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Nucleon-Nucleon forces
Phenomenological	
  descrip_on	
  by	
  Meson-­‐exchange

H.	
  Yukawa	
  (1935)

Boson-­‐Exchange	
  Models	
  as	
  basis	
  for	
  NN-­‐force

Highly	
  sophis_cated	
  	
  phen.	
  NN	
  poten_als

Excellent	
  descrip_on	
  of	
  many	
  experimental	
  data

Connec_on	
  to	
  QCD	
  is	
  unclear

QCD	
  Interpreta_on	
  of	
  NN	
  forces Chiral	
  EFT	
  Interpreta_on	
  of	
  NN	
  forces

NN	
  force	
  as	
  residual	
  strong	
  
interac_on	
  between	
  hadrons	
  	
  

At	
  low	
  energies	
  NN	
  force	
  dominated	
  by
Goldstone	
  Boson	
  dynamics	
  +	
  short	
  range	
  int.

Underlying	
  QCD	
  symmetries	
  implemented
by	
  construc_on

Systema_c	
  perturba_ve	
  descrip_on
of	
  few	
  nucleon	
  poten_als	
  

Model	
  independent	
  treatment

N

N

N

N



ChPT and low energy QCD
Spontaneous	
  +	
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  (by	
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  Goldstone	
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Chiral	
  Perturba_on	
  theory	
  (ChPT)
Expansion	
  in	
  small	
  momenta	
  and	
  masses	
  of	
  Goldstone	
  bosons

q � Λχ � 1GeV
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  bound	
  states

V V NN	
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  Construct	
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  poten_al	
  perturba_vely

V …

	
  	
  	
  	
  Solve	
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Weinberg’s scheme for NN
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  363:	
  3	
  (1991)
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LO:

NLO:
renormalization of  1π-exchange renormalization of  contact terms7 LECs leading 2π-exchange

2 LECs

N2LO: subleading 2π-exchangerenormalization of  1π-exchange

N3LO:

sub-subleading 2π-exchange 3π-exchange (small)

15 LECs renormalization of  contact termsrenormalization of  1π-exchange

+ 1/m and isospin-breaking corrections…

V2N	
  =	
  V2N	
  	
  +V2N	
  +	
  V2N	
  +	
  V2N	
  +	
  … Chiral expansion for the 2N force: (0) (2) (3) (4)

Nucleon-nucleon force up to N3LO
Ordonez et al. ’94; Friar & Coon ’94; Kaiser et al. ’97; Epelbaum et al. ’98,‘03; Kaiser ’99-’01; Higa et al. ’03; …



Neutron-proton phase shifts up to N3LO

dσ/dΩ  [mb/sr]

Ay N2LO	
  
N3LO 
PWA

np scattering at 50 MeV

NLO
N2LO

N3LO

Deuteron binding energy & asymptotic normalizations As and ηd

Entem & Machleidt ‘03; Epelbaum, Glöckle & Meißner ‘05



Three-nucleon forces
Three-­‐nucleon	
  forces	
  in	
  chiral	
  EFT	
  start	
  to	
  contribute	
  at	
  NNLO

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  from	
  the	
  fit	
  to	
  	
  	
  	
  	
  	
  	
  	
  -­‐sca;ering	
  data

	
  	
  	
  ,	
  	
  	
  	
  	
  from	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  binding	
  energy	
  +
	
  	
  	
  	
  	
  	
  	
  	
  coherent	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  sca;ering	
  lengthc1,3,4

1

c1,3,4

1

πN

1

3
H,4He,10B

1

nd

1

LECs	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  incorporate	
  short-­‐range	
  contr.

ρ, σ,ω

1

Resonance	
  satura_on
interpreta_on	
  of	
  LECs

ρ, σ,ω

1

π

1

Delta	
  contribu_ons	
  encoded	
  in	
  LECs

Delta-­‐resonance	
  satura_on
Enlargement	
  due	
  to
	
  Delta	
  contribu_on	
  

(Bernard, Kaiser & Meißner ’97)
∼ hA

1

c2,3,4

1

c3 = −2c4 = c3(∆/)−
4h2

A

9∆

1

π

1

(U. van Kolck ´94; Epelbaum et al. ´02; Nogga et al. ´05; Navratil et al. ´07)



