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Facts of Life

> there is a/ways™ an underlying theory

all interactions among low-energy d.o.f.s allowed by symmetries

» there is a/lways* a "model space”

renormalization-group invariance to fame arbitrary UV cutoff

A

(T = TEN(Q)~ N(M) Z ZCVI(A)|: } (3 mj

Q~m< My normalization ™ parameters N __
g -0 non-analytic,
L OA - “power counting” from loops

truncate .. T = T(V){l+(’)(la ij} wm=p want.. A>M

N——"" —
there are a/ways™ such errors

* except, maybe, at the Planck scale



A4 As A grows, given computational power limits
number of accessible one-nucleon states

m= TR cutoff inadditionto UV cutoff

Harmonic-Oscillator Box

Lattice Box "No-Core Shell Model”
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L=Na b=./2/me *

nuclear matter Mueller et a/ '99 £ AT Stetcu et al '06

few nucleons Lee e7 a/ 05 few atoms  Stefcuetal ‘07
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single 4 (F)= Nmb_% (Lj exp(—r2/2b2) L(r:+%)(r2/b2) Y (F)®x, |

particle | b generalized J
Laguerre polynomial

A <4 :internal (Jacobi) coordinates A > 3: Slater-determinant
t 622 HO Basis o1 I
51 o o fi
o ~ ~ ¢n1|1j1 (Fl) ¢n2I2j2 (Fl) ¢n3|3j3 (fl)
¢{”} (51’ 52) N A[¢”'j (51)¢”"'j' (52 )L ¢{n} (Fv ), Fs) N ¢nl|1j1 (Fz) ¢n2I2j2 (fz) ¢n3I313 I,
code “ala boiii () i, () o

Navratil, Kamuntavicius + Barrett '00

reduced dimensions, but code: REDSTICK Ormand '05

difficult antisymmetrization
maximum number of excitations

Vall)= 2. A (T)

{n}




Any EFT will do; for definiteness, pionless.

hy ~1fm
deuteron
@ ayy ~1/5=4.5fm
QCD: SU (3) gauge theory
of quarks
QED: U (1) gauge theory i
0 of electrons and nuclei
Mbeares ~ oA

He4 dimer

0 . 0 ?
/ Aearies ~ 1/ =125A \
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ey . | 4 Beane, Bedaque, Savage + v.K. ‘02
(fm) ;-:?r::rf rity 3 S1 Beane + Savage ‘03
10| a ] Bd Epelbaum et al/. '03
3 P
quenched lattice ( MeV;
K ° lete) NLO Ml
(incomplete) Fukugita et al.'95 1. | (incomplete) NLO
= 10 i cf. Beane et al '06 |
! ‘ ‘ 50 100 150 200
200 400 600 m ( MeV)
M. (Mgeo) My (MeV) =
QCD near a m —m
Feshbach resonance Scale ' ~——*M_ . emerges
In pion mass M,
Scattering length a . .
o e unitarit
it Feshbach resonance S limit Y %
C]c- Bound State J'T a>0 - 1-";
atoms as ) 3\
. . H i -'
magnetic field " 2
Var‘ies a :BS By Magnetic fiel=d g- '5
-U 1.
\ S
Bound state
£
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Q~N< M, . contact EFT

degrees of freedom: nucleons
symmetries: Lorentz, )/)f[

expansionin:  Q Q/mN non-relativistic 1
M Q/mn 5 0c multipole 3
Universality: ¥
niversaiity: M. . —)1/|VOIW where V (r)=— "dW6 + ...

first orders apply also to atoms 2mr

v.K. '97 '99

o Kaplan, Savage + Wise ‘98

[ omitting ] Gegelia '98
spin, isospin two-body sector ~

4/19/2012 effective-range expansion



V; =Co6@ (1 —1,)-2C, V26 (1 -1, ) +4C,V*6® (- T, ) +...

