free parameters: Mg, ¢, 5.

Lesniak (2008):

1
To=T—"""-3
Y —iko+ 3 RKE
where 1 1 2i
A=—i(—+ ), R=_—"—.
Z4 p) Z1 + 2o

FOUR free parameters: zy and z, - zeroes of the Sy matrix element

Flatte approach: InR =0 (= Rez; = —Rez)




For ay(980)

L. Le$niak, AIP Conf.Proc. 1030 (2008) 238
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step two in testing the amplitude using dispersion
relations:

The pion-kaon scattering amplitude constrained with forward dispersion relations up to
1.6 GeV

J.R. Pelaez and A.Rodas (2016)

K=, KK channels (problem of K*(800) (or x))
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step two in testing the amplitude using dispersion
relations:

EPJ Web of Conferences 212, 03003 (2019) https://doi.org/10.1051/epjconf/201921203003
PhiPsi 2019
i i i T T T
7 Etkinetal.
8ok Bl ! Birdetal
A0 ~ Baubillier et al.
— Aston et al.
s = Boito et al.
a0k | ~—— | @ Final result
= 20k o 4
— ink et al 2 -1
= v Leesetal Z.160f T 1
60 © Ablikimetal. | 4 &
T “ Aitala et al. =
Aston et al 200 4
O Barberis et al.
Bonvicini et l. ol ]
200 v Anisovichetal.| —_—y
.
® Zhouetal 280+ ]
@ Final result
| | n
- 1400 1440 1480 1
(MeV)
40 1
Chung et al.
Cleland et al
Etkin et al.
o0 4~ Baldictal.
- > ston et al
3 e Final result 1
2 > Aguilaretal <
:* @ Aubertetal £
T Cords et al. T
sob & Davis etal.
<~ Hendrickx et al. 120 R
! McCubbin et al.
“ Baubillier et al.
Estabrooks et al.
® Final result
| | . . .
R T E o T e w0 e w0 020
M (MeV) M (MeV)

Figure 1. Pole positions of the K;(1430) (top-left), Kj(1410) (top-right), K3(1430) (bottom-left),
K;(1780) (bottom-right) extracted from data fits constrained with Forward Dispersion Relations and
using sequences of Padé approximants for the analytic continuation to the complex plane. Also shown
are the poles listed in the RPP (see [1] for references). The figures and our “final result" come from [5].



within the uncertainties of the “Dispersive” one. Next we have obtained constrained fits to data
(CFD) consistent with FDRs up to 1.6 GeV, see the bottom panels in Fig.1.

In Fig.2 we show the comparison of the UDF with the CDF for the S-wave, which is the most
interesting one. The change is not very large, except at high energies, where it seems to prefer one
data set over the other (see [17] for details and references).
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Figure 1: Comparison between the input and the dispersive result for the 7 (left) and 7~ (right) FDRs
when using the UFD (top) or the CFD (bottom). The CFD set is consistent within-errors ap to 1.6 GeV.



Latest analysis (Cracow 2023)

Fit to data and to dispersion relations (GKPY equations):

7w, wm, pp channels in the P-wave
(problem p(1250) — p(1450))
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Latest analysis (Cracow 2023)
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Latest analysis (Cracow 2023)
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Figure 6.1: A series of three-dimensional distributions of the Jost function for various man-
ually inserted pole masses on the (—, —, +) Riemann sheet, up to 1550 MeV. Each mass is
accompanied by distributions on three Riemann sheets: (—, —,+), (—, —, —), and (+, —, +).



Latest analysis (Cracow 2023)
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We are ready for common works .... Thanks!