Nd elastic scattering
Cross section & vector analyzing power

Polarization transfer coefficients
Witała et al., PRC 73 (2006) 044004

EN=22.7	
  MeV

EN=10	
  MeV

EN=65	
  MeV

Deuteron break-up
SCRE configuration at Ed=19 MeV

E.pelbaum, PPNP 57 (2006) 654 Ley et al., PRC 73 (2006) 064001

Promising	
  NNLO	
  results	
  for	
  
Nd	
  elas_c	
  sca;ering	
  

Generally	
  good	
  descrip_on	
  of	
  break-­‐up	
  
observables	
  except	
  for	
  SCRE/SST	
  break-­‐up	
  
configura_on	
  at	
  low	
  energy

Hope	
  for	
  improvement	
  at	
  N3LO
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Three-nucleon forces
Three-­‐nucleon	
  forces	
  at	
  N3LO

Rich	
  isospin-­‐spin-­‐orbit	
  structure

Long	
  range	
  contribu_ons

No	
  addi_onal	
  free	
  parameters

Expressed	
  in	
  terms	
  of

Δ(1232)-­‐contr.	
  are	
  important

Large

Bernard, Epelbaum, H.K., Meißner ´08; Ishikawa, Robilotta ´07

gA, Fπ,Mπ

1

ci ∼

1

Shorter	
  range	
  contribu_ons

LECs	
  needed	
  for	
  shorter	
  range	
  contr.

Central	
  NN	
  contact	
  interac_on	
  
does	
  not	
  contribute

	
  Unique	
  expressions	
  in	
  the	
  sta_c
	
  limit	
  for	
  a	
  renormalizable	
  3NF

gA, Fπ,Mπ, CT

1

Bernard, Epelbaum, H.K., Meißner ´11
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Three-nucleon forces
Three-­‐nucleon	
  forces	
  at	
  N4LO

Two	
  pion	
  exchange	
  part Epelbaum, Gasparyan, H.K.,´12

(4)

(8) (9)

(3) (5) (6) (7)(1) (2)

(11)(10) (13)

(15) (18) (19) (20) (21)(16) (17)

(12) (14)

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

1

´s	
  LECs	
  from	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  	
  ´s	
  LECs	
  from	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  ´s	
  LECs	
  from	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  fi;ed	
  to	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  sca;ering	
  data	
  	
  	
  	
  di

1

L(3)
πN

1

πN

1

ci

1

L(2)
πN

1

L(4)
πN

1

ei

1

ei

1

di

1

ci

1

1/m

1
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Two-pion-exchange at N4LO

4

III. THE TWO-PION EXCHANGE 3NF

The 2π-exchange topology yields the longest-range contribution to the 3NF. In the isospin and static limits, its
general structure in momentum space has the following form (modulo terms of a shorter range such as e.g. the ones
corresponding to the (b)-topology):

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�
, (3.3)

where �σi denote the Pauli spin matrices for the nucleon i and �qi = �pi � − �pi, with �pi � and �pi being the final and initial
momenta of the nucleon i. Here and in what follows, we use the notation: qi ≡ |�qi|. The quantities A and B in
Eq. (3.3) are scalar functions of momentum transfer of the individual nucleons whose explicite form is derived within
the chiral expansion. Unless stated otherwise, the expressions for the 3NF results are always given for a particular
choice of the nucleon labels. The full result can then be found by taking into account all possible permutations of the
nucleons

V full
3N = V3N + 5 permutations . (3.4)

A. N2LO and N3LO contributions

We now discuss the first two terms in the chiral expansion of the functions A(q2) and B(q2). The leading contributions
emerge at next-to-next-to-leading order (N2LO) Q32 have the form [7, 8]

A(3)(q2) =
g2A
8F 4

π

�
(2c3 − 4c1)M

2
π + c3q

2
2

�
, B(3)(q2) =

g2Ac4
8F 4

π

, (3.5)

where gA, Fπ and Mπ refer to the physical values of the nucleon axial vector coupling, pion decay constant and pion
mass, respectively, while the first corrections read [? ? ]:

A(4)(q2) =
g4A

256πF 6
π

�
A(q2)

�
2M4

π + 5M2
πq

2
2 + 2q42

�
+
�
4g2A + 1

�
M3

π + 2
�
g2A + 1

�
Mπq

2
2

�
,

B(4)(q2) = − g4A
256πF 6

π

�
A(q2)

�
4M2

π + q22
�
+ (2g2A + 1)Mπ

�
, (3.6)

where the loop function A(q) is defined according to:

A(q) =
1

2q
arctan

q

2Mπ
. (3.7)

Notice that the leading loop contributions to the 2π-exchange topology do not contain logarithmic ultraviolet diver-

gences and, as explained in Ref. [? ], turn out to be independent from the LECs di entering L(3)
πN . At both N2LO and

N3LO, all the relevant LECs in the effective Lagrangian entering the expressions for the 3NF – including gA and Fπ

– can be simply replaced by their physical values.