J

(N J J\C
Y Y~ Y
LO NLO NNLO
v.K. 97
3.2 ag; rg a21 r2 Kaplan, Savage
+ Wise '98
Gegelia '98

- A _
v v
LO NNLO
ds a3, I

Bedaque, Hammer'".!"-
+v.K."99 it
Hammer + Mehen ‘00 *
_ (v ¥ Q) (v _ 7 (v _ ¥ e
—~—
not LO Platter, Hammer + Meissner '04
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Untrapped nucleons

1 )2 i LO
H/&O):—Zm AZ(pi_pj) +Copor 2 5(3)(ri_rj)
N Afi<]] zs 0 pairs
+Con i 59 (r 1)+ D, i 59 (1 -1)o® (- )
(li<ib
S =1 pairs S =1/2 triplets EFT PC effectively
justifies (modified)
H,(A\O)l//,(AO)( ) EE\O)MP( ) cluster approximation

Stetcu, Barrett +v.K., '07

parameters fitted to d, t, a ground-state energies
predicted 4He excited, 6Li ground energies  works within ~30%

but parameters proliferate: e.g., at NLO two more 2-body parameters
can we fit them to scattering data? Coror (A), Copy (A)

Yes, trap them!



I. Bloch

optical trappin
0 P pping

g N

lasers
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Trapped fermions
V(7)o ) [E(P)]
oc 2 sin®(k.r)

standing
~ kff’z waves

{
i

low-tunneling regime
(band insulator)

b
m >1 universal behavior |

2

4%
N6 untrapped limit ;%i
ﬁ< <1 significant trap effects ?3
a 2 3
*'| >0 only low-energy scale given by b - \

some semi-analytical results known @

test our method .
1% 7™

A 9



Rotureau, Stetcu,
Barrett + v.K., '09

Life in the Box

2
H, =§{ZA:Eb2 p? +2%}+2y2b2v ({r—rj})} =H™ + H{

=1

two-body 1, =m)2 k 5 waves only in LO

reduced mass
LO H ¢ (0) ‘W(O)> E(O) ‘W(O)>
NLO E(l) _ <z//(°) ‘V(l) ‘W(O)>

NNLO E® = < (0)‘V(Z)‘t//(°)> ;{< “”\V‘”\w“’} <W§)‘V2(l)‘l//,&o)>} -.

etc.



Stetcu, Barrett, Vary + v.K. ‘08
A — 2 Rotureau, Stetcu, Barrett + v.K. '10

0 HElu?) el i
2max L¢

= 2n+3/2—(EP /o)

27b B
“- IUZC(EO)(NZmax’a))
EO  ED [ b

@ @ \ a,
e.g. lowest level

2
——

input one

]:> determine Céo) (szax , a)):> calculate other levels

NLO EY®-= < 0)‘V(1)‘W(0)>

input second level =) determine C{” (N =) calculate other levels

2max’a))

NNLO E® = < O)‘V(Z)‘l//(o)> ;{< O)‘V(l)‘w(l)> < 1)‘V(1)‘W(0)>}

input third level =) determine C;* (N =) calculate other levels

2max’a))

efc.



Where do levels come from?

NZmax — 0 ( I E_E >
1 4 2w)r r
O<r<hb)oc=:1-2 —+0O| —= |+
S AT [b]
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N ey r
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a
3 E 2 ,
2720 b ar, E Blume + rocne ‘03
0, ume + Greene '
I 1 E :2a {Jfﬁ;z*'“} Block + Holthaus ‘02
I 4—22 2 Bolda, Tiesinga + Julienne ‘02
?) 10 -/ “— NLO,NNLO
(B, b*
5 —==——+... untrapped bound state
w a,
— % {c 1
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)
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Lattice EFT Harmonic EFT
Lattice Box cf. Fukuda Harmonic-Oscillator Box
+ Newton '54
\ /
\ \ /
e \\ //
N*7z? M< \ o /
> mL2 mbz \ ° o /
o—o—— 2 1 4
i * mb?
—'o—o—o—o'— + mL* |
| = Na b=./2/mw *
Parameters fitted to £ from
\ r 3 mEb?
nj<N / 2 = [
2N 27 21 -V cotS(E) e ) o SfilEY cots(E)
7 (27n)” —mEL’ 2 (1 _mEb’ 2 ,.
Luescher '91 4 2 Busch et a/ '98
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LO RG running  Aby,(N,..b/a,)= /’;ZA CO (N @)
T

b E@ 4 b e
250 Ba 1 o0 noo01.) 2w B 3., m—o1..
2| w 2 ( ) a, 0 2+2n ( e
7T
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< B — E}:,-"'ag = 0 N . i
-8 blas = ® ]
Ab >> 1 | — E}If.-"'._f,_lg = 4 A ~ —
I| | | | l ‘I\'
Aby, (N b/25) 9% 0.2 0.4