It is important to emphasize that we are using here a slightly different notation as compared to Eq. (2.9) of Ref. [?
]. Specifically, in order to avoid the issue of non-uniqueness of a decomposition into the 2π, 2π-1π and shorter-range
contributions we get rid of all terms in Eq. (3.6) which are proportional to q21 and q23 . More precisely, using the identity
q21,3 = (q21,3 + M2

π) − M2
π and cancelling the inverse pion propagator with the corresponding one in Eq. (3.3), each

q21,3 in the numerator gets replaced by −M2
π modulo some additional contributions to the one-pion-exchange-contact

(1π− cont) and the purely short-range contact interactions Vcont. The latter terms only shift the low-energy constant

2
Here and in what follows, the orders refer to the chiral expansion of the nuclear Hamiltonian with the leading contribution to the

two-nucleon force appearing at order Q0
.

7

−2�19 + �22 + �36 = −2c1 +
5

24
c2 −

3

4
c3 ,

−2�21 + �37 = −2

3
c4 − 3g2Ac4 ,

�22 − 4�38 = −3c1 +
1

4
c2 +

3

4
c3 . (3.12)

Expressing the N4LO contribution to the 3NF in terms of renormalized LECs using the above relations leads to finite
matrix elements provided the constants α9,10,11 are chosen as follows:

α10 = −1

4
(1− 2α9), α11 =

1

4
(1− 2α9). (3.13)

The parameter α9 remains unfixed. The 3NF, however, does not depend on α9, explicitely. This leads to an unam-

biguous result for the 3NF at this order. Interestingly, we observe that the 1/m contributions to V (5)
2π sum up to zero.

The final, renormalized result for the quantities A and B in Eq. (3.3) has the form:

A(5)(q2) =
gA

4608π2F 6
π

�
M2

πq
2
2

�
F 2
π

�
2304π2gA(4ē14 + 2ē19 − ē22 − ē36)− 2304π2d̄18c3

�

+ gA(144c1 − 53c2 − 90c3)
�
+M4

π

�
F 2
π

�
4608π2d̄18(2c1 − c3) + 4608π2gA(2ē14 + 2ē19 − ē36 − 4ē38)

�

+ gA
�
72

�
64π2 l̄3 + 1

�
c1 − 24c2 − 36c3

��
+ q42

�
2304π2ē14F

2
πgA − 2gA(5c2 + 18c3)

� �

− g2A
768π2F 6

π

L(q2)
�
M2

π + 2q22
� �

4M2
π(6c1 − c2 − 3c3) + q22(−c2 − 6c3)

�

B(5)(q2) = − gA
2304π2F 6

π

�
M2

π

�
F 2
π

�
1152π2d̄18c4 − 1152π2gA(2ē17 + 2ē21 − ē37)

�
+ 108g3Ac4 + 24gAc4

�

+ q22
�
5gAc4 − 1152π2ē17F

2
πgA

� �
+

g2Ac4
384π2F 6

π

L(q2)
�
4M2

π + q22
�

(3.14)

where the loop function L(q) is defined according to

L(q) =

�
q2 + 4M2

π

q
log

�
q2 + 4M2

π + q

2Mπ
. (3.15)

IV. PION-NUCLEON SCATTERING AT ORDER Q4

Chiral expansion of the 2π-exchange 3NF up to N4LO discussed in the previous sections depends on a number of
low-energy constants. Here and in what follows, we use the values4

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (4.16)

Further, for the LEC l̄3 we adopt the value [? ] XXX ???.

l̄3 = XXX. (4.17)

The remaining LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering. Since we employ
a different counting for the nucleon mass leading to a (formally) stronger suppression of the relativistic corrections,
we refrain from using the numerical findings of Ref. [44]. Instead, we re-calculate the pion-nucleon amplitude to the
order Q4 within the heavy-baryon approach and using the same power counting scheme for the nucleon mass as in the
derivation of the nuclear forces and determine the LECs from a fit to the available partial wave analyses at different
orders in the chiral expansion.

4 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2/3Mπ+ + 1/3Mπ0 .

Some	
  LECs	
  can	
  be	
  absorbed	
  by	
  shijing	
  	
  	
  	
  	
  ´sci

1

9

g− =
1

12πF 4
πmω

�
48πmω2J0(ω)

�
c2 ω

2 − 2c1M
2
π

�

+ c3m
�
g2A

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(ω) +M3

π

�
+ 48π ω4J0(ω)

�

+ c4
�
6πF 2

π tω
2 − g2Am

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(−ω) +M3

π

�� �
,

h+
= −

g2A(c3 − c4)
�
8πJ0(ω)

�
M2

π − ω2
�
+M3

π

�

6πF 4
π ω

,

h−
=

1

288π2F 4
πmω

�
c4
�
ω
�
288π2F 2

π ω +m
��
48π2I20(t) + 5

�
t− 24

�
8π2I20(t) + 1

�
M2

π

��

− 4g2Am
�
3M2

π ω + 8ω3
� �

+ 1152π2F 2
πmω

�
2ē17M

2
π − ē17t+ 2ē18 ω

2
+ (2ē21 − ē37)M

2
π

�
�
. (4.22)

with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t

,

I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,

9

g− =
1

12πF 4
πmω

�
48πmω2J0(ω)

�
c2 ω

2 − 2c1M
2
π

�

+ c3m
�
g2A

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(ω) +M3

π

�
+ 48π ω4J0(ω)

�

+ c4
�
6πF 2

π tω
2 − g2Am

�
2M2

π − t− 2ω2
� �

8π
�
M2

π − ω2
�
J0(−ω) +M3

π

�� �
,

h+
= −

g2A(c3 − c4)
�
8πJ0(ω)

�
M2

π − ω2
�
+M3

π

�

6πF 4
π ω

,

h−
=

1

288π2F 4
πmω

�
c4
�
ω
�
288π2F 2

π ω +m
��
48π2I20(t) + 5

�
t− 24

�
8π2I20(t) + 1

�
M2

π

��

− 4g2Am
�
3M2

π ω + 8ω3
� �

+ 1152π2F 2
πmω

�
2ē17M

2
π − ē17t+ 2ē18 ω

2
+ (2ē21 − ē37)M

2
π

�
�
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with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t

,

I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,

9
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=
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with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t

,

I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,
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−2�19 + �22 + �36 = −2c1 +
5

24
c2 −

3

4
c3 ,

−2�21 + �37 = −2

3
c4 − 3g2Ac4 ,

�22 − 4�38 = −3c1 +
1

4
c2 +

3

4
c3 . (3.12)

Expressing the N4LO contribution to the 3NF in terms of renormalized LECs using the above relations leads to finite
matrix elements provided the constants α9,10,11 are chosen as follows:

α10 = −1

4
(1− 2α9), α11 =

1

4
(1− 2α9). (3.13)

The parameter α9 remains unfixed. The 3NF, however, does not depend on α9, explicitely. This leads to an unam-

biguous result for the 3NF at this order. Interestingly, we observe that the 1/m contributions to V (5)
2π sum up to zero.

The final, renormalized result for the quantities A and B in Eq. (3.3) has the form:

A(5)(q2) =
gA

4608π2F 6
π

�
M2

πq
2
2

�
F 2
π

�
2304π2gA(4ē14 + 2ē19 − ē22 − ē36)− 2304π2d̄18c3

�

+ gA(144c1 − 53c2 − 90c3)
�
+M4

π

�
F 2
π

�
4608π2d̄18(2c1 − c3) + 4608π2gA(2ē14 + 2ē19 − ē36 − 4ē38)

�

+ gA
�
72

�
64π2 l̄3 + 1

�
c1 − 24c2 − 36c3

��
+ q42

�
2304π2ē14F

2
πgA − 2gA(5c2 + 18c3)

� �

− g2A
768π2F 6

π

L(q2)
�
M2

π + 2q22
� �

4M2
π(6c1 − c2 − 3c3) + q22(−c2 − 6c3)

�

B(5)(q2) = − gA
2304π2F 6

π

�
M2

π

�
F 2
π

�
1152π2d̄18c4 − 1152π2gA(2ē17 + 2ē21 − ē37)

�
+ 108g3Ac4 + 24gAc4

�

+ q22
�
5gAc4 − 1152π2ē17F

2
πgA

� �
+

g2Ac4
384π2F 6

π

L(q2)
�
4M2

π + q22
�

(3.14)

where the loop function L(q) is defined according to

L(q) =

�
q2 + 4M2

π

q
log

�
q2 + 4M2

π + q

2Mπ
. (3.15)

IV. PION-NUCLEON SCATTERING AT ORDER Q4

Chiral expansion of the 2π-exchange 3NF up to N4LO discussed in the previous sections depends on a number of
low-energy constants. Here and in what follows, we use the values4

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (4.16)

Further, for the LEC l̄3 we adopt the value [? ] XXX ???.

l̄3 = XXX. (4.17)

The remaining LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering. Since we employ
a different counting for the nucleon mass leading to a (formally) stronger suppression of the relativistic corrections,
we refrain from using the numerical findings of Ref. [44]. Instead, we re-calculate the pion-nucleon amplitude to the
order Q4 within the heavy-baryon approach and using the same power counting scheme for the nucleon mass as in the
derivation of the nuclear forces and determine the LECs from a fit to the available partial wave analyses at different
orders in the chiral expansion.