__Z 1+”b1+0( 1 j . o
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NLO RG running

blasy =1
rof/b = 0.1

20 i | | | | | | | | | |
15 —
2 10 —
< s .
0 [ —
— 1 | ] ﬁ ] |
0O 10 20 30 4G 50
Ab




at unitarity

0'4.6 —

gn = E2n/w

ct. Luu
etal.'l0

4/19/2012

kb cot dg(k)

(@)

B~

2

Stetcu, Barrett, Vary + v.K. ‘08
Rotureau, Stetcu, Barrett + v.K. '10

| I [ 8() | | |
- —2XACE o ]
0.8 I.O 3] )
- o—a N[O ' i |
6.7 — e—o N21.O
A —

1T}

B LO
- | E—a NLO

NNLO Hamiltonian
fully diagonalized: *
worse than NLO!

b/as = 0

}1'2 bg

50 60 70 o



A>3

Rotureau, Stetcu, Barrett, Birse + v.K. '10

include few-body forces

rl) NAmax > NZmax = EA " EA(NZmax’a))

NAmax 2 NZmax )
2) |\IZmax >1
)
b lowest states: free-space bound states
a—2 % 4 binding energy info Bao=—Earg:--

T §_ EA,n _ EA—l,O

4 20 B
T 1_ EA,n B EA—l,O

4 20

| other states: scattering states
phase-shift info, for example:

_\/ EA,n B EA—l,O
20

E, —E
Cots, , (%\/ An = A-1,0 }
N

l

S-wave phase shift for
particle/lighter b.s. scattering



Trapped two-component fermions:S =1/2

V= 3 (600 (1) 20,8 1-1) 40,90 (1)

|Saa|:rs(,) " Swave only in LOs up to NNLO

{S =1 two-body force
no

three-body force in LOs
+ HO is physics

Stoeferle et al (ETH) ‘06

.
K atoms

A=2 fittodata eg

Binding energy [E/fiw]

A>3 no fit

L 1 L 1 I 1 | 1 | I 1
-4 0 4 8 12 16

b E
a_ —> —0 A _ fllllng of HO shells E/®w — E/w+3/2 Scattering length[a/a ] a,, —>b

‘az‘ Q 21



Stetcu, Barrett, Vary + v.K., ‘07

A — 3 at unitarity Rotureau, Stetcu, Barrett, Birse + v.K. '10
orT } | mw o —_ .
ground state L™=1 first excited state
2?8[3_|||||||||||||||||||||_ L L L R R L L
QE"E@‘D-S g:g;m—m;m—m;-_—% NLO > Ny =18 -
2.77 _— i NNLO [. i
§_2.76_— NaT = 18 - 349 _
2.75 — R |
274 — 1sl |
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3T i 0000000 D
[T T T A I A I I I | | T B T
2.72 . ' '
20222426 28 30 32 34 36 38 40 47 20 22 24 26 28 30 32 34
N3 J Werner+ Castin '06 ) N —
I I l - 4'3 5 E'I _h C | T | | | [ ]
e _—_—_ﬂj‘__—;——'_g—_— ————————— BS———x3 '_________________f_?__—g___:___—__a:—______é____.T-”Eﬁ
o =T
2.760F ~ o"o_
:3 2,74 g @ Eo)
7T = O =
2.72 o
o |
d | | | | | | | [ir.;-
6 8 10 12 14 16 18 20 22 | | | | | | | ]
6 3 10 12 16 18 20 22

14
_I.'\."r.;'.'i.f!.f'
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Errors at unitarity

ES{NEMI] _ EB(:’:') 4 C¥q n (kg n (v N
w W (Nges 4 3/2)12 ' (Ngaw 1 3/2)32  (Ngaz +3/2)52
ground state
LO o, =—0.139 a, =-0.63
NNLO a, =0 a, =—0.30 a;=-58
4/19/2012 23-_?‘ -



A = 4 at unitarity

T ITLOT
N3

Stetcu, Barrett, Vary + v.K., ‘07
Rotureau, Stetcu, Barrett, Birse + v.K. '10

4'2E — I LA T _
4.1 N
Fol Ny =8, -
5390 -
2391 i
3.8— i
[ .
L i
l :
3.5 ¢ 24
[ 3.6+0.1
Chang + Bertsch '07
cf. ? 3
L0 g |3551+0.009 #
o = von Stecher et al.'07 « *
NLO
NNLO 3.545+0.003
Alhassid, Bertsch
| +Fang '08

24



Stetcu, Barrett, Vary + v.K., '07
Kerstner + Duan 'O7

Rotureau, Stetcu, Barrett, Birse + v.K. '10

b-"f 1o

[ ]

S—F o L'=

/g LT=0°

r,/b=0

bf”g
2
E __b
o a
(atom+dimer)
S wave

NNLO




Rotureau, Stetcu, Barrett, Birse + v.K. '10

cf. von Stecher, Blume + Greene '08

3-body energy j \ b’

above dimer g.s.

use two levels, eliminate I;:

1.00 —

iy ”, )

NNLO

o—El bfﬂ-g =4 T

= Petrov et. al. [19] —\ better dimer‘

0.50 | | | inSide Tr‘ap
4/19/2012 12 16 20 24

i

28
J,“L".'_?J’H axr

better precision .
0.75 at smaller cutoffs *




Liberated nucleons

add{ S =1 two-body force
three-body force in LOs

+ HO is not physics

Pl (R)O0 (G -R)
j @ K S wave

=2 only

triplets
up fo NLO

single
parameter

4/19/2012 27.
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Rotureau, Stetcu, Barrett + v.K. '11
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NLO
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k cot &.(k) [fm ']

-

A=3

| =12, 37 =3/2"

Rotureau, Stetcu, Barrett + v.K. '11

T T T
ATTIUITY _
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g T T T
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5 o -
LO
= 651 - 1 1 (¥} (¥a
= o O o — . YT Yl
z 0 O 1 T | 0% ) AL AL
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55 O .
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0.5 0.55 0.6 0.65 0.7 0.75
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8 I
75 -
LO
& .| expT B

‘a, =6.35+0.02fm < [ [~
Dilg et al ‘71

cf. NNLO ‘a, =6.33+0.10fm  * NLO -

Bedaque, Hammer + v.K. '98
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| =12, 37 =1/2"

similar for bosons
Toelle, Hammer + Metsch '10

fit 3BF to triton BE

20 T T T
e 8 ——a o &
1=
e
L = B~ e e = W
a1
4
D_
4_
& : P o ¢ 2 P
4 g 12 16

1 1 " 1 " 1 " -
LO withOUT 3BF
-10 *—k =12 MeV| |
A ©=10MeV
& @ =8MeV
G ©=3MeV -
— G =3 MeV
C
Z 20 -
i~
collapse
-30 Thomas '35 -
I 1 I 1 I 1 I 1
50 100 150 200 250
A\ iy, [MeV]
20 T T T
B0 o & = = € ¥
16— —
Pp——n 4 . - =
p— 8_ —
> |
=
= L |
o
oL NLO i
4 — —
= 1 I t I 1 —]
4 8 12 16
max



GRS e ]

5= 0 =3 MeV
5 MeV -
&< B MeV
10 MeV -
H—k 12 MeV
| 1 | M 1
50 100 150 200
2, .
A m [MeV]

cf. limit cycle

Bedaque, Hammer + v.K. "99

250

0.001

-0.003

-0.004

fit 3BF to triton BE

=) =3 MeV
5 MeV
(3—e> § MeV
10 MeV

H—% 12 MeV

NLO

100 150

.-'\,,2.-"'11]_\1[1-'1 eV]

200



Conclusion & Outlook

v EFT can be solved in HO basis with scattering input
v" Nucleons with pionless EFT in HO similar to
trapped atoms near a Feshbach resonance
v" Convergence improves with increasing order
v' Few-body binding energies and scattering parameters
can be calculated

v More extensive calculations with nucleons are needed
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