4 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2/3Mπ+ + 1/3Mπ0 .
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KH-Fit to pion-nucleon scattering
KH-­‐PWA:	
  R.	
  Koch	
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  Phys.	
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  448	
  (1986)	
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FIG. 4: Results of the fit for πN s, p and d-wave phase shifts using the KH partial wave analysis of Ref. [57]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

using heavy-baryon chiral perturbation theory at orders Q3 and Q4, respectively, because of a different power counting
schemes in the two approaches. On the other hand, it is comforting to see that the extracted values for the ci-, d̄i-
and even some of the ēi-coefficients are comparable to the ones found in Ref. [45] in the fit with the LECs ci being
set to their order-Q3 values, see table 4 of that work. We also stress that the values for c1,3,4 obtained from the fit
to the KH partial wave analysis are in an excellent agreement with the ones determined at order Q3 by using chiral
perturbation theory inside the Mandelstam triangle [58]. It is also worth mentioning that the values of c3,4 are in a
good agreement with the ones determined from the new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably better description of the πN phase shifts at orders Q2

and Q3 by allowing for the LECs ci and d̄i to be tuned rather than keeping their values fixed at order Q4. In fact,
the values of ci are well known to change significantly when performing fits at orders Q2 and Q3. Using the KH
partial wave analysis, employing the order-Q2 expressions for the amplitudes and utilizing the same fitting procedure

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

fit to GW, Ref. [56] −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96

fit to KH, Ref. [57] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

TABLE I: Low-energy constants obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial
wave analysis of Ref. [56] and of Ref. [57]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi,
respectively.

Q2

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Q3

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Q4

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Data	
  fi;ed	
  for pLab < 150MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1
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GW-Fit to pion-nucleon scattering
GW-­‐PWA:	
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]

Q2

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Q3

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Q4

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Data	
  fi;ed	
  for pLab < 150MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1
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Two-pion-exchange at N4LO
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Working with N2LO 3NF 14
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FIG. 6: XXX
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Predic_ons	
  based	
  en_rely	
  on	
  chiral	
  symmetry	
  +	
  input	
  from	
  	
  	
  	
  	
  	
  	
  ,	
  benchmarks	
  for	
  lapce-­‐QCD	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  πN

1

Implica_ons	
  for	
  Nd,	
  light	
  nuclei	
  &	
  nuclear	
  ma;er?	
  (work in progress ...) 

2 π − 1 π

1

and	
  ring-­‐topology:	
  already	
  converged?	
  ChPT	
  with	
  explicit	
  	
  	
  	
  	
  ´s	
  (work in progress ...) ∆

1



20

Summary
Chiral	
  nuclear	
  forces	
  are	
  analyzed	
  up	
  to	
  N3LO

Long-­‐range	
  part	
  of	
  chiral	
  three-­‐nucleon	
  forces	
  is	
  analyzed	
  up	
  to	
  N4LO

Two-­‐pion-­‐exchange	
  part	
  dominates	
  3NF	
  but	
  does	
  not	
  fill	
  all	
  22	
  structures

In	
  general	
  there	
  are	
  89	
  spin-­‐isospin	
  structures	
  in	
  local	
  3NF‘s	
  built	
  out	
  of	
  22	
  +	
  perm.	
  

With	
  two-­‐pion-­‐one-­‐pion-­‐exchange	
  and	
  ring	
  diagrams	
  all	
  22	
  structures	
  are	
  filled

Outlook

Par_al	
  wave	
  decomposi_on	
  of	
  N3LO	
  three-­‐nucleon	
  forces

Complete	
  study	
  of	
  3NF	
  and	
  4NF	
  up	
  to	
  N4LO	
  with	
  explicit	
  delta-­‐isobar

Implementa_ons	
  in	
  Nd,	
  light	
  nuclei	
  &	
  nuclear	
  ma;er	
  


